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Preface to the Second Edition

In the ten years that have passed since the first edition of this book, we believe the statis-
tical landscape has changed substantially, even more so for analyzing space and space-time
data. Apart from the remarkable growth in data collection, with datasets now of enormous
size, the fields of statistics and biostatistics are also witnessing a change toward examina-
tion of observational data, rather than being restricted to carefully-collected experimentally
designed data. We are witnessing an increased examination of complex systems using such
data, requiring synthesis of multiple sources of information (empirical, theoretical, physical,
etc.), necessitating the development of multi-level models. We are seeing repeated exem-
plification of the hierarchical framework [data|process, parameters|[process|parameters]
[parameters]. The role of the statistician is evolving in this landscape to that of an integral
participant in team-based research: A participant in the framing of the questions to be in-
vestigated, the determination of data needs to investigate these questions, the development
of models to examine these questions, the development of strategies to fit these models, and
the analysis and summarization of the resultant inference under these specifications. It is
an exciting new world for modern statistics, and spatial analysis is a particularly important
player in this new world due to the increased appreciation of the information carried in spa-
tial locations, perhaps across temporal scales, in learning about these complex processes.
Applications abound, particularly in the environmental sciences but also in public health,
real estate, and many other fields.

We believe this new edition moves forward in this spirit. The first edition was intended
as a research monograph, presenting a state-of-the-art treatment of hierarchical modeling
for spatial data. It has been a delightful success, far exceeding our expectations in terms of
sales and reception by the community. However, reflecting on the decade that has passed,
we have made consequential changes from the first edition. Not surprisingly, the new volume
is more than 50% bigger, reflecting the major growth in spatial statistics as a research area
and as an area of application.

Rather than describing the contents, chapter by chapter, we note the following major
changes. First, we have added a much needed chapter on spatial point patterns. This is
a subfield that is finding increased importance but, in terms of application, has lagged
behind the use of point-referenced and areal unit data. We offer roughly 80 new pages here,
developed primarily from a modeling perspective, introducing as much current hierarchical
and Bayesian flavor as we could. Second, reflecting the ubiquitous increases in the sizes of
datasets, we have developed a “big data” chapter. Here, we focus on the predictive process
in its various forms, as an attractive tool for handling reasonably large datasets. Third, near
the end of the book we have added a new chapter on spatial and spatiotemporal gradient
modeling, with associated developments by us and others in spatial boundary analysis and
wombling. As elsewhere in the book, we divide our descriptions here into those appropriate
for point-referenced data (where underlying spatial processes guarantee the existence of
spatial derivatives) and areal data (where processes are not possible but boundaries can
still be determined based on alternate ways of hierarchically smoothing the areal map).
Fourth, since geostatistical (point-referenced) modeling is still the most prevalent setting
for spatial analysis, we have chosen to present this material in two separate chapters. The
first (Chapter 2) is a basic introduction, presented for the reader who is more focused on the
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practical side of things. In addition, we have developed a more theoretical chapter (Chapter
3) which provides much more insight into the scope of issues that arise in the geostatistical
setting and how we deal with them formally. The presentation of this material is still gentle
compared with that in many stochastic processes texts, and we hope it provides valuable
model-building insight. At the same time, we recognize that Chapter 3 may be somewhat
advanced for more introductory courses, so we marked it as a starred chapter. In addition
to these four new chapters, we have greatly revised and expanded the multivariate and
spatio-temporal chapters, again in response to the growth of work in these areas. We have
also added two new special topics sections, one on data fusion/assimilation, and one on
spatial analysis for data on extremes. We have roughly doubled the number of exercises in
the book, and also include many more color figures, now integrated appropriately into the
text. Finally, we have updated the computational aspects of the book. Specially, we work
with the newest version of WinBUGS, the new flexible spBayes software, and we introduce
other suitable R packages as needed, especially for exploratory data analysis.

In addition to those to whom we expressed our gratitude in the preface to the first
edition, we now extend this list to record (in alphabetical order) the following colleagues,
current and former postdoctoral researchers and students: Dipankar Bandyopadhyay, Veron-
ica Berrocal, Avishek Chakraborty, Jim Clark, Jason (Jun) Duan, David Dunson, Andrew
Finley, Souparno Ghosh, Simone Gray, Rajarshi Guhaniyogi, Michele Guindani, Xiaoping
Jin, Giovanna Jona Lasinio, Matt Heaton, Dave Holland, Thanasis Kottas, Andrew La-
timer, Tommy Leininger, Pei Li, Shengde Liang, Haolan Lu, Kristian Lum, Haijun Ma,
Marshall McBean, Marie Lynn Miranda, Joao Vitor Monteiro, XuanLong Nguyen, Lucia
Paci, Sonia Petrone, Gavino Puggioni, Harrison Quick, Cavan Reilly, Qian Ren, Abel Ro-
driguez, Huiyan Sang, Sujit Sahu, Maria Terres, Beth Virnig, Fangpo Wang, Adam Wilson,
Ganggiang Xia, and Kai Zhu. In addition, we much appreciate the continuing support of
CRC/Chapman and Hall in helping to bring this new edition to fruition, in particular the
encouragement of the steadfast and indefatigable Rob Calver.

SUDIPTO BANERJEE Minneapolis, Minnesota
BRADLEY P. CARLIN Durham, North Carolina
ALAN E. GELFAND July 2013



Preface to the First Edition

As recently as two decades ago, the impact of hierarchical Bayesian methods outside of
a small group of theoretical probabilists and statisticians was minimal at best. Realistic
models for challenging data sets were easy enough to write down, but the computations
associated with these models required integrations over hundreds or even thousands of un-
known parameters, far too complex for existing computing technology. Suddenly, around
1990, the “Markov chain Monte Carlo (MCMC) revolution” in Bayesian computing took
place. Methods like the Gibbs sampler and the Metropolis algorithm, when coupled with
ever-faster workstations and personal computers, enabled evaluation of the integrals that
had long thwarted applied Bayesians. Almost overnight, Bayesian methods became not only
feasible, but the method of choice for almost any model involving multiple levels incorpo-
rating random effects or complicated dependence structures. The growth in applications
has also been phenomenal, with a particularly interesting recent example being a Bayesian
program to delete spam from your incoming email (see popfile.sourceforge.net).

Our purpose in writing this book is to describe hierarchical Bayesian methods for one
class of applications in which they can pay substantial dividends: spatial (and spatiotempo-
ral) statistics. While all three of us have been working in this area for some time, our moti-
vation for writing the book really came from our experiences teaching courses on the subject
(two of us at the University of Minnesota, and the other at the University of Connecticut).
In teaching we naturally began with the textbook by Cressie (1993), long considered the
standard as both text and reference in the field. But we found the book somewhat uneven
in its presentation, and written at a mathematical level that is perhaps a bit high, especially
for the many epidemiologists, environmental health researchers, foresters, computer scien-
tists, GIS experts, and other users of spatial methods who lacked significant background in
mathematical statistics. Now a decade old, the book also lacks a current view of hierarchical
modeling approaches for spatial data.

But the problem with the traditional teaching approach went beyond the mere need for a
less formal presentation. Time and again, as we presented the traditional material, we found
it wanting in terms of its flexibility to deal with realistic assumptions. Traditional Gaussian
kriging is obviously the most important method of point-to-point spatial interpolation,
but extending the paradigm beyond this was awkward. For areal (block-level) data, the
problem seemed even more acute: CAR models should most naturally appear as priors for
the parameters in a model, not as a model for the observations themselves.

This book, then, attempts to remedy the situation by providing a fully Bayesian treat-
ment of spatial methods. We begin in Chapter 1 by outlining and providing illustrative
examples of the three types of spatial data: point-level (geostatistical), areal (lattice), and
spatial point process. We also provide a brief introduction to map projection and the proper
calculation of distance on the earth’s surface (which, since the earth is round, can differ
markedly from answers obtained using the familiar notion of Euclidean distance). Our sta-
tistical presentation begins in earnest in Chapter 2, where we describe both exploratory
data analysis tools and traditional modeling approaches for point-referenced data. Model-
ing approaches from traditional geostatistics (variogram fitting, kriging, and so forth) are
covered here. Chapter 4 offers a similar presentation for areal data models, again starting
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with choropleth maps and other displays and progressing toward more formal statistical
models. This chapter also presents Brook’s Lemma and Markov random fields, topics that
underlie the conditional, intrinsic, and simultaneous autoregressive (CAR, IAR, and SAR)
models so often used in areal data settings.

Chapter 5 provides a review of the hierarchical Bayesian approach in a fairly generic
setting, for readers previously unfamiliar with these methods and related computing and
software. (The penultimate sections of Chapters 2, 4, and 5 offer tutorials in several pop-
ular software packages.) This chapter is not intended as a replacement for a full course in
Bayesian methods (as covered, for example, by Carlin and Louis, 2000, or Gelman et al.,
2004), but should be sufficient for readers having at least some familiarity with the ideas. In
Chapter 6 then we are ready to cover hierarchical modeling for univariate spatial response
data, including Bayesian kriging and lattice modeling. The issue of nonstationarity (and
how to model it) also arises here.

Chapter 7 considers the problem of spatially misaligned data. Here, Bayesian methods
are particularly well suited to sorting out complex interrelationships and constraints and
providing a coherent answer that properly accounts for all spatial correlation and uncer-
tainty. Methods for handling multivariate spatial responses (for both point- and block-level
data) are discussed in Chapter 9. Spatiotemporal models are considered in Chapter 11, while
Chapter 14 presents an extended application of areal unit data modeling in the context of
survival analysis methods. Chapter 15 considers novel methodology associated with spa-
tial process modeling, including spatial directional derivatives, spatially varying coefficient
models, and spatial cumulative distribution functions (SCDF’s). Finally, the book also fea-
tures two useful appendices. Appendix A reviews elements of matrix theory and important
related computational techniques, while Appendix B contains solutions to several of the
exercises in each of the book’s chapters.

Our book is intended as a research monograph, presenting the “state of the art” in hier-
archical modeling for spatial data, and as such we hope readers will find it useful as a desk
reference. However, we also hope it will be of benefit to instructors (or self-directed students)
wishing to use it as a textbook. Here we see several options. Students wanting an introduc-
tion to methods for point-referenced data (traditional geostatistics and its extensions) may
begin with Chapter 1, Chapter 2, Chapter 5, and Section 6.1 to Section 3.2. If areal data
models are of greater interest, we suggest beginning with Chapter 1, Chapter 4, Chapter 5,
Section 6.4, and Section 6.5. In addition, for students wishing to minimize the mathematical
presentation, we have also marked sections containing more advanced material with a star
(%). These sections may be skipped (at least initially) at little cost to the intelligibility of
the subsequent narrative. In our course in the Division of Biostatistics at the University of
Minnesota, we are able to cover much of the book in a 3-credit-hour, single-semester (15-
week) course. We encourage the reader to check http://www.biostat.umn.edu/ brad/ on
the web for many of our data sets and other teaching-related information.

We owe a debt of gratitude to those who helped us make this book a reality. Kirsty
Stroud and Bob Stern took us to lunch and said encouraging things (and more importantly,
picked up the check) whenever we needed it. Cathy Brown, Alex Zirpoli, and Desdamona
Racheli prepared significant portions of the text and figures. Many of our current and former
graduate and postdoctoral students, including Yue Cui, Xu Guo, Murali Haran, Xiaoping
Jin, Andy Mugglin, Margaret Short, Amy Xia, and Li Zhu at Minnesota, and Deepak Agar-
wal, Mark Ecker, Sujit Ghosh, Hyon-Jung Kim, Ananda Majumdar, Alexandra Schmidt,
and Shanshan Wu at the University of Connecticut, played a big role. We are also grateful
to the Spring 2003 Spatial Biostatistics class in the School of Public Health at the University
of Minnesota for taking our draft for a serious “test drive.” Colleagues Jarrett Barber, Nicky
Best, Montserrat Fuentes, David Higdon, Jim Hodges, Oli Schabenberger, John Silander,
Jon Wakefield, Melanie Wall, Lance Waller, and many others provided valuable input and
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assistance. Finally, we thank our families, whose ongoing love and support made all of this
possible.

SUDIPTO BANERJEE Minneapolis, Minnesota
BRADLEY P. CARLIN Durham, North Carolina
AvLAN E. GELFAND October 2003






Chapter 1

Overview of spatial data problems

1.1 Introduction to spatial data and models

Researchers in diverse areas such as climatology, ecology, environmental health, and real
estate marketing are increasingly faced with the task of analyzing data that are:

e highly multivariate, with many important predictors and response variables,
e geographically referenced, and often presented as maps, and
e temporally correlated, as in longitudinal or other time series structures.

For example, for an epidemiological investigation, we might wish to analyze lung, breast,
colorectal, and cervical cancer rates by county and year in a particular state, with smoking,
mammography, and other important screening and staging information also available at
some level. Public health professionals who collect such data are charged not only with
surveillance, but also statistical inference tasks, such as modeling of trends and correlation
structures, estimation of underlying model parameters, hypothesis testing (or comparison of
competing models), and prediction of observations at unobserved times or locations.

In this text we seek to present a practical, self-contained treatment of hierarchical mod-
eling and data analysis for complex spatial (and spatiotemporal) datasets. Spatial statistics
methods have been around for some time, with the landmark work by Cressie (1993) pro-
viding arguably the only comprehensive book in the area. However, recent developments
in Markov chain Monte Carlo (MCMC) computing now allow fully Bayesian analyses of
sophisticated multilevel models for complex geographically referenced data. This approach
also offers full inference for non-Gaussian spatial data, multivariate spatial data, spatiotem-
poral data, and, for the first time, solutions to problems such as geographic and temporal
misalignment of spatial data layers.

This book does not attempt to be fully comprehensive, but does attempt to present
a fairly thorough treatment of hierarchical Bayesian approaches for handling all of these
problems. The book’s mathematical level is roughly comparable to that of Carlin and Louis
(2000). That is, we sometimes state results rather formally, but spend little time on the-
orems and proofs. For more mathematical treatments of spatial statistics (at least on the
geostatistical side), the reader is referred to Cressie (1993), Wackernagel (1998), Chiles and
Delfiner (1999), and Stein (1999a). For more descriptive presentations the reader might
consult Bailey and Gattrell (1995), Fotheringham and Rogerson (1994), or Haining (1990).
Our primary focus is on the issues of modeling (where we offer rich, flexible classes of hierar-
chical structures to accommodate both static and dynamic spatial data), computing (both
in terms of MCMC algorithms and methods for handling very large matrices), and data
analysis (to illustrate the first two items in terms of inferential summaries and graphical
displays). Reviews of both traditional spatial methods (Chapters 2, 3 and 4) and Bayesian
methods (Chapter 5) attempt to ensure that previous exposure to either of these two areas
is not required (though it will of course be helpful if available).
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Figure 1.1 Map of PM2.5 sampling sites over three midwestern U.S. states; plotting character
indicates range of average monitored PM2.5 level over the year 2001.

Following convention, we classify spatial data sets into one of three basic types:

o point-referenced data, where Y (s) is a random vector at a location s € R, where s varies
continuously over D, a fixed subset of R" that contains an r-dimensional rectangle of
positive volume;

e areal data, where D is again a fixed subset (of regular or irregular shape), but now
partitioned into a finite number of areal units with well-defined boundaries;

e point pattern data, where now D is itself random; its index set gives the locations of
random events that are the spatial point pattern. Y'(s) itself can simply equal 1 for all
s € D (indicating occurrence of the event), or possibly give some additional covariate
information (producing a marked point pattern process).

The first case is often referred to as geocoded or geostatistical data, names apparently
arising from the long history of these types of problems in mining and other geological
sciences. Figure 1.1 offers an example of this case, showing the locations of 114 air-pollution
monitoring sites in three midwestern U.S. states (Illinois, Indiana, and Ohio). The plotting
character indicates the 2001 annual average PM2.5 level (measured in ppb) at each site.
PM2.5 stands for particulate matter less than 2.5 microns in diameter, and is a measure
of the density of very small particles that can travel through the nose and windpipe and
into the lungs, potentially damaging a person’s health. Here we might be interested in a
model of the geographic distribution of these levels that account for spatial correlation and
perhaps underlying covariates (regional industrialization, traffic density, and the like). The
use of colors makes it somewhat easier to read, since the color allows the categories to be
ordered more naturally, and helps sharpen the contrast between the urban and rural areas.
Again, traditional analysis methods for point level data like this are described in Chapter 2,
while Chapter 6 introduces the corresponding hierarchical modeling approach.

The second case above (areal data) is often referred to as lattice data, a term we find
misleading since it connotes observations corresponding to “corners” of a checkerboard-like
grid. Of course, there are data sets of this type; for example, as arising from agricultural
field trials (where the plots cultivated form a regular lattice) or image restoration (where
the data correspond to pixels on a screen, again in a regular lattice). However, in practice
most areal data are summaries over an irreqular lattice, like a collection of county or other
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Figure 1.2 ArcView map of percent of surveyed population with household income below 200% of
the federal poverty limit, regional survey units in Hennepin County, MN.

regional boundaries, as in Figure 1.2. Here we have information on the percent of a surveyed
population with household income falling below 200% of the federal poverty limit for a
collection of regions comprising Hennepin County, MN. Note that we have no information
on any single household in the study area, only regional summaries for each region. Figure 1.2
is an example of a choropleth map, meaning that it uses shades of color (or greyscale) to
classify values into a few broad classes (six in this case), like a histogram (bar chart) for
nonspatial data. Choropleth maps are visually appealing (and therefore, also common), but
of course provide a rather crude summary of the data, and one that can be easily altered
simply by manipulating the class cutoffs.

As with any map of the areal units, choropleth maps do show reasonably precise bound-
aries between the regions (i.e., a series of exact spatial coordinates that when connected
in the proper order will trace out each region), and thus we also know which regions are
adjacent to (touch) which other regions. Thus the “sites” s € D in this case are actu-
ally the regions (or blocks) themselves, which in this text we will denote not by s; but by
B;,i=1,...,n, to avoid confusion between points s; and blocks B;. It may also be illumi-
nating to think of the county centroids as forming the vertices of an irregular lattice, with
two lattice points being connected if and only if the counties are “neighbors” in the spatial
map, with physical adjacency being the most obvious (but not the only) way to define a
region’s neighbors.

Some spatial data sets feature both point- and areal-level data, and require their simul-
taneous display and analysis. Figure 1.3 offers an example of this case. The first component
of this data set is a collection of eight-hour maximum ozone levels at 10 monitoring sites
in the greater Atlanta, GA, area for a particular day in July 1995. Like the observations
in Figure 1.1, these were made at fixed monitoring stations for which exact spatial coordi-
nates (say, latitude and longitude) are known. (That is, we assume the Y'(s;), i =1,...,10
are random, but the s; are not.) The second component of this data set is the number of
children in the area’s zip codes (shown using the irregular subboundaries on the map) that
reported at local emergency rooms (ERs) with acute asthma symptoms on the following
day; confidentiality of health records precludes us from learning the precise address of any
of the children. These are areal summaries that could be indicated by shading the zip codes,
as in Figure 1.2. An obvious question here is whether we can establish a connection between
high ozone and subsequent high pediatric ER asthma visits. Since the data are misaligned
(point-level ozone but block-level ER counts), a formal statistical investigation of this ques-
tion requires a preliminary realignment of the data; this is the subject of Chapter 7.
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Figure 1.3 Zip code boundaries in the Atlanta metropolitan area and 8-hour mazimum ozone levels
(ppm) at 10 monitoring sites for July 15, 1995.

The third case above (spatial point pattern data) could be exemplified by residences
of persons suffering from a particular disease, or by locations of a certain species of tree
in a forest. Here the response Y is often fixed (occurrence of the event), and only the
locations s; are thought of as random. In some cases this information might be supplemented
by age or other covariate information, producing a marked point pattern). Such data are
often of interest in studies of event clustering, where the goal is to determine whether an
observed spatial point pattern is an example of a clustered process (where points tend to
be spatially close to other points), or merely the result of a random event process operating
independently and homogeneously over space. Note that in contrast to areal data, where
no individual points in the data set could be identified, here (and in point-referenced data
as well) precise locations are known, and so must often be protected to protect the privacy
of the persons in the set.

In the remainder of this initial section, we give a brief outline of the basic models most
often used for each of these three data types. Here we only intend to give a flavor of the
models and techniques to be fully described in the remainder of this book.

Even though our preferred inferential outlook is Bayesian, the statistical inference tools
discussed in Chapters 2 through 4 are entirely classical. While all subsequent chapters adopt
the Bayesian point of view, our objective here is to acquaint the reader with the classical
techniques first, since they are more often implemented in standard software packages.
Moreover, as in other fields of data analysis, classical methods can be easier to compute,
and produce perfectly acceptable results in relatively simple settings. Classical methods
often have interpretations as limiting cases of Bayesian methods under increasingly vague
prior assumptions. Finally, classical methods can provide insight for formulating and fitting
hiearchical models.

1.1.1 Point-level models

In the case of point-level data, the location index s varies continuously over D, a fixed
subset of R?. Suppose we assume that the covariance between the random variables at two
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locations depends on the distance between the locations. One frequently used association
specification is the exponential model. Here the covariance between measurements at two
locations is an exponential function of the interlocation distance, i.e., Cov(Y (s;), Y (si/)) =
C(dy) = o2e~ % for i # i/, where d; is the distance between sites s; and s;, and o2
and ¢ are positive parameters called the partial sill and the decay parameter, respectively
(1/¢ is called the range parameter). A plot of the covariance versus distance is called the
covariogram. When i = i’, d;;» is of course 0, and C(d;;») = Var(Y (s;)) is often expanded
to 72 4+ 02, where 72 > 0 is called a nugget effect, and 72 + o2 is called the sill. Of course,
while the exponential model is convenient and has some desirable properties, many other
parametric models are commonly used; see Section 2.1 for further discussion of these and
their relative merits.

Adding a joint distributional model to these variance and covariance assumptions then
enables likelihood inference in the usual way. The most convenient approach would be to
assume a multivariate normal (or Gaussian) distribution for the data. That is, suppose we
are given observations Y = {Y'(s;)} at known locations s;, i = 1,...,n. We then assume
that

Y [ 11,0 ~ No(ul, 5(9)) (L1)

where N,, denotes the n-dimensional normal distribution, p is the (constant) mean level,
1 is a vector of ones, and (2(0)),; gives the covariance between Y (s;) and Y'(s; ). For the
variance-covariance specification of the previous paragraph, we have 8 = (72,02, $)7, since
the covariance matrix depends on the nugget, sill, and range.

In fact, the simplest choices for 3 are those corresponding to isotropic covariance func-
tions, where we assume that the spatial correlation is a function solely of the distance
d;» between s; and s;;. As mentioned above, exponential forms are particularly intuitive
examples. Here,

(2(0))“/ = o2 exp(—qﬁdii/) + T2I(i = il), 0% > 0, ¢ >0, 2 >0 , (12)

where I denotes the indicator function (i.e., I(¢ = ¢') = 1 if ¢ = i/, and 0 otherwise).
Many other choices are possible for Cov(Y (s;), Y (si/)), including for example the powered
exponential,

(2(0))iir = 0% exp(—ds, ) +721(i =1i'), 0> >0, ¢ >0, 72 >0, x € (0,2],

the spherical, the Gaussian, and the Matérn (see Subsection 2.1.3 for a full discussion). In
particular, while the latter requires calculation of a modified Bessel function, Stein (1999a,
p. 51) illustrates its ability to capture a broader range of local correlation behavior despite
having no more parameters than the powered exponential. We shall say much more about
point-level spatial methods and models in Chapters 2, 3 and 6 and also provide illustrations
using freely available statistical software.

1.1.2 Areal models

In models for areal data, the geographic regions or blocks (zip codes, counties, etc.) are de-
noted by B;, and the data are typically sums or averages of variables over these blocks. To
introduce spatial association, we define a neighborhood structure based on the arrangement
of the blocks in the map. Once the neighborhood structure is defined, models resembling
autoregressive time series models are considered. Two very popular models that incorporate
such neighborhood information are the simultaneously and conditionally autoregressive mod-
els (abbreviated SAR and CAR), originally developed by Whittle (1954) and Besag (1974),
respectively. The SAR model is computationally convenient for use with likelihood meth-
ods. By contrast, the CAR model is computationally convenient for Gibbs sampling used
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in conjunction with Bayesian model fitting, and in this regard is often used to incorporate
spatial correlation through a vector of spatially varying random effects ¢ = (¢1, ..., ¢n)7.
For example, writing Y; = Y (B;), we might assume Y; nd N (¢i,0?), and then impose the
CAR model

Gildiy~ N+ > aij(e; —n), 77| (1.3)
j=1
where ¢_;) = {¢; : j # i}, 72 is the conditional variance, and the a;; are known or unknown
constants such that a; = 0 for i = 1,...,n. Letting A = (a;;) and M = Diag(7,...,72),
by Brook’s Lemma (c.f. Section 4.2), we can show that

p(d) < exp{—(¢ — u1)" M~ '(I — A)(¢ — p1)/2} (1.4)

where 1 is an n-vector of 1’s, and [ is a n X n identity matrix.

A common way to construct A and M is to let A = p Diag(1/w; )W and M~! =
772 Diag(w;y ). Here p is referred to as the spatial correlation parameter, and W = (w;;) is
a neighborhood matrix for the areal units, which can be defined as

1 if subregions ¢ and j share a common boundary, i # j
Wij = (1.5)

0 otherwise

Thus Diag(w;4) is a diagonal matrix with (é,4) entry equal to w;y = >, wj;. Letting
a = (p,7%), the covariance matrix of ¢ then becomes C(a) = 72[Diag(w;1) — pW] ™1,
where the inverse exists for an appropriate range of p values; see Subsection 4.3.1.

In the context of Bayesian hierarchical areal modeling, when choosing a prior distribution
m(¢) for a vector of spatial random effects ¢, the CAR distribution (1.3) is often used
with the 0-1 weight (or adjacency) matriz W in (1.5) and p = 1. While this results in an
improper (nonintegrable) prior distribution, this problem is remedied by imposing a sum-
to-zero constraint on the ¢; (which turns out to be easy to implement numerically using
Gibbs sampling). In this case the more general conditional form (1.3) is replaced by

Gi | @iy ~ N(di, 7°/mi) (1.6)

where ¢; is the average of the ¢j+; that are adjacent to ¢;, and m; is the number of these
adjacencies (see, e.g., Besag, York, and Mollié, 1991). We discuss areal models in greater
detail in Chapters 4 and 6.

1.1.8 Point process models

In the point process model, the spatial domain D is itself random, so that the elements of
the index set D are the locations of random events that constitute the spatial point pattern.
Y (s) then normally equals the constant 1 for all s € D (indicating occurrence of the event),
but it may also provide additional covariate information, in which case the data constitute
a marked point process.

Questions of interest with data of this sort typically center on whether the data are
clustered more or less than would be expected if the locations were determined completely
by chance. Stochastically, such uniformity is often described through a homogeneous Poisson
process, which implies that the expected number of occurrences in region A is A|A|, where
A is the intensity parameter of the process and |A| is the area of A. To investigate this
in practice, plots of the data are typically a good place to start, but the tendency of the
human eye to see clustering or other structure in virtually every point pattern renders
a strictly graphical approach unreliable. Instead, statistics that measure clustering, and
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perhaps even associated significance tests, are often used. The most common of these is
Ripley’s K function, given by

1
K(d) = XE [number of points within d of an arbitrary point], (1.7)

where again A is the intensity of the process, i.e., the mean number of points per unit area.

The theoretical value of K is known for certain spatial point process models. For instance,
for point processes that have no spatial dependence at all, we would have K (d) = md?, since
in this case the number of points within d of an arbitrary point should be proportional to
the area of a circle of radius d; the K function then divides out the average intensity .
However, if the data are clustered we might expect K (d) > wd?, while if the points follow
some regularly spaced pattern we would expect K(d) < wd?. This suggests a potential
inferential use for K; namely, comparing an estimate of it from a data set to some theoretical
quantities, which in turn suggests whether clustering is present, and if so, which model might
be most plausible. The usual estimator for K is given by

K(d) =n"2|A]D Y pi'La(dy;) (1.8)
1#]
where 7 is the number of points in A, d;; is the distance between points 7 and j, p;; is the
proportion of the circle with center ¢ and passing through j that lies within A, and I4(d;;)
equals 1 if d;; < d, and 0 otherwise.

We provide an extensive account for point processes in Chapter 8. Other useful texts
focusing primarily upon point processes and patterns include Diggle (2003), Lawson and
Denison (2002), and Mgller and Waagepetersen (2004) for treatments of spatial point pro-
cesses and related methods in spatial cluster detection and modeling.

1.1.4 Software and datasets

This text extensively uses the R (www.r-project.org) software programming language and
environment for statistical computing and graphics. R is released under the GNU open-
source license and can be downloaded for free from the Comprehensive R Archive Network
(CRAN), which can be accessed from http://cran.us.r-project.org/. The capabilities
of R are easily extended through “libraries” or “packages” that perform more specialized
tasks. These packages are also available from CRAN and can be downloaded and installed
from within the R software environment.

There are a variety of spatial packages in R that perform modeling and analysis for the
different types of spatial data. For example, the gstat and geoR packages provide functions
to perform traditional (classical) analysis for point-level data; the latter also offers simpler
Bayesian models. The packages spBayes and sptimer have much more elaborate Bayesian
functions, the latter focusing primarily upon space-time data. We will provide illustrations
using some of these R packages in Chapters 2 and 6.

The spdep package in R provides several functions for analyzing areal-level data, includ-
ing basic descriptive statistics for areal data as well as fitting areal models using classical
likelihood methods. For Bayesian analysis, the BUGS language and the WinBUGS software is
still perhaps the most widely used engine to fit areal models. We will discuss areal models
in greater detail in Chapters 4 and 6.

Turning to point-process models, a popular spatial R package, spatstat, allows com-
putation of K for any data set, as well as the approximate 95% intervals for it so the
significance of departure from some theoretical model may be judged. However, full infer-
ence likely requires use of the R package Splancs, or perhaps a fully Bayesian approach
with user-specific coding (also see Wakefield and Morris, 2001). We provide some examples
of R packages for point-process models in Chapter 8.
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We will use a number of spatial and spatiotemporal datasets for illustrating the model-
ing and software implementation. While some of these datasets are included in the R pack-
ages we will be using, others are available from www.biostat.umn.edu/ brad/data2.html.
We remark that the number of R packages performing spatial analysis is already too
large to be discussed in this text. We refer the reader to the CRAN Task View
http://cran.r-project.org/web/views/Spatial.html for an exhaustive list of such
packages and brief descriptions regarding their capabilities.

1.2 Fundamentals of cartography

In this section we provide a brief introduction to how geographers and spatial statisticians
understand the geometry of (and determine distances on) the surface of the earth. This
requires a bit of thought regarding cartography (mapmaking), especially map projections,
and the meaning of latitude and longitude, which are often understood informally (but
incorrectly) as being equivalent to Cartesian z and y coordinates.

1.2.1 Map projections

A map projection is a systematic representation of all or part of the surface of the earth
on a plane. This typically comprises lines delineating meridians (longitudes) and parallels
(latitudes), as required by some definitions of the projection. A well-known fact from topol-
ogy is that it is impossible to prepare a distortion-free flat map of a surface curving in all
directions. Thus, the cartographer must choose the characteristic (or characteristics) that
are to be shown accurately in the map. In fact, it cannot be said that there is a “best”
projection for mapping. The purpose of the projection and the application at hand lead
to projections that are appropriate. Even for a single application, there may be several
appropriate projections, and choosing the “best” projection can be subjective. Indeed there
are an infinite number of projections that can be devised, and several hundred have been
published.

Since the sphere cannot be flattened onto a plane without distortion, the general strategy
for map projections is to use an intermediate surface that can be flattened. This intermediate
surface is called a developable surface and the sphere is first projected onto the this surface,
which is then laid out as a plane. The three most commonly used surfaces are the cylinder,
the cone and the plane itself. Using different orientations of these surfaces leads to different
classes of map projections. Some examples are given in Figure 1.4. The points on the
globe are projected onto the wrapping (or tangential) surface, which is then laid out to
form the map. These projections may be performed in several ways, giving rise to different
projections.

Before the availability of computers, the above orientations were used by cartographers in
the physical construction of maps. With computational advances and digitizing of cartogra-
phy, analytical formulae for projections were desired. Here we briefly outline the underlying
theory for equal-area and conformal (locally shape-preserving) maps. A much more detailed
and rigorous treatment may be found in Pearson (1990).

The basic idea behind deriving equations for map projections is to consider a sphere
with the geographical coordinate system (A, ¢) for longitude and latitude and to construct
an appropriate (rectangular or polar) coordinate system (x,y) so that

$:f()\a¢)a y:g(Av(b)a

where f and g are appropriate functions to be determined, based upon the properties we
want our map to possess. We will study map projections using differential geometry con-
cepts, looking at infinitesimal patches on the sphere (so that curvature may be neglected
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Figure 1.4 The geometric constructions of projections using developable surfaces (figure courtesy
of the U.S. Geological Survey).

and the patches are closely approximated by planes) and deriving a set of (partial) differen-
tial equations whose solution will yield f and g. Suitable initial conditions are set to create
projections with desired geometric properties.

Thus, consider a small patch on the sphere formed by the infinitesimal quadrilateral,
ABCD, given by the vertices,

A=(N¢), B=(\¢+dp), C=(A+dA¢), D=(A+dX\¢+do)

So, with R being the radius of the earth, the horizontal differential component along an arc
of latitude is given by |AC| = (R cos ¢)dX and the vertical component along a great circle of
longitude is given by |AB| = Rd¢. Note that since AC and AB are arcs along the latitude
and longitude of the globe, they intersect each other at right angles. Therefore, the area of
the patch ABCD is given by |AC||AB|. Let A’B'C’D’ be the (infinitesimal) image of the
patch ABC'D on the map. Then, we see that

A= (f(N0),9(A, 90)),
C' = (f(A+dX, 9),g(A+d), 9)),
B' = (f(A\ ¢ +dg),g(\, ¢ + dg)),
and D' = (f(A + dX, ¢ + do), g\ + dA, 6 + do)) .

This in turn implies that

e _ (9f 99 5 - (9f %9
W—(a)\,a)\>d)\andAB —(a¢,8¢>d¢.

If we desire an equal-area projection we need to equate the area of the patches ABC'D
and A’B'C’D’. But note that the area of A’B’C'D’ is given by the area of parallelogram

—
formed by vectors A'C" and A’B’. Treating them as vectors in the zy plane of an zyz
system, we see that the area of A’B’C’D’ is the cross-product,

(AC",0) x (A'B',0) = (%Z—Z - %%) A .
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Figure 1.5 The sinusoidal projection.

Therefore, we equate the above to |AC||AB|, leading to the following partial differential

equation in f and ¢:
9f 99 _ 0f 09
ONDp  O¢p OA
Note that this is the equation that must be satisfied by any equal-area projection. It is

an underdetermined system, and further conditions need to be imposed (that ensure other
specific properties of the projection) to arrive at f and g.

) = R%cos¢.

Example 1.1 Equal-area maps are used for statistical displays of areal-referenced data.
An easily derived equal-area projection is the sinusoidal projection, shown in Figure 1.5.
This is obtained by specifying dg/d¢ = R, which yields equally spaced straight lines for the
parallels, and results in the following analytical expressions for f and g (with the 0 degree
meridian as the central meridian):

f(A,¢) = RAcos ¢; g(A, ¢) = Ro.

Another popular equal-area projection (with equally spaced straight lines for the meridians)
is the Lambert cylindrical projection given by

fX ) = RA; g(A, ¢) = Rsing.

For conformal (angle-preserving) projections we set the angle /(AC, AB) equal to
L(A'C', A’B’). Since Z(AC, AB) = 7/2, cos(£(AC, AB)) = 0, leading to

010f 990y _
ONDp  ONDp

or, equivalently, the Cauchy-Riemann equations of complex analysis,

of  .0g af .0g

=~ +isT — —i=— ] =0.

ox 0O op  0¢
A sufficient partial differential equation system for conformal mappings of the Cauchy-
Riemman equations that is simpler to use is

of g 99 _Of

EYO 8_¢COS¢’ o a—¢005¢.
Example 1.2 The Mercator projection shown in Figure 1.6 is a classical example of a
conformal projection. It has the interesting property that rhumb lines (curves that intersect
the meridians at a constant angle) are shown as straight lines on the map. This is particularly
useful for navigation purposes. The Mercator projection is derived by letting dg/0¢ =
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Figure 1.6 The Mercator projection.

Rsec ¢. After suitable integration, this leads to the analytical equations (with the 0 degree
meridian as the central meridian),

FO\ ) = R); g(\,¢) = Rlntan (% + g) .

As is seen above, even the simplest map projections lead to complex transcendental
equations relating latitude and longitude to positions of points on a given map. Therefore,
rectangular grids have been developed for use by surveyors. In this way, each point may
be designated merely by its distance from two perpendicular axes on a flat map. The y-
axis usually coincides with a chosen central meridian, y increasing north, and the z-axis is
perpendicular to the y-axis at a latitude of origin on the central meridian, with x increasing
east. Frequently, the x and y coordinates are called “eastings” and “northings,” respectively,
and to avoid negative coordinates, may have “false eastings” and “false northings” added
to them. The grid lines usually do not coincide with any meridians and parallels except for
the central meridian and the equator.

One such popular grid, adopted by The National Imagery and Mapping Agency (NIMA)
(formerly known as the Defense Mapping Agency), and used especially for military use
throughout the world, is the Universal Transverse Mercator (UTM) grid; see Figure 1.7.
The UTM divides the world into 60 north-south zones, each of width six degrees longitude.
Starting with Zone 1 (between 180 degrees and 174 degrees west longitude), these are
numbered consecutively as they progress eastward to Zone 60, between 174 degrees and 180
degrees east longitude. Within each zone, coordinates are measured north and east in meters,
with northing values being measured continuously from zero at the equator, in a northerly
direction. Negative numbers for locations south of the equator are avoided by assigning an
arbitrary false northing value of 10,000,000 meters (as done by NIMA’s cartographers). A
central meridian cutting through the center of each 6 degree zone is assigned an easting
value of 500,000 meters, so that values to the west of the central meridian are less than
500,000 while those to the east are greater than 500,000. In particular, the conterminous 48
states of the United States are covered by 10 zones, from Zone 10 on the west coast through
Zone 19 in New England.

In practice, the UTM is used by overlaying a transparent grid on the map, allowing
distances to be measured in meters at the map scale between any map point and the
nearest grid lines to the south and west. The northing of the point is calculated as the sum
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Figure 1.7 Ezample of a UTM grid over the United States (figure courtesy of the U.S. Geological
Survey).
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Figure 1.8 Finding the easting and northing of a point in a UTM projection (figure courtesy of the
U.S. Geological Survey).

of the value of the nearest grid line south of it and its distance north of that line. Similarly,
its easting is the value of the nearest grid line west of it added to its distance east of that
line. For instance, in Figure 1.8, the grid value of line A-A is 357,000 meters east, while
that of line B-B is 4,276,000 meters north. Point P is 800 meters east and 750 meters north
of the grid lines resulting in the grid coordinates of point P as north 4,276,750 and east
357,800.
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Finally, since spatial modeling of point-level data often requires computing distances be-
tween points on the earth’s surface, one might wonder about a planar map projection, which
would preserve distances between points. Unfortunately, the existence of such a map is pre-
cluded by Gauss’ Theorema Eggregium in differential geometry (see, e.g., Guggenheimer,
1977, pp. 240-242). Thus, while we have seen projections that preserve area and shapes,
distances are always distorted. The gnomonic projection (Snyder, 1987, pp. 164-168) gives
the correct distance from a single reference point, but is less useful for the practicing spatial
analyst who needs to obtain complete intersite distance matrices (since this would require
not one but many such maps). Banerjee (2005) explores different strategies for computing
distances on the earth and their impact on statistical inference. We present a brief summary
below.

1.2.2  Calculating distances on the earth’s surface

Distance computations are indispensable in spatial analysis. Precise inter-site distance com-
putations are used in variogram analysis to assess the strength of spatial association. They
help in setting starting values for the non-linear least squares algorithms in classical analysis
(more in Chapter 2) and in specifying priors on the range parameter in Bayesian modeling
(more in Chapter 5), making them crucial for correct interpretation of spatial range and the
convergence of statistical algorithms. For data sets covering relatively small spatial domains,
ordinary Euclidean distance offers an adequate approximation. However, for larger domains
(say, the entire continental U.S.), the curvature of the earth causes distortions because of
the difference in differentials in longitude and latitude (a unit increment in degree longitude
is not the same length as a unit increment in degree latitude except at the equator).

Suppose we have two points on the surface of the earth, P = (61, A1) and Py = (02, \2).
We assume both points are represented in terms of latitude and longitude. That is, let 6,
and A1 be the latitude and longitude, respectively, of the point P;, while #> and Ay are those
for the point P5. The main problem is to find the shortest distance (geodesic) between the
points. The solution is obtained via the following formulae:

D =R¢
where R is the radius of the earth and ¢ is an angle (measured in radians) satisfying
cos ¢ = sin ;1 sin O3 + cos 61 cos B2 cos (A1 — A2) . (1.9)

These formulae are derived as follows. The geodesic is actually the arc of the great circle
joining the two points. Thus, the distance will be the length of the arc of a great circle (i.e.,
a circle with radius equal to the radius of the earth). Recall that the length of the arc of a
circle equals the angle subtended by the arc at the center multiplied by the radius of the
circle. Therefore it suffices to find the angle subtended by the arc; denote this angle by ¢.

Let us form a three-dimensional Cartesian coordinate system (x,y, z), with the origin
at the center of the earth, the z-axis along the North and South Poles, and the z-axis
on the plane of the equator joining the center of the earth and the Greenwich meridian.
Using the left panel of Figure 1.9 as a guide, elementary trigonometry provides the following
relationships between (z,y, z) and the latitude-longitude (6, \):

x = Rcosfcos),
y = Rcosfsin\,
and z = Rsinf.
Now form the vectors u; = (z1,%1,21) and us = (z2,y2,22) as the Cartesian coordi-

nates corresponding to points P; and P». Hence ¢ is the angle between u; and uy. From
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Figure 1.9 Diagrams illustrating the geometry underlying the calculation of great circle (geodesic)
distance.

standard analytic geometry, the easiest way to find this angle is therefore to use the following
relationship between the cosine of this angle and the dot product of u; and us:

(ug,uz)

COS = -,
= Tl Tz

We then compute (uj,us) as

R? [cos B cos A1 cos B cos Ay + cos By sin A cos B3 sin Ay + sin 6 sin 65]
= R?[cos 6 cos By cos (A1 — \a) + sin @ sinfy] .

But [|u1]| = ||uz|| = R, so the result in (1.9) follows. Looking at the right panel of Figure 1.9,
our final answer is thus

D = R¢ = Rarccossin 0 sin 0z + cos 01 cos 02 cos (A1 — A2)] . (1.10)

While calculating (1.10) is straightforward, Euclidean metrics are popular due to their
simplicity and easier interpretability. More crucially, statistical modeling of spatial correla-
tions proceed from correlation functions that are often valid only with Euclidean metrics.
For example, using (1.10) to calculate the distances in general covariance functions may
not result in a positive definite X(0) in (1.1). We consider a few different approaches for
computing distances on the earth using Euclidean metrics, classifying them as those arising
from the classical spherical coordinates, and those arising from planar projections.

Equation (1.10) clearly reveals that the relationship between the Euclidean distances and
the geodetic distances is not just a matter of scaling. We cannot mutiply one by a constant
number to obtain the other. A simple scaling of the geographical coordinates results in a
“naive Euclidean” metric obtained directly in degree units, and converted to kilometer units
as: || Py — P2||wR/180. This metric performs well on small domains but always overestimates
the geodetic distance, flattening out the meridians and parallels, and stretching the curved
domain onto a plane, thereby stretching distances as well. As the domain increases, the
estimation deteriorates.

Banerjee (2005) also explores a more natural metric, which is along the “chord” joining
the two points. This is simply the Euclidean metric ||jug — uy ||, yielding a “burrowed through
the earth” distance — the chordal length between P; and P,. The slight underestimation
of the geodetic distance is expected, since the chord “penetrates” the domain, producing a
straight line approximation to the geodetic arc.

The first three rows of Table 1.1 compare the geodetic distance with the “naive Eucidean”
and chordal metrics. The next three rows show distances computed by using three planar
projections: the Mercator, the sinusoidal and a centroid-based data projection, which is
developed in Exercise 10. The first column corresponds to the distance between the farthest
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Methods Colorado  Chicago-Minneapolis New York-New Orleans
geodetic 741.7 562.0 1897.2
naive Euclidean 933.8 706.0 2172.4
chord 741.3 561.8 1890.2
Mercator 951.8 773.7 2336.5
sinusoidal 742.7 562.1 1897.7
centroid-based 738.7 562.2 1901.5

Table 1.1 Comparison of different methods of computing distances (in kms). For Colorado, the
distance reported is the mazimum inter-site distance for a set of 50 locations.

points in a spatially referenced data set comprising 50 locations in Colorado (we will revisit
this dataset later in Chapter 11), while the next two present results for two differently
spaced pairs of cities. The overestimation and underestimation of the “naive Euclidean”
and “chordal” metrics respectively is clear, although the chordal metric excels even for
distances over 2000 kms (New York and New Orleans). We find that the sinusoidal and
centroid-based projections seem to be distorting distances much less than the Mercator,
which performs even worse than the naive Euclidean.

This approximation of the chordal metric has an important theoretical implication for
the spatial modeler. A troublesome aspect of geodetic distances is that they are not neces-
sarily valid arguments for correlation functions defined on Euclidean spaces (see Chapter 2
for more general forms of correlation functions). However, the excellent approximation of
the chordal metric (which is Euclidean) ensures that in most practical settings valid corre-
lation functions in N3 such as the Matérn and exponential yield positive definite correlation
matrices with geodetic distances and enable proper convergence of the statistical estimation
algorithms.

Schoenberg (1942) develops a necessary and sufficient representation for valid positive-
definite functions on spheres in terms of normalized Legendre polynomials P of the form:

Y(t) = i ay Pg(cost),
k=0

where ai’s are positive constants such that EEOZO ar converges. An example is given by

1
 V1+a?—2acost

P(t) a e (0,1),

which can be easily shown to have the Legendre polynomial expansion Y-, a*Py(cost).
The chordal metric also provides a simpler way to construct valid correlation functions over
the sphere using a sinusoidal composition of any valid correlation function on Euclidean
space. To see this, consider a unit sphere (R = 1) and note that

lur — uz|| = /2 — 2(uy, uz) = 2sin(¢/2).

Therefore, a correlation function p(d) (suppressing the range and smoothness parameters)
on the Euclidean space transforms to p(2sin(¢/2)) on the sphere, thereby inducing a valid
correlation function on the sphere. This has some advantages over the Legendre polynomial
approach of Schoenberg: (1) we retain the interpretation of the smoothness and decay
parameters, (2) it is simpler to construct and compute, and (3) it builds upon a rich legacy
of investigations (both theoretical and practical) of correlation functions on Euclidean spaces
(again, see Chapter 2 for different correlation functions).
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1.3 Maps and geodesics in R

The R statistical software environment today offers excellent interfaces with Geographical
Information Systems (GIS) through a number of libraries (also known as packages). At
the core of R’s GIS capabilities is the maps library originally described by Becker and Wilks
(1993). This maps library contains the geographic boundary files for several maps, including
county boundaries for every state in the U.S. For example, creating a map of the state of
Minnesota with its county boundaries is as simple as the following line of code:

> library(maps)
> mn.map <- map(database="county", region="minnesota")

If we do not want the county boundaries, we simply write
> mn.map <- map("state", "minnesota"),

which produces a map of Minnesota with only the state boundary. The above code uses the
boundaries from R’s own maps database. However, other important regional boundary types
(say, zip codes) and features (rivers, major roads, and railroads) are generally not available,
although topographic features and an enhanced GIS interface is available through the library
RgoogleMaps . While in some respects R is perhaps not nearly as versatile as ArcView or
other purely GIS packages, it does offer a rare combination of GIS and statistical analysis
capabilities.

It is possible to import shapefiles from other GIS software (e.g. ArcView) into R using
the maptools package. We invoke the readShapePoly function in the maptools package to
read the external shapefile and store the output in minnesota.shp. To produce the map,
we apply plot to this output.

> library(maptools)

> minnesota.shp <- readShapePoly("minnesota.shp",

+ proj4string=CRS("+proj=longlat"))

> plot(minnesota.shp).

For the above to work, you will need three files with extensions “.shp”, “.shx” and “.dbf”.
They must have the same name and differ only in the extension. The “minnesota.shp”
file contains the geometry data, the “minnesota.shx” file contains the spatial index,
and the “minnesota.dbf” file contains the attribute data. These are read using the
readShapePoly () function to produce a spatial polygon object.

The above is an example of how to draw bare maps of a state within the USA using
either R’s own database or an external shapefile. We can also draw maps of other countries
using the mapdata package, which has some world map data, in conjunction with maps. For
example, to draw a map of Canada, we write

> library(maps)

> library(mapdata)

> map("worldHires","Canada",

+ xlim=c(-141,-53), ylim=c(40,85),

+ col="gray90", £ill=TRUE)

We leave the reader to experiment further with these examples.

In practice, we are not interested in bare maps but would want to plot spatially refer-
enced data on the map. Let us return to the counties in Minnesota. Consider a new file
newdata.csv that includes information on the population of each county of Minnesota along
with the number of influenza A (HIN1) cases from each county. We first merge our new
dataset with the minnesota.shp object already created using the county names.

> newdata <- read.csv("newdata.csv")
> minnesota.shp@data <- merge(minnesota.shp@data, newdata,
+ by="NAME") .
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Figure 1.10 Map showing Influenza A (HIN1) rates (cases/population)x 100 in different counties
of Minnesota for 1999.

To plot the data in a visually appealing way, we use two additional packages: RColorBrewer,
which creates nice color schemes, and classInt, which facilitates classifying the data into
classes which will correspond to the plotting colors. Below, we present the code to plot
HINT1 influenza rates per 100 after classifying the data into equal intervals.

> library(RColorBrewer)

> library(classInt)

> CASES <- minnesota.shp@data$cases

> POP1999 <- minnesota.shp@data$POP1999

> var <- (CASES/POP1999)*100

> nclr <- 7

> plotclr <- brewer.pal(nclr,"Reds")

> class <- classIntervals(var, nclr, style="equal", dataPrecision=4)
> colcode <- findColours(class, plotclr)

> plot(minnesota.shp)

> plot(minnesota.shp, col=colcode, add=T)

> title(main="Influenza A (H1N1) - Rate per 100")

> legend("bottomright", legend=names(attr(colcode, "table")),
+ fill=attr(colcode, "palette"), cex=0.6, bty="n").

The resulting map is shown in Figure 1.10 and is called a choropleth map.

Map projections in R can be performed using the mapproj package. For example, we
can create a variety of cartographic map projections of any part of the world using x1lim
and ylim to specify the bounds (using longitudes and latitudes) of the plotting region and
use projection to specify the type of projection we desire. In fact, the maps package uses
mapproj for its map projections. Therefore, loading maps automatically invokes mapproj.

> library(maps) ## automatically loads mapproj
> sinusoidal.proj = map(database= "world", ylim=c(45,90), x1lim=c(-160,-50),
+ col="grey80", £il1=TRUE, plot=FALSE, projection="sinusoidal")
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> map(sinusoidal.proj)

produces a Sinusoidal map projection (Example 1.1) between latitudes 45 and 90 degrees
and longitudes —160 and —150 degrees. (Run the above code and test your geography to see
what part of the world this is!) Repeating the above with projection set to "mercator"
will result in a Mercator projection (Example 1.2). For higher resolution maps, one can load
the mapdata package and use "worldHires" instead of "world" in the database.

For distance computations using a map projection, as was done for the Mercator and
sinusoidal in Table 1.1, it is convenient to use the mapproject function in package mapproj.
This simply converts latitude and longitude to rectangular coordinates. Suppose LON and LAT
are two vectors containing longitudes and latitudes on the earth’s surface to be projected.
Then, a simple command such as

> xy.sinusoidal <- mapproject(LON, LAT, projection="sinusoidal")

produces the projected coordinates in Euclidean space. The coordinates are accessed by
xy.sinusoidal$x and xy.sinusoidal$y, respectively. For distance computations that will
approximate the great circle distance, these coordinates need to be multiplied by the radius
of the earth.

While mapproject does not offer the UTM projections, the rgdal package can be used
to construct UTM projections. This is particularly useful when plotting point-level data
through the RgoogleMaps package, another exciting GIS interface offered by R. It is espe-
cially useful for plotting points such as GPS (Global Positioning System) locations on maps.
For example, the Colorado data used in Table 1.1 is the file ColoradoS-T.dat and can be
downloaded from www.biostat.umn.edu/ brad/data2.html. We can read the file in R as

> coloradoST <- read.table("ColoradoS-T.dat", header = TRUE).

Next, we use the GetMap.bbox function in the RgoogleMaps package to set the region
within which our coordinates will be plotted. A ¢ ‘maptype’’ argument provides some
options for the type of background map we want. The region can also be plotted using
the PlotOnStaticMap function. This is sometimes useful to obtain an idea whether the
underlying map will be useful with reference to our plotting coordinates.

> library(RgoogleMaps)

> MyMap <- GetMap.bbox(lonR = range(coloradoST$Longitude),

+ latR = range(coloradoST$Latitude),

+ size=c(640,640), maptype = "hybrid")

> PlotOnStaticMap(MyMap) .

We now convert the longitude and latitude to the same coordinate system as in the MyMap
object we created above.

> convert_points <- LatLon2XY.centered(MyMap,

+ coloradoST$Latitude,

+ coloradoST$Longitude)

> points(convert_points$newX, convert_points$newY,
+ col = ’red’, pch=19).

Finally, we convert our points to UTM coordinates using the rgdal package. The code
below performs the conversion from latitude-longitude to UTM coordinates and then plots
these coordinates on the map created above. This will be achieved in two steps. First, we
convert out longitudes and latitudes in the Colorado dataset into a special data type known
as SpatialPoints. We store this in SP_longlat, which is converted by spTransform to
UTM coordinates. The zone parameter specifies the zone of the UTM needs to be supplied
explicitly.

> library(sp)

> library(rgdal)
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" United States

(b)

Figure 1.11 (a) A plot of the 50 locations in Colorado; (b) a plot of locations in the New York/New
Jersey Bight reporting scallop catches.

> SP_longlat <- SpatialPoints(coords =

+ cbind(coloradoST$Longitude,

+ coloradoST$Latitude),

+ proj4string = CRS("+proj=longlat +ellps=WGS84"))
> SP_utm <- spTransform(SP_longlat,

+ CRS("+proj=utm +zone=13 +datum=WGS84"))

> plot(SP_utm).

We repeat the above exercise with another well known spatial data set involv-
ing the catches of scallops in the New York/New Jersey Bight. This data set also
has coordinates in terms of latitude and longitude and can be downloaded from
www.biostat.umn.edu/"brad/data/scallops.txt. The resulting plots are presented in
Figure 1.11. The map features, including the background, can be altered by changing
the parameter ‘‘maptype" in the function GetMap.bbox. The options are ¢‘roadmap’’,
‘‘mobile’’, ¢ ‘satellite’’, ¢ ‘terrain" and ‘‘hybrid".

Finally, we mention the fields package in R, which offers several useful functions for
spatial analysis. In particular, it includes two functions rdist and rdist.earth that con-
veniently compute inter-site distances. Let X1 and X2 be two matrices representing two
different sets of locations. Then,

> library(fields)
> euclidean.dist = rdist (X1, X2)
> spherical.dist = rdist.earth(X1,X2)

computes the inter-site distance matrices between the locations in X1 and X2. The func-
tion rdist uses the Euclidean distance, while rdist.earth uses the spherical or geodetic
distance. The latter should be used only when X1 and X2 contain latitude-longitude coordi-
nates.

1.4 Exercises

1. What sorts of areal unit variables can you envision that could be viewed as arising from
point-referenced variables? What sorts of areal unit variables can you envision whose
mean could be viewed as arising from a point-referenced surface? What sorts of areal
unit variables fit neither of these scenarios?
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4.

7.

8.

10.

. What sorts of sensible properties should characterize association between point-

referenced measurements? What sorts of sensible properties should characterize asso-
ciation between areal unit measurements?

Suggest some regional-level covariates that might help explain the spatial pattern evident
in Figure 1.2. (Hint: The roughly rectangular group of regions located on the map’s
eastern side is the city of Minneapolis, MN.)

(a) Suppose you recorded elevation and average daily temperature on a particular day for
a sample of locations in a region. If you were given the elevation at a new location,
how would you make a plausible estimate of the average daily temperature for that
location?

(b) Why might you expect spatial association between selling prices of single-family homes
in this region to be weaker than that between the observed temperature measure-
ments?

For what sorts of point-referenced spatial data would you expect measurements across
time to be essentially independent? For what sorts of point-referenced data would you
expect measurements across time to be strongly dependent?

For point-referenced data, suppose the means of the variables are spatially associated.
Would you expect the association between the variables themselves to be weaker than,
stronger than, or the same as the association between the means?

(a) Write your own R function that will compute the distance between two points P; and
P, on the surface of the earth. The function should take the latitude and longitude
of the P; as input, and output the geodesic distance D given in (1.10). Use R = 6371
km.

(b) Use your program to obtain the geodesic distance between Chicago (87.63W, 41.88N)
and Minneapolis (93.22W, 44.89N), and between New York (73.97W, 40.78N) and
New Orleans (90.25W, 29.98N).

A “naive Euclidean” distance may be computed between two points by simply applying
the Euclidean distance formula to the longitude-latitude coordinates, and then multiply-
ing by (Rn/180) to convert to kilometers. Find the naive Euclidean distance between
Chicago and Minneapolis, and between New York and New Orleans, comparing your
results to the geodesic ones in the previous problem.

The chordal (“burrowing through the earth”) distance separating two points is given
by the Euclidean distance applied to the Cartesian spherical coordinate system given
in Subsection 1.2.2. Find the chordal distance between Chicago and Minneapolis, and
between New York and New Orleans, comparing your results to the geodesic and naive
Euclidean ones above.

A two-dimensional projection, often used to approximate geodesic distances by applying
Euclidean metrics, sets up rectangular axes along the centroid of the observed locations,
and scales the points according to these axes. Thus, with N locations having geograph-
ical coordinates ()\1-,01-)1-]\;1, we first compute the centroid (X,6) (the mean longitude
and latitude). Next, two distances are computed. The first, dx, is the geodesic distance
(computed using (1.10) between (;\,Hmin) and (;\,Hmax), where 0, and 0.« are the
minimum and maximum of the observed latitudes. Analogously, dy is the geodesic dis-
tance computed between (Amin, ) and (Amax, ). These actually scale the axes in terms
of true geodesic distances. The projection is then given by

A=A 66
v /\max - )\min X andy Gmax - omin Y
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11

12.

Applying the Euclidean metric to the projected coordinates yields a good approximation
to the inter-site geodesic distances. This projection is useful for entering coordinates in
spatial statistics software packages that require two-dimensional coordinate input and
uses Euclidean metrics to compute distances (e.g., the variogram functions in geoR, the
spatial.exp function in WinBUGS, etc.).

(a) Compute the above projection for Chicago and Minneapolis (N = 2) and find the
Euclidean distance between the projected coordinates. Compare with the geodesic
distance. Repeat this exercise for New York and New Orleans.

(b) When will the above projection fail to work?

. Use the sp, rgdal and RgoogleMaps packages to create an UTM projection for the

locations in the scallops data and produce the picture in Figure 1.11(b).

Use the fields package to produce the inter-site distance matrix for the locations in
the scallops data. Compute this matrix using the rdist.earth function, which yields
the geodetic distances. Next project the data to UTM coordinates and use the rdist
function to compute the inter-site Euclidean distance matrix. Draw histograms of the
inter-site distances and comment on any notable discrepancies resulting from the map
projection.






Chapter 2

Basics of point-referenced data models

In this chapter we present the essential elements of spatial models and classical analysis for
point-referenced data. As mentioned in Chapter 1, the fundamental concept underlying the
theory is a stochastic process {Y(s):s € D}, where D is a fixed subset of r-dimensional
Euclidean space. Note that such stochastic processes have a rich presence in the time series
literature, where r = 1. In the spatial context, usually we encounter r to be 2 (say, northings
and eastings) or 3 (e.g., northings, eastings, and altitude above sea level). For situations
where r > 1, the process is often referred to as a spatial process. For example, Y (s) may
represent the level of a pollutant at site s. While it is conceptually sensible to assume the
existence of a pollutant level at all possible sites in the domain, in practice the data will
be a partial realization of that spatial process. That is, it will consist of measurements at
a finite set of locations, say {s1,...,sn}, where there are monitoring stations. The problem
facing the statistician is inference about the spatial process Y(s) and prediction at new
locations, based upon this partial realization. The remarkable feature of the models we
employ here is that, despite only seeing the process, equivalently, the spatial surface at a
finite set of locations, we can infer about the surface at an uncountable number of locations.
The reason is that we specify association through structured dependence which enables this
broad interpolation.

This chapter is organized as follows. We begin with a survey of the building blocks of
point-level data modeling, including stationarity, isotropy, and variograms (and their fitting
via traditional moment-matching methods). We defer theoretical discussion of the spatial
(typically Gaussian) process modeling that enables likelihood (and Bayesian) inference in
these settings to Chapters 3 and 6. Then, we illustrate helpful exploratory data analysis
tools, as well as traditional classical methods, especially kriging (point-level spatial predic-
tion). We view all of these activities in an exploratory fashion, i.e., as a prelude to fully
model-based inference under a hierarchical model. We close with some short tutorials in R
using easy to use and widely available point-level spatial statistical analysis packages.

The material we cover in this chapter is traditionally known as geostatistics, and could
easily fill many more pages than we devote to it here. While we prefer the more descriptive
term “point-level spatial modeling,” we will at times still use “geostatistics” for brevity and
perhaps consistency when referencing the literature.

2.1 Elements of point-referenced modeling
2.1.1 Stationarity

For our discussion we assume that our spatial process has a mean, say p (s) = F (Y (s)), as-
sociated with it and that the variance of Y (s) exists for alls € D. The process Y (s) is said to
be Gaussian if, for any n > 1 and any set of sites {s,...,s,}, Y = (Y (s1),...,Y (s,))" has
a multivariate normal distribution. The process is said to be strictly stationary (sometimes
strong stationarity) if, for any given n > 1, any set of n sites {s1,...,s,} and any h € R",

23
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the distribution of (Y (s1),...,Y (s,)) is the same as that of (Y (sy +h),...,Y (s, +h)).
Here D is envisioned as R" as well.

A less restrictive condition is given by weak stationarity (also called second-order sta-
tionarity). A spatial process is called weakly stationary if 1 (s) = u (i.e., it has a constant
mean) and Cov (Y (s),Y (s+h)) = C (h) for all h € R" such that s and s + h both lie
within D. In fact, for stationarity as a second-order property we will need only the second
property; E(Y (s)) need not equal E(Y (s+h)). But since we will apply the definition only to
a mean 0 spatial residual process, this distinction is not important for us. Weak stationarity
implies that the covariance relationship between the values of the process at any two loca-
tions can be summarized by a covariance function C (h), and this function depends only on
the separation vector h. Note that with all variances assumed to exist, strong stationarity
implies weak stationarity. The converse is not true in general, but it does hold for Gaussian
processes; see Exercise 4.

We offer a simple illustration of a weakly stationary process that is not strictly stationary.
It is easy to see in the one-dimensional case. Suppose the process Y;,t = 1,2, ... consists of
a sequence of independent variables such that for ¢ odd, Y; is a binary variable taking the
values 1 and —1 each with probability .5 while for ¢ even, Y; is normal with mean 0 and
variance 1. We have weak stationarity since cov(Y (¢), Y (¢)) = 0,t # t/,=1,¢t = t’. That is,
we only need to know the value of t — ' to specify the covariance. However, clearly Y7, Y3
does not have the same distribution as Y5, Y.

2.1.2  Variograms

There is a third type of stationarity called intrinsic stationarity. Here we assume E[Y (s +
h) — Y (s)] = 0 and define

E[Y(s+h)—Y(s))?=Var(Y(s+h)—-Y(s) =2v(h) . (2.1)

Equation (2.1) makes sense only if the left-hand side depends solely on h (so that the right-
hand side can be written at all), and not the particular choice of s. If this is the case, we say
the process is intrinsically stationary. The function 2v (h) is then called the variogram, and
v (h) is called the semivariogram. We can offer some intuition behind the variogram but it
really arose simply as a result of its appearance in traditional kriging where one seeks the
best linear unbiased predictor, as we clarify below. Behaviorally, at short distances (small
[|h|[), we would expect Y (s + h) and Y (h) to be very similar, that is, (Y (s +h) — Y (s))?2
to be small. As ||h|| grows larger, we expect less similarity between Y (s + h) and Y'(h),
i.e., we expect (Y (s + h) — Y (s))? to be larger. So, a plot of v(h) would be expected to
increase with ||h||, providing some insight into spatial behavior. (The covariance function
C(h) is sometimes referred to as the covariogram, especially when plotted graphically.)
Note that intrinsic stationarity defines only the first and second moments of the differences
Y (s + h) — Y(s). It says nothing about the joint distribution of a collection of variables
Y (s1),...,Y(sn), and thus provides no likelihood.

In fact, it says nothing about the moments of the Y'(s)’s, much less their distribution. It
only describes the behavior of differences rather than the behavior of the data that we ob-
serve, clearly unsatisfying from the perspective of data analysis. In fact, the Y'(s)’s need not
have any moments. For example, we might have Y (s) = W (s)+V where W (s) is a collection
of i.i.d. normal variables and, independently, V is a Cauchy random variable. Then Y'(s) is
intrinsically stationary but the Y (s)’s have no moments. Even more disconcerting, the dis-
tribution of Y (s) — Y (s’) may be proper while the distribution of Y'(s) and of Y (s’) may be
improper. For instance, suppose the joint distribution, f(Y(s),Y(s')) oc e~ (Y (&)=Y (0)%/2,
Then, Y(s) — Y(s’) ~ N(0,1) and, in fact, f(Y(s)|Y(s')) and f(Y'(s")|Y(s)) are proper,
N(0,1) but the joint distribution is improper. How could we employ a probability specifi-
cation that could not possibly have generated the data we observe?
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It is easy to see the relationship between the variogram and the covariance function:

2v(h) = Var(Y (s+h)—-Y(s))
= Var(Y(s+h))+Var(Y(s)) —2Cov(Y (s + h),Y(s))
= (C(0)+C(0) —2C (h)
= 2[C(0)-C(h)] .

Thus,
7(h)=C(0)-C(h). (2.2)

From (2.2) we see that given C, we are able to recover ~ easily. But what about the converse;
in general, can we recover C from 7 Here it turns out we need to assume a bit more: if the
spatial process is ergodic, then C (h) — 0 as ||h|| — oo, where ||h|| denotes the length of the
h vector. This is an intuitively sensible condition, since it means that the covariance between
the values at two points vanishes as the points become further separated in space. But taking
the limit of both sides of (2.2) as ||h|| — oo, we then have that lim||-y (h) = C(0).
Thus, using the dummy variable u to avoid confusion, we have

C(h) = C(0) = y(h) = lim|ju||»ocy (w) — 7 (h) . (2.3)

In general, the limit on the right-hand side need not exist, but if it does, then the process
is weakly (second-order) stationary with C'(h) as given in (2.3). We therefore have a way
to determine the covariance function C from the semivariogram . Thus weak stationarity
implies intrinsic stationarity, but the converse is not true; indeed, the next section offers
examples of processes that are intrinsically stationary but not weakly stationary.

A valid variogram necessarily satisfies a negative definiteness condition. In fact, for any
set of locations sy, ...,s, and any set of constants a1, ...,a, such that ) . a; = 0, if y(h)

is valid, then
Z Zaiaj’y(si —s;)<0. (2.4)
J

%

To see this, note that
1
Z Z aia;y(s; —s;j) = §EZ Z aia;(Y(si) = Y (s;))°
i i
—Ezzaian(Si)Y(Sj)
(2

2
Z a;Y (s;)

We remark that, despite the suggestion of expression (2.2), there is no relationship
between this result and the positive definiteness condition for covariance functions (see
Subsection 3.1.2). Cressie (1993) discusses further necessary conditions for a valid variogram.
Lastly, the condition (2.4) emerges naturally in ordinary kriging (see Section 2.4).

-B <0.

2.1.3 Isotropy

Another important related concept is that of isotropy. If the semivariogram function v (h)
depends upon the separation vector only through its length ||h||, then we say that the
variogram is isotropic; that is, if v (h) is a real-valued function of a univariate argument,
and can be written as v (|/hl|). If not, we say it is anisotropic. Because of the foregoing issues
with intrinsic stationarity, in the absence of a full probabilistic specification (as detailed in
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Figure 2.1 Theoretical semivariograms for three models: (a) linear, (b) spherical, and (c) exponen-
tial.

Chapter 3), we are reluctant to associate an isotropic variogram with a stochastic process.
Nonetheless, in the literature, we find terminology stating that, if a process is intrinsically
stationary and isotropic, it is also called homogeneous.

Isotropic variograms are popular because of their simplicity, interpretability, and, in par-
ticular, because a number of relatively simple parametric forms are available as candidates
for the semivariogram. Denoting ||h|| by d for notational simplicity, we now consider a few
of the more important such forms.

1. Linear:

(d) = 2 +0%d ifd>0, 72>0, 02>0
)= 0 otherwise

Note that v (d) — oo as d — oo, and so this semivariogram does not correspond to a weakly
stationary process (although it is intrinsically stationary). This semivariogram is plotted in
Figure 2.1(a) using the parameter values 72 = 0.2 and o2 = 0.5.

2. Spherical:

24 52 it d>1/¢,
W)= 2ot {3 L)’} f0<d<1/e,
0 otherwise

The spherical semivariogram is valid in r = 1,2, or 3 dimensions, but for » > 4 it fails
to correspond to a spatial variance matrix that is positive definite (as required to specify
a valid joint probability distribution). This variogram owes its popularity largely to the
fact that it offers clear illustrations of the nugget, sill, and range, three characteristics
traditionally associated with variograms. Specifically, consider Figure 2.1(b), which plots
the spherical semivariogram using the parameter values 72 = 0.2, 02 = 1, and ¢ = 1.
While v(0) = 0 by definition, 7(07) = limg_o+ 7(d) = 72; this quantity is the nugget.
Next, limg_oo 7(d) = 72 + 02; this asymptotic value of the semivariogram is called the
sill. (The sill minus the nugget, which is simply o2 in this case, is called the partial sill.)
Finally, the value d = 1/¢ at which «(d) first reaches its ultimate level (the sill) is called
the range. It is for this reason that many of the variogram models of this subsection are
often parametrized through R = 1/¢. Confusingly, both R and ¢ are sometimes referred
to as the range parameter, although ¢ is often more accurately referred to as the decay
parameter.
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Note that for the linear semivariogram, the nugget is 72 but the sill and range are both
infinite. For other variograms (such as the next one we consider), the sill is finite, but only
reached asymptotically.

3. Ezponential:

[ P+ 0*(1—exp(—¢d)) ifd>0,
(d) = { 0 otherwise

The exponential has an advantage over the spherical in that it is simpler in functional form
while still being a valid variogram in all dimensions (and without the spherical’s finite range
requirement). However, note from Figure 2.1(c), which plots this semivariogram assuming
72 =0.2, 02 = 1, and ¢ = 2, that the sill is only reached asymptotically; strictly speaking,
the range R = 1/¢ is infinite. In cases like this, the notion of an effective range is often used,
i.e., the distance at which there is essentially no lingering spatial correlation. To make this
notion precise, we must convert from v scale to C scale (possible here since limg_,~ v(d)
exists; the exponential is not only intrinsically but also weakly stationary). From (2.3) we
have

C(d) = limy—ooy(u) —7(d)
= 740" = [+ 0%(1 - exp(—¢d))]
= o?exp(—¢d) .

Hence
C(t):{ 72 4 0? ifd=0
olexp(—¢d) ifd>0
If the nugget 72 = 0, then this expression reveals that the correlation between two points d
units apart is exp(—¢d); note that exp(—¢d) = 1~ for d = 07 and exp(—¢d) = 0 for d = oo,
both in concert with this interpretation.

A common definition of the effective range, dy, is the distance at which this correlation
is negligible, customarily taken as having dropped to only 0.05. Setting exp(—¢dp) equal to
this value we obtain ¢ty = 3/¢, since log(0.05) ~ —3. The range will be discussed in more
detail in Subsection 3.1.2.

Finally, the form of (2.5) gives a clear example of why the nugget (72 in this case) is often
viewed as a “nonspatial effect variance,” and the partial sill (62) is viewed as a “spatial
effect variance.” That is, we have two variance components. Along with ¢, a statistician
would likely view fitting this model to a spatial data set as an exercise in estimating these
three parameters. We shall return to variogram model fitting in Subsection 2.1.4.

4. Gaussian:

(2.5)

PP +o*(1—exp(—¢3d?)) ifd>0
v(d) = { 0 otherwise (2.6)

The Gaussian variogram is an analytic function and yields very smooth realizations of the
spatial process. We shall say much more about process smoothness in Subsection 3.1.4.
5. Powered exponential:

[ P+ (1—exp(—|pd|")) ifd>0
(d) = { 0 otherwise (2.7)

Here 0 < p < 2 yields a family of valid variograms. Note that both the Gaussian and the
exponential forms are special cases.
6. Rational quadratic:

2 o2d? .
+(d) = T +—(¢+d2) ifd>0
0 otherwise
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Model Covariance function, C(d)
Linear C(d) does not exist
0 ifd>1/¢
Spherical C(d)=1q o?[1—-3¢d+ 3(¢d)?] f0<d<1/¢
%+ 02 d=20
. [ o*exp(—¢d) ifd>0
Exponential  C(d) = 224 o2 d=0
Powered C(d) = % exp(—|pd|P) ifd >0
exponential - 72 4+ o2 d=0
. _ o?exp(—¢?d?) ifd >0
Gaussian C(d) = 224 g2 d=0
. d2 .
Ratlonal. C(d) = o2 (1 - W) ifd>0
quadratic 2 4 o2 d=0
2sn(ed) 3 g >
Wi cdy=4 7, ¢,
ave @) ™ +02 d=0
Power law C(d) does not exist
0'2 v .
Matérn C(d) =< 27 TH 2(¢d) 2K,,(¢d) itd>0
T+ o d=0
Matérn Cd) = 02 (14 ¢d) exp (—pd) ifd >0
at v =23/2 B 72+ 02 d=0

Table 2.1 Summary of common isotropic parametric covariance functions (covariograms).

7. Wave:

(d) = 72 4+ o2 (1——Sindggd)) ifd>0
0 otherwise

Note this is an example of a variogram that is not monotonically increasing. The associated
covariance function is C(d) = o2 sin(¢d)/(¢d). Bessel functions of the first kind include the
wave covariance function and are discussed in detail in Subsections 3.1.2 and 6.1.3.
8. Power law:
’y(d):{ 24+ 0%d* ofd>0
0 d=20
This generalizes the linear case and produces valid intrinsic (albeit not weakly) stationary

semivariograms provided 0 < A < 2.
9. Matérn: The variogram for the Matérn class is given by

2v—1T(v)

0 d—0 (2.8)

2 2 |1 _ (2/vde)” ;
v(d)z{ 240 {1 K,(2yvd)| ifd>0

This class was originally suggested by Matérn (1960, 1986). Interest in it was revived by
Handcock and Stein (1993) and Handcock and Wallis (1994), who demonstrated attractive
interpretations for v as well as ¢. In particular, v > 0 is a parameter controlling the
smoothness of the realized random field (see Subsection 3.1.4) while ¢ is a spatial decay
parameter. The function I' (+) is the usual gamma function while K, is the modified Bessel
function of order v (see, e.g., Abramowitz and Stegun, 1965, Chapter 9). Implementations
of this function are available in several C/C++ libraries and also in R packages such as
spBayes and geoR. Note that special cases of the above are the exponential (v =1/2)
and the Gaussian (v — 00). At v = 3/2 we obtain a closed form as well, namely v(d) =
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Model Variogram, v(d)
. ™ +0%d ifd>0
Linear ~v(d) = { 0 d=0
72+ o? iftd>1/¢
Spherical Y(d) =3 T2 +0?[3¢d— 3(¢d)?] f0<d<1/¢
0 d=0

. [ T+ 0%(1 —exp(—¢d)) ifd>0
Exponential  «y(d) = 0 d=0
Powered (d) = 2+ 0%(1 — exp(—|¢d[P)) ifd >0
exponential A 0 d=0

. [ T4+ 0%(1 —exp(—¢?d?)) ifd>0
Gaussian v(d) = 0 d—0
Rational (d) = 2+ % ifd>0
quadratic N = 0 d=0
Wave ~(d) = 24+ 0%(1 - —Si“qggd)) ifd>0
0 d=20
2 +o%d* ifd>0
Power law v(d) = 0 d—0
2 2|1 _ _(ed)” :
Matéen =] e 1 - 7 K (ed)] ifd>0
0 d=20

Matérn (d) = 72+ 02[1 — (1 + ¢d) exp (—¢d)] ifd>0
at v =23/2 N = 0 d=0

Table 2.2 Summary of common parametric isotropic variograms.

724021 — (1 + ¢d) exp (—¢d)] for t > 0. In fact, we obtain a polynomial times exponential
from for the Matérn for all v of the form, v = k + % with k a non-negative integer. The
Matérn covariance function is often reparametrized to o = 2,/v¢ along with n = 02¢?” and
v. This transformation is helpful in providing better behaved model fitting, particularly
using Markov chain Monte Carlo (see Chapter 6 for further discussion).

The covariance functions and variograms we have described in this subsection are con-
veniently summarized in Tables 2.1 and 2.2, respectively. An important point which the
reader may wonder about is the fact that every presented covariance function and vari-
ogram has a discontinuity at 0. That is, the limit as d — 0 for the covariance function
is 02 not 02 + 72 and for the variogram is 72, not 0. Evidently, this is not a typo! What
is the reason? We elaborate this in greater detail in Chapter 3. Here, we offer a simple
explanation. Consider the form of the residual for a spatial model. We might write it as
r(s) = w(s) + €(s) where w(s) is a spatial process, say a stationary Gaussian process with
mean 0 and covariance function o%p(s — s’) and €(s) is a pure error process, i.e., the €(s)’s
are i.i.d., say N(0,72) with the €’s independent of the w’s. Then, it is straightforward to
compute cov(r(s),r(s")) = o?p(s — s’) while varY (s) = o2 + 72, whence the discontinuity
at 0 emerges. And, in fact, corr(r(s),r(s’)) is bounded by o2/(0? + 72). The rationale for
including the €(s)’s into the model is that we don’t want to insist that all model error is
spatial. Of course, we certainly want to include the w’s in order to be able to capture a
spatial story. Possible explanations for the pure error contribution include: (i) measurement
error associated with the data collection at a given location, (ii) replication error to ex-
press the possibility that repeated measurements at the same location might not provide
identical observations, or (iii) micro-scale error to acknowledge that, though we never see
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observations closer to each other than the minimum pairwise distance in our sample, there
might be very fine scale structure represented as noise.

2.1.4  Variogram model fitting

Having seen a fairly large selection of models for the variogram, one might well wonder how
we choose one of them for a given data set, or whether the data can really distinguish them
(see Subsection 6.1.3 in this latter regard). Historically, a variogram model is chosen by
plotting the empirical semivariogram (Matheron, 1963), a simple nonparametric estimate
of the semivariogram, and then comparing it to the various theoretical shapes available from
the choices in the previous subsection. The customary empirical semivariogram is

y(d) = IN(d) Do Ys) -Y(sy) (2.9)

(si,85)EN(d)

where N(d) is the set of pairs of points such that ||s; — s;|| = d, and |N(d)| is the number
of pairs in this set. Notice that, unless the observations fall on a regular grid, the distances
between the pairs will all be different, so this will not be a useful estimate as it stands.
Instead we would “grid up” the d-space into intervals Iy = (0,d1), Io = (d1, d2), and so forth,
up to Ix = (dx—1,dk) for some (typically regular) grid 0 < d; < --- < dg. Representing
the d values in each interval by the midpoint of the interval, we then alter our definition of
N(d) to
N(dk) = {(Si,Sj) : ||Si—Sj|| S Ik} N k= 1,...,K .

Selection of an appropriate number of intervals K and location of the upper endpoint tx
is reminiscent of similar issues in histogram construction. Journel and Huijbregts (1979)
recommend bins wide enough to capture at least 30 pairs per bin.

Clearly (2.9) is nothing but a method of moments (MOM) estimate, the semivariogram
analogue of the usual sample variance estimate s2. While very natural, there is reason to
doubt that this is the best estimate of the semivariogram. Certainly it will be sensitive to
outliers, and the sample average of the squared differences may be rather badly behaved
since under a Gaussian distributional assumption for the Y'(s;), the squared differences
will have a distribution that is a scale multiple of the heavily skewed x? distribution. In
this regard, Cressie and Hawkins (1980) proposed a robustified estimate that uses sample
averages of |Y(s;) — Y(sj)|1/ ?: this estimate is available in several software packages (see
Section 2.3 below). Perhaps more uncomfortable is the fact that (2.9) uses data differences,
rather than the data itself. Also of concern is the fact that the components of the sum in
(2.9) will be dependent within and across bins, and that N (dy) will vary across bins.

In any case, an empirical semivariogram estimate can be plotted, viewed, and an appro-
priately shaped theoretical variogram model can be fitted to this “data.” Since any empirical
estimate naturally carries with it a significant amount of noise in addition to its signal, this
fitting of a theoretical model has traditionally been as much art as science: in any given real
data setting, any number of different models (exponential, Gaussian, spherical, etc.) may
seem equally appropriate. Indeed, fitting has historically been done “by eye,” or at best by
using trial and error to choose values of nugget, sill, and range parameters that provide a
good match to the empirical semivariogram (where the “goodness” can be judged visually
or by using some least squares or similar criterion); again see Section 2.3. More formally, we
could treat this as a statistical estimation problem, and use nonlinear maximization routines
to find nugget, sill, and range parameters that minimize some goodness-of-fit criterion.

If we also have a distributional model for the data, we could use maximum likelihood (or
restricted maximum likelihood, REML) to obtain sensible parameter estimates; see, e.g.,
Smith (2001) for details in the case of Gaussian data modeled with the various parametric
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variogram families outlined in Subsection 2.1.3. In Chapter 5 and Chapter 6 we shall see
that the hierarchical Bayesian approach is broadly similar to this latter method, although
it will often be easier and more intuitive to work directly with the covariance model C(d),
rather than changing to a partial likelihood in order to introduce the semivariogram. In
addition, we will gain full inference, e.g., posterior distributions for all unknowns of interest
as well as more accurate assessment of uncertainty than appealing to arguably inappropriate
asymptotics (see Chapter 5).

2.2 Anisotropy

Stationary correlation functions extend the class of correlation functions from isotropy where
association only depends upon distance to association that depends upon the separation
vector between locations. As a result, association depends upon direction. Here, we explore
covariance functions that are stationary but not isotropic. (We defer discussion of nonsta-
tionary covariance functions to Chapter 3.) A simple example is the class where we separate
the components. That is, suppose we write the components of s as sjq¢, Sjon, similarly for
h. Then, we can define corr(Y (s + h),Y (s)) = p1(hiat)p2(hion) where p; and ps are valid
correlation functions on R!. Evidently, this correlation function is stationary but depends
on direction. In particular, if we switch hj,: and hy,, we will get a different value for the
correlation even though ||h|| is unchanged. A common choice is e?1(I7at)+2(hionl)

The separable correlation function is usually extended to a covariance function by in-
troducing the multiplier o2, as we have done above. This covariance function tends to be
used, for instance, with Gaussian processes in computer model settings (Santner, Williams
and Notz, 2003; Rasmussen and Williams, 2006; Oakley and O’Hagan, 2004; Kennedy and
O’Hagan, 2001). Here we seek a response surface over covariate space and, since the co-
variates live on their own spaces with their own scales, component-wise dependence seems
appropriate. In the spatial setting, since lat and lon are on the same scale, it may be less
suitable.

2.2.1 Geometric anisotropy

A commonly used class of stationary covariance functions is the geometric anisotropic co-
variance functions where we set

C(s—s')=0p((s —s")TB(s—+¢)) . (2.10)

In (2.10), B is positive definite with p a valid correlation function in R" (say, from Table 2.1).
We would omit the range/decay parameter since it can be incorporated into B. When r = 2
we obtain a specification with three parameters rather than one. Contours of constant
association arising from ¢ in (2.10) are elliptical. In particular, the contour corresponding
to p = .05 provides the range in each spatial direction. Ecker and Gelfand (1997) provide the
details for Bayesian modeling and inference incorporating (2.10); see also Subsection 6.1.4.

Following the discussion in Subsection 3.1.2, we can extend geometric anisotropy to
product geometric anisotropy. In the simplest case, we would set

C(s ') = 0> pr((s — )" Bi(s — ') pal(s — )" Bals — 5')) | (2.11)

noting that c is valid since it arises as a product of valid covariance functions. See Ecker and
Gelfand (2003) for further details and examples. Evidently, we can extend to a product of
more than two geometric anisotropy forms and we can create rich directional range behavior.
However, a challenge with (2.11) is that it introduces 7 parameters into the covariance
function and it will be difficult to identify and learn about all of them unless we have many,
many locations.
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2.2.2  Other notions of anisotropy

In a more general discussion, Zimmerman (1993) suggests three different notions of
anisotropy: sill anisotropy, nugget anisotropy, and range anisotropy. More precisely, working
with a variogram -y(h), let h be an arbitrary separation vector so that h/ ||h]| is a unit vector
in h’s direction. Consider vy(ah/ ||h||). Let ¢ — oo and suppose lim,_,~ v(ah/ |h||) depends
upon h. This situation is naturally referred to as sill anisotropy. If we work with the usual

relationship y(ah/ ||h||) = 72 + o? (1 —p (aﬁ)), then, in some directions, p must not

go to 0 as @ — oo. If this can be the case, then ergodicity assumptions (i.e., convergence
assumptions associated with averaging) will be violated. If so, then perhaps the constant
mean assumption, implicit for the variogram, does not hold. Alternatively, it is also possible
that the constant nugget assumption fails.

Instead, let a — 0 and suppose lim,_.oy(ah/ ||h||) depends upon h. This situation is
referred to as nugget anisotropy. Since, by definition, p must go to 1 as a — 0, this case
says that the assumption of uncorrelated measurement errors with common variance may
not be appropriate. In particular, a simple white noise process model with constant nugget
for the nonspatial errors is not appropriate.

A third type of anisotropy is range anisotropy where the range depends upon direc-
tion. Zimmerman (1993) asserts that “this is the form most often seen in practice.” Ge-
ometric anisotropy and the more general product geometric anisotropy from the previous
subsections are illustrative cases. However, given the various constructive strategies offered
in Subsection 3.1.2 to create more general stationary covariance functions, we can envision
nongeometric range anisotropy, implying general correlation function or variogram contours
in RN2. However, due to the positive definiteness restriction on the correlation function, the
extent of possible contour shapes is still rather limited.

Lastly, motivated by directional variograms (see Subsection 2.3.2), some authors propose
the idea of nested models (see Zimmerman, 1993, and the references therein). That is, for
each separation vector there is an associated angle with, say, the x-axis, which by symmetry
considerations can be restricted to [0, 7). Partitioning this interval into a set of angle classes,
a different variogram model is assumed to operate for each class. In terms of correlations, this
would imply a different covariance function is operating for each angle class. But evidently
this does not define a valid process model: the resulting covariance matrix for an arbitrary
set of locations need not be positive definite.

This can be seen with as few as three points and two angle classes. Let (s1,s2) belong to
one angle class with (s1,s3) and (s2,s3) in the other. With exponential isotropic correlation
functions in each class by choosing ¢; and ¢o appropriately we can make p(s; — s2) ~ 0
while p(s; — s3) = p(s2 —s3) ~ 0.8. A quick calculation shows that the resulting 3 x 3
covariance (correlation) matrix is not positive definite. So, in terms of being able to write
proper joint distributions for the resulting data, nested models are inappropriate; they do
not provide an extension of isotropy that allows for likelihood based inference.

2.3 Exploratory approaches for point-referenced data
2.3.1 Basic techniques

Exploratory data analysis (EDA) tools are routinely implemented in the process of analyzing
one- and two-sample data sets, regression studies, generalized linear models, etc. (see, e.g.,
Chambers et al., 1983; Hoaglin, Mosteller, and Tukey, 1983, 1985; Aiktin et al., 1989).
Similarly, such tools are appropriate for analyzing point-referenced spatial data.

For continuous spatial data, the starting point is the so-called “first law of geostatistics.”
Figure 2.2 illustrates this “law” in a one-dimensional setting. The data is partitioned into
a mean term and an error term. The mean corresponds to global (or first-order) behavior,
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Figure 2.2 Illustration of the first law of geostatistics.

\ogSP

Figure 2.3 Illustrative three-dimensional “drop line” scatterplot, Stockton data.

while the error captures local (or second-order) behavior through a covariance function.
EDA tools are available to examine both first- and second-order behavior.

The law also clarifies that spatial association in the data, Y (s), need not resemble
spatial association in the residuals, ¢(s). That is, spatial association in the Y (s) corresponds
to looking at E(Y (s) — u)(Y(s’) — u), while spatial structure in the e(s) corresponds to
looking at E(Y (s) — u(s))(Y (s") — u(s’)). The difference between the former and the latter
is (p— p(s))(p — p(s’)), which, if interest is in spatial regression, we would not expect to be
negligible.

Certainly an initial exploratory display should be a simple map of the locations them-
selves. We need to assess how regular the arrangement of the points is and also whether there
is a much larger maximum distance between points in some directions than in others. Next,
some authors would recommend a stem-and-leaf display of the Y (s). This plot is evidently
nonspatial and is customarily for observations which are i.i.d. We expect both nonconstant
mean and spatial dependence, but such a plot may at least suggest potential outliers. Next
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Figure 2.5 Illustrative contour plot, Stockton real estate data.

we might develop a three-dimensional “drop line” scatterplot of Y (s;) versus s;, alterna-
tively, a three-dimensional surface plot or perhaps, a contour plot as a smoothed summary.
Examples of these three plots are shown for a sample of 120 log-transformed home selling
prices in Stockton, CA, in Figures 2.3, 2.4, and 2.5, respectively. Of these three, we find
the contour plot to be the most effective in revealing the entire spatial surface. However, as
the preceding paragraph clarifies, such displays may be deceiving. They may show spatial

pattern that will disappear after pu(s) is fitted, or perhaps vice versa. It seems more sensible
to study spatial pattern in the residuals.
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Figure 2.6 Illustrative row box plots, Diggle and Ribeiro (2002) surface elevation data.

In exploring p(s) we may have two types of information at location s. One is the purely
geographic information, i.e., the geocoded location expressed in latitude and longitude or
as projected coordinates such as eastings and northings (Subsection 1.2.1 above). The other
will be features relevant for explaining the Y(s) at s. For instance, if Y(s) is a pollu-
tion concentration, then elevation, temperature, and wind information at s could well be
useful and important. If, instead, Y(s) is the selling price of a single-family home at s,
then characteristics of the home (square feet, age, number of bathrooms, etc.) would be
useful.

When the mean is described purely through geographic information, pu(s) is referred to
as a trend surface. When s € %2, the surface is usually developed as a low-dimensional
bivariate polynomial. For data that is roughly gridded (or can be assigned to row and
column bins by overlaying a regular lattice on the points), we can make row and column
boxplots looking for trend. Displaying these boxplots versus their center could clarify the
existence and nature of such trend. In fact, median polishing (see, e.g., Hoaglin, Mosteller,
and Tukey, 1985) could be used to extract row and column effects, and also to see if a
multiplicative trend surface term is useful; see Cressie (1983, pp. 46-48) in this regard.

Figures 2.6 and 2.7 illustrate the row and column boxplot approach for a data set
previously considered by Diggle and Ribeiro (2002). The response variable is the surface
elevation (“height”) at 52 locations on a regular grid within a 310-foot square (and where
the mesh of the grid is 50 feet). The plots reveals some evidence of spatial pattern as we
move along the rows, but not down the columns of the regular grid.

To assess small-scale behavior, some authors recommend creating the semivariogram
cloud, i.e., a plot of (Y (s;) — Y (s;))? versus ||s; — s;||. Usually this cloud is too “noisy” to
reveal very much; see, e.g., Figure 6.1. The empirical semivariogram (2.9) is preferable in
terms of reducing some of the noise, and can be a helpful tool in assessing the presence of
spatial structure. Again, the caveat above suggests employing it for residuals (not the data
itself) unless a constant mean is appropriate.
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Figure 2.7 Illustrative column box plots, Diggle and Ribeiro (2002) surface elevation data.

An empirical (nonparametric) covariance estimate, analogous to (2.9), is also available.
Creating bins as in this earlier approach, define

Ol = 3 V(s - V)(Vlsy) ~ V), (212)

k (si,s;)EN(tr)

where again N (t) = {(si,s;) : |[si —s;|| € I} for k =1,..., K, I} indexes the kth bin, and
there are Ny, pairs of points falling in this bin. Equation (2.12) is a spatial generalization of a
lagged autocorrelation in time series analysis. Since ¢ uses a common Y for all Y (s;), it may
be safer to employ (2.12) on the residuals. We note that the empirical covariance function is
not used much in practice; the empirical variogram is much more common. Moreover, two
further issues arise: first, how should we define C'(0), and second, regardless of this choice,
we note that 7(¢x) does not equal 6(0) - é(tk), k =1,...,K. Details for both of these

issues are left to Exercise 5. Again, since we are only viewing () and C as exploratory
tools, there seems to be no reason to pursue the latter further.

Again, with a regular grid or binning we can create “same-lag” scatterplots. These are
plots of Y (s; + he) versus Y (s;) for a fixed h and a fixed unit vector e. Comparisons among
such plots may reveal the presence of anisotropy and perhaps nonstationarity.

Lastly, suppose we attach a neighborhood to each point. We can then compute the sam-
ple mean and variance for the points in the neighborhood, and even a sample correlation
coefficient using all pairs of data in the neighborhood. Plots of each of them versus location
can be informative. The first may give some idea regarding how the mean structure changes
across the study region. Plots of the second and third may provide evidence of nonsta-
tionarity. Implicit in extracting useful information from these plots is a roughly constant
local mean. If u(s) is to be a trend surface, this is plausible. But if u(s) is a function of
some geographic variables at s (say, home characteristics), then use of residuals would be
preferable.



EXPLORATORY APPROACHES FOR POINT-REFERENCED DATA 37

1990 Scallop Sites

wv

1993 Scallop Sites

W,

Figure 2.8 Sites sampled in the Atlantic Ocean for 1990 and 1993 scallop catch data.

2.3.2 Assessing anisotropy

We illustrate various EDA techniques to assess anisotropy using sampling of scallop abun-
dance on the continental shelf off the coastline of the northeastern U.S. The data comes
from a survey conducted by the Northeast Fisheries Science Center of the National Ma-
rine Fisheries Service. Figure 2.8 shows the sampling sites for 1990 and 1993. We see much
more sampling in the southwest to northeast direction than in the northwest to southeast
direction. Evidently, it is more appropriate to follow the coastline in searching for scallops.

2.8.2.1 Directional semivariograms and rose diagrams

The most common EDA technique for assessing anisotropy involves use of directional semi-
variograms. Typically, one chooses angle classes n; £ ¢, ¢ = 1,..., L where € is the halfwidth
of the angle class and L is the number of angle classes. For example, a common choice
of angle classes involves the four cardinal directions measured counterclockwise from the
z-axis (0°, 45°, 90°, and 135°) where ¢ is 22.5°. Journel and Froidevaux (1982) display
directional semivariograms at angles 35°, 60°, 125°, and 150° in deducing anistropy for a
tungsten deposit. While knowledge of the underlying spatial characteristics of region D is
invaluable in choosing directions, often the choice of the number of angle classes and the
directions seems to be arbitrary.

For a given angle class, the Matheron empirical semivariogram (2.9) can be used to
provide a directional semivariogram for angle 7;. Theoretically, all types of anisotropy
can be assessed from these directional semivariograms; however, in practice determining
whether the sill, nugget, and/or range varies with direction can be difficult. In particu-
lar, it is unclear how much variability will arise in directional variograms generated under
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Figure 2.9 Directional semivariograms (a) and a rose diagram (b) for the 1990 scallop data.

isotropy. Figure 2.9(a) illustrates directional semivariograms for the 1990 scallop data in
the four cardinal directions. Note that the semivariogram points are connected only to aid
comparison.

Possible conclusions from the figure are: the variability in the 45° direction (parallel
to the coastline) is significantly less than in the other three directions and the variability
perpendicular to the coastline (135°) is very erratic, possibly exhibiting sill anisotropy.
We caution however that it is dangerous to read too much significance and interpretation
into directional variograms. For example, from Figure 2.8, as noted above, we see far more
sampling at greater distances in the southwest-northeast direction than in the northwest-
southeast direction. Moreover, no sample sizes (and thus no assessments of variability)
are attached to these pictures. Directional variograms from data generated under a simple
isotropic model will routinely exhibit differences of the magnitudes seen in Figure 2.9(a).
Furthermore, it seems difficult to draw any conclusions regarding the presence of geometric
anisotropy from this figure.

A rose diagram (Isaaks and Srivastava, 1989, pp. 151-154) can be created from the direc-
tional semivariograms to evaluate geometric anisotropy. At an arbitrarily selected ~*, for a
directional semivariogram at angle 7, the distance d* at which the directional semivariogram
attains v* can be interpolated. Then, the rose diagram is a plot of angle n and corresponding
distance d* in polar coordinates. If an elliptical contour describes the extremities of the rose
diagram reasonably well, then the process exhibits geometric anisotropy. For instance, the
rose diagram for the 1990 scallop data is presented in Figure 2.9(b) using the 4* contour of
4.5. Tt is approximately elliptical, oriented parallel to the coastline (= 45°) with a ratio of
major to minor ellipse axes of about 4.

2.3.2.2  Empirical semivariogram contour (ESC) plots

A more informative method for assessing anisotropy is a contour plot of the empirical
semivariogram surface in *2. Such plots are mentioned informally in Isaaks and Srivastava
(1989, pp. 149-151) and in Haining (1990, pp. 284-286); the former call them contour
maps of the grouped variogram values, the latter an isarithmic plot of the semivariogram.
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Figure 2.10 ESC plot for the 1993 scallop data.

Following Ecker and Gelfand (1999), we formalize such a plot here, calling it an empirical
semivariogram contour (ESC) plot. For each of the N(]\;fl) pairs of sites in R?, calculate
h, and h,, the separation distances along each axis. Since the sign of h, depends upon
the arbitrary order in which the two sites are compared, we demand that h, > 0. (We
could alternatively demand that h, > 0.) That is, we take (—hg, —hy) when h, < 0. These
separation distances are then aggregated into rectangular bins B;; where the empirical
semivariogram values for the (¢, 7)th bin are calculated by

e Y (V) -YE)?, (2.13)

NBiy (kiy(se—eneBiy)

where Np,,; equals the number of sites in bin B;;. Because we force hy, > 0 with h, un-
restricted, we make the bin width on the y-axis half of that for the z-axis. We also force
the middle class on the z-axis to be centered around zero. Upon labeling the center of the
(¢,7)th bin by (xi,y;), a three dimensional plot of ~;; versus (z;,y;) yields an empirical
semivariogram surface. Smoothing this surface using interpolation algorithms (e.g., Akima,
1978) produces a contour plot that we call the ESC plot. A symmetrized version of the ESC
plot can be created by reflecting the upper left quadrant to the lower right and the upper
right quadrant to the lower left.

The ESC plot can be used to assess departures from isotropy; isotropy is depicted by
circular contours while elliptical contours capture geometric anisotropy. A rose diagram
traces only one arbitrarily selected contour of this plot. A possible drawback to the ESC
plot is the occurrence of sparse counts in extreme bins. However, these bins may be trimmed
before smoothing if desired. Concerned that use of geographic coordinates could introduce
artificial anisotropy (since 1° latitude # 1° longitude in the northeastern United States),
we have employed a Universal Transverse Mercator (UTM) projection to kilometers in the
E-W and N-S axes (see Subsection 1.2.1).

Figure 2.10 is the empirical semivariogram contour plot constructed using z-axis width
of 30 kilometers for the 1993 scallop data. We have overlaid this contour plot on the bin
centers with their respective counts. Note that using empirical semivariogram values in the
row of the ESC plot for which h, ~ 0 provides an alternative to the usual 0° directional
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Figure 2.11 Directional semivariograms for the 1993 scallop data.

semivariogram. The latter directional semivariograms are based on a polar representation of
the angle and distance. For a chosen direction n and tolerance ¢, the area for a class fans out
as distance increases (see Figure 7.1 of Isaaks and Srivastava, 1989, p. 142). Attractively,
a directional semivariogram based on the rectangular bins associated with the empirical
semivariogram in $? has bin area remaining constant as distance increases. In Figure 2.11,
we present the four customary directional (polar representation) semivariograms for the
1993 scallop data. Clearly, the ESC plot is more informative, particularly in suggesting
evidence of geometric anisotropy.

2.4 Classical spatial prediction

In this section we describe the classical (i.e., minimum mean-squared error) approach to
spatial prediction in the point-referenced data setting. The approach is commonly referred
to as kriging, so named by Matheron (1963) in honor of D.G. Krige, a South African mining
engineer whose seminal work on empirical methods for geostatistical data (Krige, 1951)
inspired the general approach (and indeed, inspired the convention of using the terms “point-
level spatial analysis” and “geostatistical analysis” interchangeably!). The problem is one of
optimal spatial prediction: given observations of a random field Y = (Y (s1),...,Y (sn))’,
how do we predict the variable Y at a site sy where it has not been observed? In other
words, what is the best predictor of the value of Y (sg) based upon the data y?

A linear predictor for Y(sg) based on y would take the form > ¢;Y (s;) + dp. Using
squared error loss, the best linear prediction would minimize E[Y (so) — (3 £;Y (s;) + o))
over dp and the ¢;. Under the intrinsic stationarity specification (2.1) we would take Y~ ¢; =
1 in order that E(Y(sg) — > ¢;Y(s;)) = 0. As a result, we would minimize F[Y (sg) —
S 4;Y (s;)]? + 62, and clearly 8y would be set to 0. Now letting ap = 1 and a; = —¢; we see
that the criterion becomes E[Y " a;Y (s;)]*> with } a; = 0. But from (2.4) this expectation
becomes — ;> a;a;¥(s; —s;), revealing how, historically, the variogram arose in kriging
within the geostatistical framework. Indeed, the optimal ¢’s can be obtained by solving this
constrained optimization. In fact, it is a routine optimization of a quadratic from under a
linear constraint and is customarily handled using Lagrange multipliers. The solution will
be a function of y(h), in fact of the set of v;; = v(s; — s;) and vo; = v(so —s;) With an
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estimate of «, one immediately obtains the so-called ordinary kriging estimate. Other than
the intrinsic stationarity model (Subsection 2.1.2), no further distributional assumptions
are required for the Y (s)’s.

To provide a bit more detail, restoring the ¢;’s, we obtain

- Z Z a;a;y(s; —sj) = — Z Zéiéj%'j +2 Z&'%i

Adding the constraint, > ¢; = 1, times the Lagrange multiplier, A, we find that the partial
derivative of this expression with regard to ¢; becomes — >~ j £i7i; +70i—A = 0. Letting I' be
the n x n matrix with entries I';; = ;; and 7, be the n x 1 vector with (v); = ~y0i, with £
the n x 1 vector of coefficients, we obtain the system of kriging equations, '+ A1 = v, and
. _ 1—-17r!

17¢ = 1. The solution is £ = T'~! ('yo + %
unbiased predictor (BLUP). Again, with v(h) unknown, we have to estimate it in order to
calculate this estimator. Then, £ is a function of the data and the estimator is no longer
linear. Continuing in this regard, the usual estimator of the uncertainty in the prediction is
the predictive mean square error (PMSE), E(Y (so) — £7 Y)?, rather than var(€”7Y). There
is a closed form expression for the former, i.e., v, 1y, — (€T T~ 1y, —1)2 /£ T~ £, which,
also requires an estimate of 7(h) in order to be calculated.

Let us now take a formal look at kriging in the context of Gaussian processes. Consider
first the case where we have no covariates, but only the responses Y (s;). This is developed
by means of the following model for the observed data:

1) and £7Y becomes the best linear

Y = p1+ €, wheree~ N (0,X) .
For a spatial covariance structure having no nugget effect, we specify ¥ as

¥ =0°H (¢) where (H (¢))z] = p(d;dij) ,

where d;; = ||s; — s;||, the distance between s; and s; and p is a valid correlation function
on RN such as those in Table 2.1. For a model having a nugget effect, we instead set

¥ =0%H (¢) + °1,

where 72 is the nugget effect variance.

When covariate values x = (z(s1),...,z(s,)) and z(sg) are available for incorporation
into the analysis, the procedure is often referred to as universal kriging, though we caution
that some authors (e.g., Kaluzny et al., 1998) use the term “universal” in reference to the
case where only latitude and longitude are available as covariates. The model now takes the
more general form

Y = X3+ ¢, wheree ~ N (0,%) ,

with X being specified as above, either with or without the nugget effect. Note that ordinary
kriging may be looked upon as a particular case of universal kriging with X being the n x 1
matrix (i.e., column vector) 1, and 3 the scalar pu.

We now pose our prediction problem as follows: we seek the function & (y) that minimizes
the mean-squared prediction error,

B|(Y(s0) = h(¥)* |v] - (2.14)

By adding and subtracting the conditional mean E[Y (sg)|y] inside the square, grouping
terms, and squaring we obtain

B |(Y(s0) = h(v)) |¥]
= B{(Y(s0) = EY (s0)ly)* |y} + {E[Y (s0)l] = h ()} .
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since (as often happens in statistical derivations like this) the expectation of the cross-
product term equals zero. But, since the second term on the right-hand side is nonnegative,
we have

E|(Y(s0) = h ()" |v] = E{(V(s0) — EIY (s0)ly))” |}

for any function h (y). Equality holds if and only if h (y) = E[Y (so)]y], so it must be that
the predictor h(y) which minimizes the error is the conditional expectation of Y (sg) given
the data. This result is familiar since we know that the mean minimizes expected squared
error loss. From a Bayesian point of view, this i(y) is just the posterior mean of Y (sg), and
it is well known that the posterior mean is the Bayes rule (i.e., the minimizer of posterior
risk) under squared error loss functions of the sort adopted in (2.14) above as our scoring
rule. Note that the posterior mean is the best predictor under squared error loss regardless
of whether we assume a Gaussian model and that, in general, it need not be linear; it
need not be the BLUP which is the ordinary kriging predictor. However, under a Gaussian
process model assumption, this posterior mean is linear, as we now clarify.

In particular, let us explicitly obtain the form of the posterior mean of Y(sp). It will
emerge as a function of all the population parameters (3,02, ¢, and 72). From standard
multivariate normal theory we have the following general result: If

Y ) N Iy Qi1 Qo

Y> Mo )7\ Qo1 Qoo ’
where Qo = QF,, then the conditional distribution p (Y|Y3) is normal with mean and
variance:

EY1|Ys] = py+ Q1205 (Yo — ps);
VCL’/’[Y1|Y2] = Qll — 9129521921 .

In our framework, we have Y1 =Y (s¢) and Yo = y. It then follows that
911:(3’24—7'2, ngz’)/T, and QQQZE:UQH(¢)+TQI,

where v7' = (62p (¢;do1),...,0%p (¢;don)). Substituting these values into the mean and
variance formulae above, we obtain

E[Y(soly] = xB+~"S7 (y-XpB), (2.15)
and Var[Y (so)ly] = o?+72 -~ 1y, (2.16)

We see that the posterior mean is a linear predictor. We remark that this solution assumes
we have actually observed the covariate value xo = x (sp) at the “new” site so; we defer the
issue of missing xq for the moment.

Since, in practice, the model parameters are unknown, they must be estimated from the
data. Here we would modify h(y) to

o~

. . T N -1
where 7 = (&Qp(gb;dm),...,c}zp(d);dOn)) . B = (XTE_lX) XT¥~1y, the usual

weighted least squares estimator of 3, and S = 62H (QAS) Thus h/(;) can be written as
Ay, where

~

S5 4 571x (XTfrlx)_l (xo - XTfJ*lﬁ) . (2.17)

A
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The reader may be curious as to whether ATY is the same as £7Y assuming all
parameters are known say, in the ordinary kriging case. That is, assuming we have
v(h) = ¢(0) — ¢(h), we can write both linear predictors in terms of ¢(h) or v(h) but will
they agree? Immediately, we know that the answer is no because oy depends only on ~y(h)
or ¢(h) while MY requires 3, hence p in the constant mean case. In fact, it is a straight-
forward calculation to show that, if we replace pu by fi, the best linear unbiased estimator
of u, in A, we do obtain the ordinary kriging estimator. We leave this as an exercise.

If xo is unobserved, we can estimate it and Y'(sg) jointly by iterating between this
formula and a corresponding one for Xy, namely

x0=XTX,

which arises simply by multiplying both sides of (2.17) by X T and simplifying. This is essen-
tially an EM (expectation-maximization) algorithm (Dempster, Laird, and Rubin, 1977),
with the calculation of X¢ being the E step and (2.17) being the M step.

In the classical framework a lot of energy is devoted to the determination of the opti-
mal estimates to plug into the above equations. Typically, restricted maximum likelihood
(REML) estimates are selected and shown to have certain optimal properties. However, as
we shall see in Chapter 6, how to perform the estimation is not an issue in the Bayesian
setting. There, we instead impose prior distributions on the parameters and produce the
full posterior predictive distribution p (Y (sg)|y). Any desired point or interval estimate
(the latter to express our uncertainty in such prediction), as well as any desired probability
statements, may then be computed with respect to this distribution.

2.4.0.8 Noiseless kriging

It is natural to ask whether the kriging predictor (ordinary or posterior mean) will return
the observed value at the s;’s where we observed the process. If so, we would refer to the
predictor as an exact interpolator. The literature addresses this problem through detailed
inspection of the kriging equations. However, the answer is immediately clear once we look
at the model specification. And, it is possibly counterintuitive; we obtain exact interpolation
in the case of no nugget, rather than in the seemingly more flexible case where we add a
nugget.

Analytically, one can determine whether or not the predictor in (2.15) will equal the
observed value at a given s;. We leave as a formal exercise to verify that if 72 = 0 (i.e., the
no-nugget case, or so-called noiseless prediction), then the answer is yes, while if 72 > 0
then the answer is no.

However, we can illuminate the situation without formal calculation. There are two
potential settings: (1) Y(s) = u(s) + w(s) and (ii) Y (s) = wu(s) + w(s) + €(s), the no-
nugget and nugget cases, respectively. Under (i), evidently, predicting Y (sg) is the same as
predicting p(so) + w(sp). There is only one surface for the process realization. Under (ii),
predicting Y (so) is different from predicting p(sg) + w(so); we have two random surfaces
where the former is everywhere discontinuous while the latter, for customary covariance
functions, is continuous. Here, terminology can be confusing. Under (i), there is no noise, so
we could refer to this case as noiseless kriging. However, under (ii), predicting p(so) +w(so)
could be referred to as noiseless interpolation. We ignore the terminology issue and address
the exact interpolation question.

Now, suppose sg is, in fact, one of the s;. Then, we need to distinguish the ob-
served value at s; say Yops(s;) from a new or replicate value at s;, say Yrep(s;). Under
(1) f(Yrep(si)|Data) = f(u(s;) + w(s;)|Data) and since, given the data, u(s;) + w(s;) =
Yops(si), f(Yrep(si)|Data) is degenerate at Yops(s;); we have exact interpolation. Under (ii),
Yiep(si) ~ Yous(si) and E(Y;ep(s;)|Data) = E(u(s;) + w(s;)|Data) # Yops(si); we do not
have exact interpolation.
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2.5 Computer tutorials
2.5.1 EDA and spatial data visualization in R

We will illustrate our approaches using the so called WEF forest inventory data from a
long-term ecological research site in western Oregon. These data consist of a census of all
trees in a 10 ha stand. Diameter at breast height (DBH) and tree height (HT) have been
measured for all trees in the stand. For a subset of these trees, the distance from the center
of the stem to the edge of the crown was measured at each of the cardinal directions.

Rarely do we have the luxury of a complete census, but rather a subset of trees are
sampled using a series of inventory plots. This sample is then used to draw inferences
about parameters of interest (e.g., mean stand DBH or correlation between DBH and HT).
We defer these analyses to subsequent example sessions. Here, we simply use these data
to demonstrate some basics of spatial data manipulation, visualization, and exploratory
analysis. We will use the following three packages:

> library(spBayes)
> library(classInt)
> library(RColorBrewer)

We begin by removing rows that have NA for the variables of interest, creating a vector of
DBH and HT, and plotting the tree coordinates, which appear in Figure 2.12.

> data(WEF.dat)

> WEF.dat <- WEF.dat[!apply(WEF.dat[,c("East_m","North_m",

+ "DBH_cm","Tree_height_m","ELEV_m")], 1, function(x)any(is.na(x))),]
> DBH <- WEF.dat$DBH_cm

> HT <- WEF.dat$Tree_height_m

> coords <- as.matrix(WEF.dat[,c("East_m","North_m")])

> plot(coords, pch=1, cex=sqrt(DBH)/10, col="darkgreen",

+ xlab="Easting (m)", ylab="Northing (m)")

> leg.vals <- round(quantile(DBH),0)

> legend("topleft", pch=1, legend=leg.vals, col="darkgreen",
+ pt.cex=sqrt(leg.vals)/10, bty="n", title="DBH (cm)")

To further explore spatial patterns in DBH, it is often useful to use a color gradient or
ramp to construct the pallet. These can be created using colorRampPalette which creates
a function that interpolates over a given set of colors. Here we make a color ramp function
then create a color palette with four colors, each with five shades.

> col.br <- colorRampPalette(c("blue", "cyan", "yellow", "red"))
> col.pal <- col.br(5)

We can associate the colors with intervals that are meaningful to the analysis. For
instance, in a forest inventory, trees are often identified as sapling, poletimber, sawtimber,
and large sawtimber classes. The following code-block produces Figure 2.13, which displays
the coordinates colored according to their class.

> fixed <- classIntervals(DBH, n = 4, style = "fixed",
+ fixedBreaks = c(0, 12.7, 30.48, 60, max(DBH) + 1))
> fixed.col <- findColours(fixed, col.pal)
> plot(coords, col = fixed.col, pch = 19, cex = 0.5,
+ main = "Forestry tree size classes",
xlab = "Easting (m)", ylab = "Northing (m)")
legend("topleft", £fill = attr(fixed.col, "palette"),
legend = c("sapling", "poletimber", "sawtimber", "large sawtimber"),
bty = "n")

+ 4+ vV o+
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Figure 2.12 Tree locations on the WEF.
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Figure 2.14 Interpolation of DBH using multilevel B-spline.

If the data observations are well distributed over the domain, spatial patterns can of-
ten be detected by estimating a continuous surface using an interpolation function. Several
packages provide suitable interpolators, include the akima for linear or cubic spline inter-
polation and MBA which provides efficient interpolation of large data sets with multilevel
B-splines. Functions within both packages produce grids of interpolated values which can
be passed to image or image.plot to produce 2 depictions. The code below uses MBA for
spatial interpolation and produces Figure 2.14.

library (MBA)

library(fields) ## For using the image.plot function

x.res <- 100

y.res <- 100

surf <- mba.surf(cbind(coords, DBH), no.X = x.res, no.Y = y.res,

h =5, m = 2, extend = FALSE) $xyz.est

image.plot(surf, xaxs = "r", yaxs = "r", xlab = "Easting (m)",
ylab = "Northing (m)", col = col.br(25))

contour (surf, add=T) ## (Optional) Adds contour lines to the plot

VvV + VvV + V V V VYV

Alternatively, 3-D graphics functions in the rgl package can be used to produce R3
depictions, as in Figure 2.15, using the code
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Figure 2.15 Perspective plot of multilevel B-spline interpolation of DBH.

library(rgl)

col <- rbind(0, cbind(matrix(drape.color(surf[[3]],
col = col.br(25)), x.res - 1, y.res - 1), 0))

surface3d(surf[[1]], surf[[2]], surf[[3]], col = col)

axes3d()

title3d(main = "DBH", xlab = "Easting (m)", ylab = "Northing (m)",
zlab = "DBH (cm)")

drape.plot(surf[[1]], surf[[2]], surf[[3]], col = col.br(150),
theta = 225, phi = 50, border = FALSE, add.legend = FALSE,
xlab = "Easting (m)", ylab = "Northing (m)",
zlab = "DBH (cm)")

image.plot(zlim = range(surf[[3]], na.rm = TRUE),
legend.only = TRUE, horizontal = FALSE)

2.5.2 Variogram analysis in R

47

Our visual inspection of the forest inventory data suggest that there is some degree of spatial
dependence in the distribution of DBH across the WEF. This encourages further exploration
using a variogram analysis to quantify the range of spatial dependence and obtain an idea
about the sill and the nugget.
We begin by fitting an isotropic empirical semivariogram using functions within the geoR
package. In the code blocks provided below, we first fit an exponential variogram model to
DBH, then fit a second variogram model to the residuals of a linear regression of DBH onto
tree species. We first compute the inter-site distances by applying the iDist function to
the coordinates. We then set the number of bins and use the variog function in geoR to
compute an omnidirectional variogram.

>
>
>

library(geoR)
max.dist <- 0.25 * max(iDist(coords))
bins <- 50
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> vario.DBH <- variog(coords = coords, data = DBH,
+ uvec = (seq(0, max.dist, length = bins)))

Covariograms and correlograms, if desired, can be invoked using the covariogram and
correlogram functions.

The computed vario.DBH object can then be passed to the variofit function in geoR,
which uses nonlinear least squares to fit an exponential variogram model.

> fit.DBH <- variofit(vario.DBH, ini.cov.pars = c(600,200/-10g(0.05)),
+ cov.model = "exponential", minimisation.function = "nls",
+ weights = "equal")

The function variofit can estimate the sill, the range, and the nugget parameters
under a specified covariance model. A variogram object (typically an output from the
variog function) is taken as input, together with initial values for the range and sill (in
ini.cov.pars), and the covariance model is specified through cov.model. The covariance
modeling options include exponential, gaussian, spherical, circular, cubic, wave
power, powered.exponential, cauchy, gneiting, gneiting.matern, and pure.nugget
(no spatial covariance). Also, the initial values provided in ini.cov.pars do not in-
clude those for the nugget. It is concatenated with the value of the nugget option only
if fix.nugget=FALSE. If the latter is TRUE, then the value in the nugget option is taken as
the fixed true value.

We next fit a second variogram model to the residuals of an ordinary linear regression
of DBH onto tree species. The code below produces a summary of regressing DBH on tree
species (a categorical variable with five classes).

> 1m.DBH <- 1m(DBH ~ Species, data = WEF.dat)
> summary (1lm.DBH)

Call:

Im(formula = DBH ~ Species, data = WEF.dat)

Residuals:
Min 1Q Median 3Q Max
-78.423 -9.969 -3.561 10.924 118.277

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 89.423 1.303 68.629 <2e-16 ***
SpeciesGF -51.598 4.133 -12.483 <2e-16 *x*x
SpeciesNF -5.873 15.744 -0.373 0.709
SpeciesSF -68.347 1.461 -46.784 <2e-16 *x**
SpeciesWH -48.062 1.636 -29.377 <2e-16 **x*

Signif. codes: O **x 0.001 *x 0.01 * 0.05 .

Residual standard error: 22.19 on 1950 degrees of freedom
Multiple R-squared: 0.5332,Adjusted R-squared: 0.5323
F-statistic: 556.9 on 4 and 1950 DF, p-value: < 2.2e-16
We now collect the residuals from the above model anf fit a variogram to the residuals.
DBH.resid <- resid(1m.DBH)
vario.DBH.resid <- Variog(coords = coords, data = DBH.resid,
uvec = (seq(0, max.dist, length = bins)))

fit.DBH.resid <- variofit(vario.DBH.resid,

ini.cov.pars = c(300, 200/-10g(0.05)), cov.model = "exponential",

+ VvV + Vv VvV
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Figure 2.16 Isotropic semivariograms for DBH and residuals of a linear regression of DBH onto
tree species.
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minimisation.function = "nls", weights = "equal")

Finally, we plot the two variograms — one for the response and the other for the residuals
along with fitted exponential variograms.

par (mfrow = c(1, 2))

plot(vario.DBH, ylim = c(200, 1200), main = "DBH")

lines(fit.DBH)

abline(h = fit.DBH$nugget, col = "blue")

abline(h = fit.DBH$cov.pars[1] + fit.DBH$nugget, col = "green")
abline(v = -1og(0.05) * fit.DBH$cov.pars[2], col = "red3")
plot(vario.DBH.resid, ylim = c(200, 500), main = "DBH residuals")
lines(fit.DBH.resid)

abline(h = fit.DBH.resid$nugget, col = "blue")

abline(h = fit.DBH.resid$cov.pars[1] + fit.DBH.resid$nugget, col = "green")
abline(v = -1log(0.05) * fit.DBH.resid$cov.pars[2], col = "red3")

The resulting variograms are offered in Figure 2.16. Here the upper and lower horizontal

lines are the sill and nugget, respectively, and the vertical line is the effective range (i.e.,
that distance at which the correlation drops to 0.05).

We can also check for possible anisotropic patterns in spatial dependence. This can also

be accomplished using functions in geoR but let us switch to a different R package, gstat, for
illustrative purposes. The gstat package offers a variogram function that can be regarded
as more versatile than its geoR counterpart in that it allows us to specify a linear regression
model within it and conduct the variogram analysis on the residuals without having to
explicitly collect the residuals. This is demonstrated in the code below. The resulting plot
appears in Figure 2.17.

VvV + VvV + + V V V V

ELEV_m <- WEF.dat$ELEV_m
sp.dat <- as.data.frame(cbind(DBH, HT, coords, ELEV_m))
coordinates(sp.dat) <- c("East_m", "North_m")
vario.DBH <- variogram(DBH ~ ELEV_m, data = sp.dat,
cutoff = max.dist, width = 5, alpha = (0:3) *
45)
fit.DBH <- fit.variogram(vario.DBH, vgm(1000, "Exp",
200/-10g(0.05), 600))
print(plot(vario.DBH, fit.DBH))
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Figure 2.17 Directional semivariograms for DBH.

2.6 Exercises

1.

3.
(

Consider the time series , Y; = Xsin(wt + ) (so X is the amplitude, w is the frequency
and 6 is the phase) where X is distributed with mean 0 and variance 1 independent of
0 ~ U(—m,m)). Show that Y; is weakly stationary.

. Recalling Section 2.4, show that, under a constant mean assumption, i.e., u(s) = u, the

best linear unbiased estimator (BLUE), /i of x4 under a Gaussian model is % (In
fact, this only requires first and second moments and not normality.) Then, show that
7Y is ATY with { replacing .

For semivariogram models #2, 4, 5, 6, 7, and 8 in Subsection 2.1.3,

a) identify the nugget, sill, and range (or effective range) for each;

(b) find the covariance function C(t) corresponding to each ~(t), provided it exists.

4.
5.(

Prove that for Gaussian processes, strong stationarity is equivalent to weak stationarity.

a) What is the issue with regard to specifying ¢(0) in the covariance function estimate

(2.12)7

(b) Show either algebraically or numerically that regardless of how ¢(0) is obtained,

6.

Y(tr) # ¢(0) — ¢(tx) for all tg.
The scallops data can be read into R directly from our website by starting the program
and typing
> myscallops <- read.table(
+ ‘‘http://www.biostat.umn.edu/ brad/data/myscallops.txt’’,
+ header=T)

Carry out the steps outlined in Section 2.5.1 using R packages. In addition:
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(a) Provide a descriptive summary of the myscallops data with the plots derived from
the above session.

(b) Experiment with the variog function in geoR to obtain rough estimates of the nugget,
sill, and range.

(¢) Repeat the theoretical variogram fitting with an exponential variogram, and report
your results.

7. Consider the coalash data frame in the gstat package in R and available from
http://www.biostat.umn.edu/ brad/data/coal.ash.txt. This data comes from the
Pittsburgh coal seam on the Robena Mine Property in Greene County, PA (Cressie,
1993, p. 32). This data frame contains 208 coal ash core samples (the variable coal in
the data frame) collected on a grid given by x and y planar coordinates (not latitude and
longitude).

Carry out the following tasks in R:

(a) Plot the sampled sites embedded on a map of the region. Add contour lines to the
plot.

(b) Provide a descriptive summary (histograms, stems, quantiles, means, range, etc.) of
the variable coal in the data frame.

(¢) Plot variograms and correlograms of the response and comment on the need for spatial
analysis here.

(d) If you think that there is need for spatial analysis, arrive at your best estimates of the
range, nugget, and sill.

8. Confirm expressions (2.15) and (2.16), and subsequently verify the form for A given in
equation (2.17).

9. Show that when using (2.15) to predict the value of the surface at one of the existing
data locations s;, the predictor will equal the observed value at that location if and
only if 72 = 0. (That is, the usual Gaussian process is a spatial interpolator only in the
“noiseless prediction” scenario.)

10. Recall that

Y = XB+e€, wheree~N(0,X) ,
and X = o”H (¢)+7°I, where (H(¢)),; = p(¢;di).

Thus the dispersion matrix of B is given as Var(8) = (XTE_lX)_l. Thus Var(8) =
- -1 ~ -

(XTE“X) where 3 = 62H(¢) + 721 and X = [1,long,lat]. Given the estimates

of the sill, range, and nugget (from the nls function), it is possible to estimate the

covariance matrix 3, and thereby get @"(,@) Develop an R program to perform this
exercise to obtain estimates of standard errors for @ for the scallops data.

Hint: 72 is the nugget; 62 is the partial sill (the sill minus the nugget). Finally, the

correlation matrix H(¢) can be obtained from the spherical covariance function, part of
your solution to Exercise 3.






Chapter 3

Some theory for point-referenced data models

The intent of this chapter is to provide a brief review of the basic theory of stochastic pro-
cesses needed for the development of point-referenced spatial data or geostatistical models.
We begin with the development of spatial stochastic processes built from independent incre-
ment processes, with particular interest in stationary spatial processes. We briefly discuss
the connection between covariance functions and spectral measures. We discuss the validity
of covariance functions as well as simple constructions of valid covariance functions. We
then turn to smoothness of process realizations as driven by stationary covariance functions
with a brief discussion of directional derivative processes (anticipating a fuller discussion
in Chapter 12). Next, we expand our development of isotropic covariance functions. We
conclude with a section on nonstationary covariance specifications.

3.1 Formal modeling theory for spatial processes

When we write the collection of random variables {Y'(s) : s € D} for some region of interest
D or more generally {Y(s) : s € R"}, it is evident that we are envisioning a stochastic
process indexed by s. To capture spatial association it is also evident that these variables
will be pairwise dependent with strength of dependence that is specified by their locations.

So, in fact, we have to determine the joint distribution for an uncountable number of
random variables. In fact, we do this through specification of arbitrary finite dimensional
distributions, i.e., for an arbitrary number of and choice of locations. This characterizes
the stochastic process. More precisely, for the set of locations, {s1,sa,...,S,}, let the finite
dimensional distribution be P(Y(s1),Y (sz2),...,Y(s,) € A) for A in a suitable o-algebra
of sets. In fact, without loss of generality, we can take A = A; x Ay x ...A,,, a product set,
and write P(Y(s1) € A1,Y (s2) € Aa,...,Y(sp) € 4,).

Consider the following two “consistency” conditions:

1. Under any permutation « of the indices 1,2,...,n, say aj,as, ..., n,

P(Y (50,) € Auy, Y (Say) € Ay, Y (Sa,) € Ap) =
P(Y(Sl) € Al,Y(Sg) € Ag, .. .,Y(Sn) S An) .

That is, permutation of the indices does not change the probability of events.

2. For any set of locations, {s1,S2,...,8,} consider an additional arbitrary loca-
tion spy1. If we marginalize the n + 1 dimensional joint distribution specified for
Y(s1),Y(s2),....,Y(spn), Y(Sn+1) over Y(s,+1), we obtain the n dimensional joint dis-
tribution specified for Y (s1), Y (s2),..., Y (spn).

All stochastic processes on a continuous space satisfy these two conditions. Remarkably, a
theorem due to Kolmogorov (see, e.g., Billingsley, 1995) informally states that the collection
of finite dimensional probability measures satisfies (1) and (2) if and only if a stochastic
process exists on the associated probability space having these finite dimensional distribu-
tions. Of course, characterizing the entire collection of finite dimensional distributions can

53
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be challenging. A convenient way to do this is by confining ourselves to Gaussian processes
(possibly transformations of) or to mixtures of such processes (a very rich class). That is,
in this case, we can work with multivariate normal distributions and all that is required is
a mean surface, u(s) and a valid correlation function which provides the covariance matrix,
as we discuss below.

Again, to clarify the inference setting, in practice we will only observe Y (s) at a finite
set of locations, s1, 8o, ...,s,. Based upon {Y(s;),i = 1,...,n}, we seek to infer about the
mean, variability, and association structure of the process. We also seek to predict Y(s)
at arbitrary unobserved locations. Since our focus is on hierarchical modeling, often the
spatial process is introduced through random effects at the second stage of the modeling
specification. In this case, we still have the same inferential questions but now the process
is never actually observed. It is latent and the data, modeled at the first stage, helps us to
learn about the process.

In this sense, we can make intuitive connections with familiar dynamic models (e.g.,
West and Harrison, 1997) where there is a latent state space model that is temporally
updated. In fact, this reminds us of a critical difference between the one-dimensional time
domain and the two-dimensional spatial domain: we have full order in the former, but only
partial order in two or more dimensions.

The implications of this remark are substantial. Large sample analysis for time series
usually lets time go to co. Asymptotics envision an increasing time domain. By contrast,
large sample analysis for spatial process data usually envisions a fixed region with more and
more points filling in this domain (so-called infill asymptotics). When applying increasing
domain asymptotic results, we can assume that, as we collect more and more data, we
can learn about temporal association at increasing distances in time. When applying infill
asymptotic results for a fixed domain we can learn more and more about association as
distance between points tends to 0. However, with a maximum distance fixed by the domain
we cannot learn about association (in terms of consistent inference) at increasing distance.
The former remark indicates that we may be able to do an increasingly better job with
regard to spatial prediction at a given location. However, we need not be doing better in
terms of inferring about other features of the process. Learning about process parameters
will be bounded; Fisher information does not go to oo, Crameér-Rao lower bounds and
asymptotic variances do not go to 0. See the work of Stein (1999a, 1999b) as well as Loh
(2005) and Zhang and Zimmerman (2005) for a full technical discussion regarding such
asymptotic results. Here, we view such concerns as providing encouragement for using a
Bayesian framework for inference, since then we need not rely on any asymptotic theory
for inference, but rather, under the implemented model, we obtain exact inference given
whatever data we have observed. Of course, the fact that information is bounded implies
that the data never overwhelms the prior, as is customarily assumed. There is no free lunch
and prior sensitivity analysis may be needed.

In the ensuing subsections we turn to some technical discussion regarding specification
of spatial stochastic processes as well as covariance and correlation functions. However, we
note that the above restriction to Gaussian processes enables several advantages. First, it
allows very convenient distribution theory. Joint marginal and conditional distributions are
all immediately obtained from standard theory once the mean and covariance structure
have been specified. In fact, as above, this is all we need to specify in order to determine
all distributions. Also, as we shall see, in the context of hierarchical modeling, a Gaussian
process assumption for spatial random effects introduced at the second stage of the model is
very natural in the same way that independent random effects with variance components are
customarily introduced in linear or generalized linear mixed models. From a technical point
of view, as noted in Subsection 2.1.1, if we work with Gaussian processes and stationary
models, strong stationarity is equivalent to weak stationarity. We will clarify these notions
in the next subsection. Lastly, in most applications, it is difficult to criticize a Gaussian
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assumption. To argue this as simply as possible, in the absence of replication we have Y =
(Y(s1),...,Y(sn))T, a single realization from an n-dimensional distribution. With a sample
size of one, how can we criticize any multivariate distributional specification (Gaussian or
otherwise)?

Strictly speaking this last assertion is not quite true with a Gaussian process model.
That is, the joint distribution is a multivariate normal with mean, say, 0, and a covariance
matrix that is a parametric function of the parameters in the covariance function. As n
grows large enough, the effective sample size will also grow. By linear transformation we
can obtain a set of approximately uncorrelated variables through which the adequacy of the
normal assumption might be studied. We omit details.

3.1.1 Some basic stochastic process theory for spatial processes

A key remark here is that, when we develop a spatial stochastic process model, we can
proceed along two paths. First, we can specify the process stochastically and obtain its
induced covariance function, i.e., its induced dependence structure. A second path is to
start with, say, a Gaussian process and then specify a valid covariance function to overlay
on the Gaussian process. This covariance function supplies the joint covariance matrix for
any finite number of variables at any selected set of sites. In this subsection we follow the
first path, in order to illuminate some of the rigor associated with formal stochastic process
specification. In the subsequent subsections we define valid covariance functions and focus
on their properties and examples.

To begin our development here, we start with independent increment processes. It will
take a few paragraphs before we are able to explicitly connect them to spatial processes. A
real-valued independent increment process, Z over, say, R? (here, we are only interested in
the case d = 2) is such that, for arbitrary disjoint sets A and B, where A and B belong to
a suitable o-algebra of sets, Z(A) and Z(B) are independent. In particular We let Z(dw)
be the generator for these random variables in the sense that Z(A4) = [, Z A ). Evidently,
if A and B are disjoint, then Z(A|UB) = Z(A) + Z(B). We assume that the Z process
has first and second moments and, for convenience that the first moment is 0. We set
E(Z*(A)) = var(A) = G(A), ie., G(A) = [, G(dw). Also, we see that E(Z(A)Z(B)) =
E(Z(ANB) + Z(AﬂBC))(Z(AﬂB) (ACﬂB)) = E(Zz(AﬂB)) = G(ANB) due to
independence of increments.

Let Z; = [ f(w)Z(dw) for an appropriately measurable function f. Of course, Z(A) =
J1(w € A)Z(dw) is a special case. This suggests that we proceed to step functions as a
way to study the behavior of Z¢ for measurable f and the dependence between, say, Zs;
and Zso. If f(w) = >, ail(w € A), then Zy = Y, a;Z(A;). Because of the independent
increments, varZy = Y a?G(4;).

Next, consider f1(w) =), a;l(w € 4;) and fo(w) =", bpl(w € By). Then,

COV(Zfl,ZfQ) = E(Zf1Zf2 ZzalbkE ( )
ZzalbkE AlﬂBk Zzalka(AlﬂBk)
l k l k

But, also, [ fi(w ( )G(dw) = > > abrG(A; N Bg). So, we have shown that
E(Zp1Zy2) = ffl Gldw).
Now, let’s bring in the spatial process setting. Define

= [ wls.w)z(dw).
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ie., Y(s) is Zy, in our notation above. Here, we allow 7 to be a complex valued function
since we want to employ the particular form (s,w) = "W We also allow Z to be
complex valued, introducing the complex conjugate using an overline. So, now G(A) =
E(Z(A)Z(A)) = E|Z(A)|?. Then, we have defined a stochastic process and to calculate
covY (s), Y (s'), we compute E(Y (s)Y(s')) = [4(s,w)y(s’,w)G(dw), using the result of
the previous paragraph.

With (s, w) = e" %, we obtain

cov(Y(s),Y(s')) = / e WS T WG (dw) = / =)W G (dw) .

In other words, the association between Y (s) and Y (s’) depends only upon the separation
vector h = s — ', not on the individual locations; cov(Y (s),Y (s')) = C(s — ¢’). Such a
stochastic process is said to be stationary. In fact, we have another characterization, an
elegant result which says that Y (s) is a stationary stochastic process if and only if it can be
represented in the form Y'(s) = [ eis" w7 (dw) where Z is a possibly complex-valued, mean
0, independent increments process (Yaglom, 1987, Section 8). We note the implicit parallel
structure, Y'(s) = [ W Z(dw) and C(s) = [ €= WG(dw).

Other choices for ¥ appear in the literature. For instance, ¢ might be a kernel func-
tion K (s — w) which is integrable over ®2. Then, we have Y (s) = [ K(s — w)Z(dw) and
cov(Y (s),Y(s')) = [ K(s—w)K (s'—w)G(dw). In the special case where G(dw) = odw, we
see that, after a simple change of variable, cov(Y (s), Y (s')) = o? [ K (s—s'+u) K (u)du. Such
a process construction is called kernel convolution and is discussed further in Section 3.2.2.
A question we might ask is, “How rich is the class of stationary process obtainable under
kernel convolution?” We can illuminate this in the next subsection, after we characterize
valid covariance functions through Bochner’s Theorem.

We might also ask when does the foregoing construction provide a Gaussian process? In
particular, if Z(s) is Brownian motion then Y'(s) is a Gaussian process. That is, Brownian
motion is an independent increments process providing jointly normally distributed random
variables. Informally, integration of such variables against a choice of 1 is like taking linear
transformations of jointly normal variables; the resulting variable is normal, a resulting set
of variables is jointly normal. Let us add a few words about Brownian motion.

Brownian motion in one dimension is, again, an independent increments process, usually
defined on R*. In fact, for t > 0, we let Z(t) = Z((0,t]), i.e., we convert a set function
to a point function in order to define {Z(t) : t € R*}. We assume Z(t) ~ N(0,0%t)
and cov(Z(t), Z(t') = o’min(t,t') = 3o2(|t| + |t'| — [t — ¢']). In other words, the spectral
measure for Brownian motion in one dimension is G(dt) = o?|dt|. We can also calculate
that E(Z(t + h) — Z(t))?> = o?%|h|. From this we can infer that process realizations are
mean square continuous, i.e., limy, ,oFE(Z(t+h) — Z(t))? = 0. However, process realizations
are not mean square differentiable. (See Section 13.2 for more discussion on mean square
smoothness.)

Moving to two dimensions, we would like to define Z(s). Paralleling the one-dimensional
case, we want Z(s) ~ N(0,02||s||). The easiest way to envision this is through circles.
That is, Z(s) ~ Z(s') if ||s|| = ||s'||; marginal univariate distributions are common on
circles. Again, imitating the one-dimensional case we want cov(Z(s), Z(s') = 1o%(||s|| +
[I]] = ||s — §'|]). We see that, even if ||s'|| = ||s”||, cov(Z(s), Z(s") # (Z(s), Z(s"). Again,
E(Z(s + h) — Z(s))? = ¢?||h|| implying mean square continuity of process realizations.
Moreover, we now see that this is a linear variogram (Section 2.1.3). That is, we have a
stationary (in fact, isotropic) variogram associated with a nonstationary covariance function,
illuminating our comment in that subsection regarding the fact that the linear variogram
does not correspond to a weakly stationary process model.
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Next, we clarify the connection between Brownian motion and white noise. Recall that
white noise is usually defined as the process V(s) where the V (s) are i.i.d. N(0,0?). Con-
Z(s+h)—Z(s)

]
as N(0,02/||h||). As ||h|| — 0, we do not obtain a limiting distribution. So, white noise
is not the derivative of Brownian motion (though it is sometimes referred to as a gen-
eralized derivative). In fact, while Y(s) = [¢(s,w)Z(dw) defines a stochastic process,
Y(s) = [¢(s,w)V(w)d(w) does not. Rather, we must work with finite dimensional ver-

sider the finite differential . From the above, this variable is distributed

sions of this expression, Y (s) = Z;]:l @(s,s;)V (s;j) to create a well defined process. And,
in no sense, should this finite version be viewed as an approximation to integration over
2. The special case where ¢(s, w) is a kernel K (s — w) is discussed above and a stationary
covariance function results.

Finally, we mention the notion of fractional Brownian motion. Here, we define
cov(Z(s), Z(s') = $0%(||s[|*" + ||s'|[* — ||s — &'|[*). H € (0,1) is called the Hurst in-
dex. Fractional Brownian motion generalizes the foregoing specifications and allows for
process with dependent increments. In particular, H = 1/2 is usual Brownian motion. If H
is greater than 1/2 we have positively correlated increments while if it is less than 1/2 we
have negatively correlated increments. We leave this as an exercise.

3.1.2 Covariance functions and spectra

In order to specify a stationary process we must provide a valid covariance function. Here
“valid” means that C(h) = cov(Y(s),Y (s + h)) is such that for any finite set of sites
S1,-..,8, and for any aq, ..., an,,

Var

Z CL1Y(SZ)‘| = Z aiajC'ov(Y(si), Y(Sj)) = Z aiajC(si — Sj) > 0 s

with strict inequality if not all the a; are 0. That is, we need C(h) to be a positive definite
function.

Verifying the positive definiteness condition is evidently not routine. Fortunately, we
have Bochner’s Theorem (see, e.g., Gikhman and Skorokhod, 1974, p. 208), which provides a
necessary and sufficient condition for C'(h) to be positive definite. This theorem is applicable
for h in arbitrary r-dimensional Euclidean space, although our primary interest is in r = 2.

In general, for real-valued processes, Bochner’s Theorem states that C'(h) is positive
definite if and only if

C(h) = / cos(wTh) G(dw) | (3.1)

where G is a bounded, positive, symmetric about 0 measure in R”. Then C(0) = [ Gd(w)
becomes a normalizing constant, and G(dw)/C(0) is referred to as the spectral distribution
that induces C(h). If G(dw) has a density with respect to Lebesgue measure, i.e., G(dw) =
g(w)dw, then g(w)/C(0) is referred to as the spectral density. Evidently, (3.1) can be used
to generate valid covariance functions; see Section 3.1.2.1 below. Of course, the behavioral
implications associated with C' arising from a given G will only be clear in special cases,
and (3.1) will be integrable in closed form only in cases that are even more special.

Since e ® = cos(wTh)+isin(w”h), we have C(h) = [ ™ BG(dw). That is, the imag-
inary term disappears due to the symmetry of G around 0. In other words, C'(h) is a valid
covariance function if and only if it is the characteristic function of an r-dimensional sym-
metric random variable (random variable with a symmetric distribution). We note that if G
is not assumed to be symmetric about 0, C(h) = [ ew'hg (dw) still provides a valid covari-
ance function (i.e., positive definite) but now for a complex-valued random process on R".
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The Fourier transform of C(h) is

a(w) = / e~ ™ R C(h)dh . (3.2)

Applying the inversion formula, C(h) = (27)~" feinhE(w)dw, we see that (27)~"¢(w)/
C(0) = g(w), the spectral density. Explicit computation of (3.2) is usually not possible ex-
cept in special cases. However, approximate calculation is available through the fast Fourier
transform (FFT); see Appendix A, Section A.l. Expression (3.2) can be used to check
whether a given C(h) is valid: we simply compute ¢(w) and check whether it is positive
and integrable (so it is indeed a density up to normalization).

The one-to-one relationship between C(h) and g(w) enables examination of spatial
processes in the spectral domain rather than in the observational domain. Computation of
g(w) can often be expedited through fast Fourier transforms; g can be estimated using the
so-called periodogram. Likelihoods can be obtained approximately in the spectral domain
enabling inference to be carried out in this domain. See, e.g., Guyon (1995) or Stein (1999a)
for a full development. Likelihood evaluation is much faster in the spectral domain. However,
in this book we confine ourselves to the observational domain because of concerns regarding
the accuracy associated with approximation in the spectral domain (e.g., the likelihood
of Whittle, 1954), and with the ad hoc creation of the periodogram (e.g., how many low
frequencies are ignored). We do however note that the spectral domain may afford the best
potential for handling computation associated with large data sets.

Isotropic covariance functions, i.e., C(||h||), where ||h|| denotes the length of h, are the
most frequently adopted choice within the stationary class. There are various direct methods
for checking the permissibility of isotropic covariance and variogram specifications. See, e.g.,
Armstrong and Diamond (1984), Christakos (1984), and McBratney and Webster (1986).
Again denoting ||h|| by ¢ for notational simplicity, recall that Tables 2.1 and 2.2 provide
the covariance function C(t) and variogram ~(t), respectively, for the widely encountered
parametric istropic choices that were initially presented in Section 2.1.3.

It is noteworthy that an isotropic covariance function that is valid in dimension r need
not be valid in dimension 7 + 1. This intuition may be gleaned by considering r = 1 versus
r = 2. For three points, in one-dimensional space, given the distances separating points 1
and 2 (di2) and points 2 and 3 (do3), then the distance separating points 1 and 3 dy3 is
either dys + da3 or |di2 — da3|. But in two-dimensional space, given dya and da3, d13 can take
any value in RT (subject to triangle inequality). With increasing dimension more sets of
interlocation distances are possible for a given number of locations; it will be more difficult
for a function to satisfy the positive definiteness condition. Armstrong and Jabin (1981)
provide an explicit example that we defer to Exercise 7.

There are isotropic correlation functions that are valid in all dimensions. The Gaussian
correlation function, kp(||h||) = exp(— ||A||*) is an example. It is the characteristic function
associated with r i.i.d. normal random variables, each with variance 1/(2¢) for any r. More
generally, the powered exponential, exp(—¢||h]|“), 0 < a < 2 (and hence the exponential
correlation function) is valid for any r. Here, we note the general result that C(||hl||) is a
positive definite isotropic function on R" for all r if and only if it has the representation,
C(nl) = [ eI G(dw) where G is nondecreasing and bounded and w € R*. So, C(||h||)
arises as a scale mixture of Gaussian correlation functions. G might be a c.d.f. on RT with
a p.d.f., g(w), i.e., G(dw) = g(w)dw.

Rather than seeking isotropic correlation functions that are valid in all dimensions, we
might seek all valid isotropic correlation function in a particular dimension r. Matérn (1960,
1986) provides the general result. The set of C(||h||) of the form

cir = [ N (ﬁ) D(v + 1)J, (1 [ )Gduw) (3.3)
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Figure 3.1 A plot of Jo(d) out to d = 100.

where G is nondecreasing and integrable on R, J, is the Bessel function of the first kind
of order v, and v = (r — 2)/2 provides all valid isotropic correlation functions on R’.

When r = 2, v = 0 so that arbitrary correlation functions in two-dimensional space arise
as scale mixtures of Bessel functions of order 0. In particular, Jo(d) = > ,- % (g)k/z.
Jo decreases from 1 at d = 0 and will oscillate above and below 0 with amplitudes and
frequencies that are diminishing as d increases (see Figure 3.1). Typically, correlation func-
tions that are monotonic and decreasing to 0 are chosen but, apparently, valid correlation
functions can permit negative associations with w determining the scale in distance space.
Such behavior might be appropriate in certain applications.

The form in (3.3) at v = 0 was exploited in Shapiro and Botha (1981) and Ver Hoef
and Barry (1998) to develop “nonparametric” variogram models and “black box” kriging. It
was employed in Ecker and Gelfand (1997) to obtain flexible spatial process models within
which to do inference from a Bayesian perspective (see Section 6.1.3).

If we confine ourselves to strictly monotonic isotropic covariance functions, then we can
introduce the notion of a range. As described above, the range is conceptualized as the
distance beyond which association becomes negligible. If the covariance function reaches 0
in a finite distance, then we refer to this distance as the range. However, as Table 2.1 reveals,
we customarily work with covariance functions that attain 0 asymptotically as ||h|| — co. In
this case, it is common to define the range as the distance beyond which correlation is less
than .05, and this is the definition we employ in the sequel. So if p is the correlation function,
then writing the range as R we solve p(R;0) = .05, where 8 denotes the parameters in the
correlation function. Therefore, R is an implicit function of the parameter 6.

We do note that some authors define the range through the variogram, i.e., the distance
at which the variogram reaches .95 of its sill. That is, we would solve v(R) = .95(c? + 72).
Note, however, that if we rewrite this equation in terms of the correlation function we obtain
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72+ 0%(1 — p(R; 0)) = .95(72 + 02), so that p(R;0) = .05 (%) Evidently, the solution
to this equation is quite different from the solution to the above equation. In fact, this latter
equation may not be solvable, e.g., if 02/(0? + 72) < .05, the case of very weak “spatial
story” in the model. As such, one might argue that a spatial model is inappropriate in this
case. However, with o2 and 72 unknown, it seems safer to work with the former definition.

8.1.2.1 More general isotropic correlation functions

From Subsection 3.1.2, a correlation function p(d, ¢) is valid only if it is positive definite in
d, p(0,¢) =1, and |p(d, )| <1 for all d. From Bochner’s Theorem (3.1), the characteristic
function of a symmetric distribution in R" satisfies these constraints. From Khinchin’s
Theorem above (e.g., Yaglom, 1962, p. 106) as well as (3.3), the class of all valid functions
p(d, @) in R™ can be expressed as

pd, §) = /O T 0, ()G (2), (3.4)

2

)
Ju(+) is the Bessel function of the first kind of order v. For r = 1,Q4(z) = cos(z); for
r o= 2,U(z) = Jo(x); for r = 3,Q3(z) = sin(z)/z; for 1 = 4,U(z) = 2Ji(x); and
for r = 00,0 (7) = exp(—2?). Specifically, Jo(z) = Eio(;—!lz)k (%)% and p(d,¢) =
J5~ Jo(2d)dG(z) provides the class of all permissible correlation functions in %?. Figure 3.1
provides a plot of Jy(x) versus x, revealing that it is not monotonic. (This must be the case

in order for p(d,$) above to capture all correlation functions in #2.) These more general
isotropic covariance functions are revisited in much greater detail in Section 6.1.3.

r—2
where G4 is nondecreasing integrable and Q,.(z) = (2) * I'(%) J( r—2\(z). Here again,

3.1.3 Constructing valid covariance functions

We note that one can offer constructive strategies to build larger classes of correlation
functions. Three approaches are mixing, products, and convolution. Mixing notes simply
that if C1,...,Cy, are valid correlation functions in %" and if > ;" p; = 1, p; > 0, then
C(h) = >, piC;i(h) is also a valid correlation function in R". This follows since C'(h) is
the characteristic function associated with 3 p; fi(x), where f;(x) is the symmetric about 0
density in r-dimensional space associated with C;(h). In fact, the sum Y ;2 a;C;(h) yields
a valid covariance function as well, provided the a; are all greater than 0 and Y-, a; < cc.

Using product forms simply notes that again if Cy, ..., Cy, are valid in ®", then []\", C;
is a valid correlation function in R". This follows since [, C;(h) is the characteristic func-
tion associated with V' = Z?; V; where the V; are independent with V; having characteristic
function C;(h).

The use of products has attracted attention recently in the context of so-called covariance
tapering (see Kaufman et al., 2008, and references therein) The idea here is that, with
covariance matrices which do not reach 0 until ||h|| reaches oo, the resulting covariance
matrices are never sparse. With a large number of locations, handling a large covariance
matrix in terms of, say, inversion and determinant calculation can be very challenging
(see Chapter 12). Introducing sparsity into this matrix can facilitates this computation. A
naive thought might be to set to 0 all entries in the matrix that are smaller than some
specified value, arguing that these are negligible. Unfortunately, this strategy can result in
a covariance matrix which is no longer positive definite. As an alternative, suppose C'(h)
is the covariance matrix you start with and suppose C(h) is a covariance function with
bounded support, i.e., it reaches 0 for all h with length ||h|| < do for some dy < co. Then
C*(h) = C(h)C(h) is valid and produces sparsity at distance greater than dy. Of course,
one might ask, why not just use C from the start?
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We note that this connects to the issue of nested variograms or covariance functions
which have been suggested in the literature(see, e.g., Hohn, 1988, and, more recently, Wack-
ernagel, 2003). The idea here would be to use different such functions in different portions of
the region of interest. The problem is that, in doing this, the aggregated covariance matrix
need not be positive definite; we have a model specification that cannot possibly produce
the data we are observing.

Convolution simply recognizes that if C; and Co are valid correlation functions in R,
then Ch2(h) = [ C1(h—t)Ca(t)dt is a valid correlation function in R”. The argument here
is to look at the Fourier transform of Cy2(h). That is,

612(W) = feilw hclg( )dh
= [e= B [ ) (h - t)Cy(t)dtdh
= (w)-ca(w),

Where ¢;(w) is the Fourier transform of C;(h) for ¢ = 1,2. But then Ciz(h) =
2 e”"ThA Yéa(w)dw. Now ¢;(w) and ¢x(w) are both symmetric about 0 since,
up to a constant, they are the spectral densities associated with C;(h) and Cy(h), respec-
tively. Hence, Ci2(h) = [ cosw?hG(dw) where G(dw) = (27)2¢; (w)c2(w)dw.
Thus, from (3. ) Ci2(h) is a valid correlation function, i.e., G is a bounded, positive,
symmetric about 0 measure on 2. In fact, if C; and Cy are isotropic then Cj, is as well;
we leave this verification as Exercise 9.

3.1.4 Smoothness of process realizations

How does one select among the various choices of correlation functions? Usual model selec-
tion criteria will typically find it difficult to distinguish, say, among one-parameter isotropic
scale choices such as the exponential, Gaussian, or Cauchy. Ecker and Gelfand (1997) pro-
vide some graphical illustration showing that, through suitable alignment of parameters,
the correlation curves will be very close to each other. Of course, in comparing choices
with parametrizations of differing dimensions (e.g., correlation functions developed using
results from the previous section), we will need to employ a selection criterion that penalizes
complexity and rewards parsimony (see Section 5.2.3).

An alternative perspective is to make the selection based upon theoretical considera-
tions. This possibility arises from the powerful fact that the choice of correlation function
determines the smoothness of realizations from the spatial process. More precisely, a process
realization is viewed as a random surface over the region. By choice of C' we can ensure that
these realizations will be almost surely continuous, or mean square continuous, or mean
square differentiable, and so on. Of course, at best the process is only observed at finitely
many locations. (At worst, it is never observed, e.g., when the spatial process is used as a
second stage model for random spatial effects.) So, it is not possible to “see” the smooth-
ness of the process realization. Elegant theory, developed in Kent (1989) and Stein (1999a)
and extended in Banerjee and Gelfand (2003), clarifies the relationship between the choice
of correlation function and such smoothness. We provide a bit of this theory below, with
further discussion in Section 13.2. For now, the key point is that, according to the process
being modeled, we may, for instance, anticipate surfaces to not be continuous (as with digi-
tal elevation models in the presence of gorges, escarpments, or other topographic features),
or to be differentiable (as in studying land value gradients or temperature gradients). We
can choose a correlation function to essentially ensure such behavior.

Of particular interest in this regard is the Matérn class of covariance functions. The pa-
rameter v (see Table 2.1) is, in fact, a smoothness parameter. In two-dimensional space, the
greatest integer in v indicates the number of times process realizations will be mean square
differentiable. Indeed, since v = oo corresponds to the Gaussian correlation function, the
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implication is that use of the Gaussian correlation function results in process realizations
that are mean square analytic, which may be too smooth to be appropriate in practice. That
is, it is possible to predict Y (s) perfectly for all s € R? based upon observing Y (s) in an
arbitrarily small neighborhood. Expressed in a different way, use of the Matérn covariance
function as a model enables the data to inform about v; we can learn about process smooth-
ness despite observing the process at only a finite number of locations.

Hence, we follow Stein (1999a) in recommending the Matérn class as a general specifica-
tion for building spatial models. The computation of this function requires evaluation of a
modified Bessel function. In fact, evaluation will be done repeatedly to obtain a covariance
matrix associated with n locations, and then iteratively if a model is to fit via MCMC
methods. This may appear off-putting but, in fact, it is routinely available in all of the
software packages we discuss in this book. In fact, such computation can be done efficiently
using expansions to approximate K, (-) (Abramowitz and Stegun, 1965, p. 435), or working
through the inversion formula below (3.2), which in this case becomes

oIbI\" Ku(o(Ibl) _ [ iwrn 2 (otr/2)
2(2 >¢%Mm€)_/f (6" + w5~ P dw (3.5)

where K, is the modified Bessel function of order v > 0. We see that the Matérn covariance
function arises as the characteristic function from a Cauchy spectral density. In fact, this
is how Matérn came upon this covariance function when doing his thesis research (Matérn,
1960).

Computation of (3.5) is discussed further in Appendix Section A.l. In particular, the
right side of (3.5) is readily approximated using fast Fourier transforms. Again, we revisit
process smoothness in Section 13.2.

We conclude this subsection by returning to the question of how rich is the class of
stationary processes obtained using kernel mixing. From Section 3.2, we have the induced
covariance function to be C(s) = 02 [, K(s—w)K(w)dw. Using (3.2), we have the Fourier
transform

¢ = eV S K (s — w) K (w)dwds = K (w)K(w) = |K(w)|? .
w) = [ e (s w) K (w)awds = Rw) K (w) = K (w)

In other words, K induces C, K < Kand C = ¢ by the one-to-one relationship between
distributions and characteristic functions. So, if we start with C, is there a K that yields
¢? Can é(w) be written as |K (w)|2, i.e. does ¢ admit a “square root”? We have the elegant
result (Yaglom, 1987) which says that a stationary random process can be defined by kernel
mixing if and only if it has a spectral density.

Also, immediately, we can create an example of a stationary random process that does
not arise from kernel mixing as follows (R. Wolpert, personal communication). In R!, let
V1 and V2 be independent N(0,1) variables and set Y (¢t) = Zicos(t) + Zasin(t). Then, it
is easy to see that E(Y(t)) = 0 and cov(Y(¢),Y (¥')) = cos(t — t'). So, Y (¢) is, in fact, a
stationary Gaussian process. But, directly, C(h) = [* e 1[5_;(w) + 01 (w)]dw where &

o] 2

is the usual delta function, é.(z) =1 if # = ¢, = 0 otherwise. So, é(w) = 3[6_1(w) + 61 (w)]
which does not admit a square root and, therefore, there is no kernel representation.

Finally, we can consider the foregoing in the context of the Matérn class of covariance
functions above. The key point here is that, in (3.5), the Matérn covariance functions are
one-to-one with Cauchy-type spectral densities. In particular, the smoothness parameter,
v > 0, appears in ¢(w) in the exponent as —(v + §). Hence, taking a square root yields the
power —(§+7%) = —(v'+ %) with o' = § — . So, in order that v' > 0, we need v > £ to have
a spectral density. In two dimensions, this implies that v > 1, i.e., only Matérn covariance
functions that produce at least mean square differentiable realizations arise from kernel

convolution. Since k = % for the exponential, we cannot create the exponential covariance
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from kernel mixing. Also noteworthy here is the implication that one should not employ
Gaussian kernels in using kernel convolution since they produce Gaussian covariance func-
tions, again, processes realizations that are too smooth. See Paciorek and Schervish (2006)
and Section 3.2.2 for further discussion in this regard.

3.1.5 Directional derivative processes

The previous section offered discussion intended to clarify, for a spatial process, the con-
nection between the correlation function and the smoothness of process realizations. When
realizations are mean square differentiable, we can think about a directional derivative pro-
cess. That is, for a given direction, at each location we can define a random variable that is
the directional derivative of the original process at that location in the given direction. The
entire collection of random variables can again be shown to be a spatial process. We offer
brief development below but note that, intuitively, such variables would be created through
limits of finite differences. In other words, we can also formalize a finite difference process in
a given direction. The value of formalizing such processes lies in the possibility of assessing
where, in a region of interest, there are sharp gradients and in which directions. They also
enable us to work at different scales of resolution. Application could involve land-value gradi-
ents away from a central business district, temperature gradients in a north-south direction
as mentioned above, or perhaps the maximum gradient at a location and the direction of
that gradient, in order to identify zones of rapid change (boundary analysis). Some detail
on the development of directional derivative processes appears in Section 13.3.

3.2 Nonstationary spatial process models x

Recognizing that isotropy is an assumption regarding spatial association that will rarely hold
in practice, Section 2.2 proposed classes of covariance functions that were still stationary
but anisotropic. However, we may wish to shed the stationarity assumption entirely and
merely assume that cov(Y (s),Y(s")) = C(s,s’) where C(-,) is symmetric in its arguments.
The choice of C' must still be valid. Theoretical classes of valid nonstationary covariance
functions can be developed (Rehman and Shapiro, 1996), but they are typically described
through existence theorems, perhaps as functions in the complex plane.

We seek classes that are flexible but also offer attractive interpretation and are compu-
tationally tractable. To this end, we prefer constructive approaches. We first observe that
nonstationarity can be immediately introduced through scaling and through marginalization
of stationary processes.

For the former, suppose w(s) is a mean 0, variance 1 stationary process with correlation
function p. Then v( ) = o(s)w(s) is a nonstationary process. In fact,

var v(s) = o?(s)

and cov(v(s),v(s")) = a(s)o(s')p(s — &) ,

so v(s) could be used as a spatial error process, replacing w(s) in (6.1). Where would o(s)
come from? Since the use of v(s) implies heterogeneous variance for Y (s) we could follow
the familiar course in regression modeling of setting o(s) = g(x(s))o where x(s) is a suitable
positive covariate and g is a strictly increasing positive function. Hence, var Y (s) increases
in (s). Customary choices for g(-) are (-) or (-)2

Instead, suppose we set v(s) = w(s) 4+ dz(s) with z(s) > 0 and with J being random
with mean 0 and variance 3. Then v(s) is still a mean 0 process but now unconditionally,
i.e., marginalizing over 6,

(3.6)

and cov(v(s),v(s")) = o2 p(s — ') + 2(s)z(s")o? . (3.7)
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(There is no reason to impose o2, = 1 here.) Again, this model for v(s) can replace that for
w(s) as above. Now where would z(s) come from? One possibility is that z(s) might be a
function of the distance from s to some externality in the study region. (For instance, in
modeling land prices, we might consider distance from the central business district.) Another
possibility is that z(s) is an explicit function of the location, e.g., of latitude or longitude, of
eastings or northings (after some projection). Of course, we could introduce a vector § and a
vector z(s) such that 67 z(s) is a trend surface and then do a trend surface marginalization.
In this fashion the spatial structure in the mean is converted to the association structure.
And since z(s) varies with s, the resultant association must be nonstationary.

In (3.6) the departure from stationarity is introduced in a multiplicative way, i.e.,
through scaling. The nonstationarity is really just in the form of a nonhomogeneous vari-
ance; the spatial correlations are still stationary. Similarly, through (3.7) it arises in an
additive way. Now, the nonstationarity is really just arising by revising the mean structure
with a regression term; the residual spatial dependence is still stationary. In fact, it is evi-
dent that we could create v(s) = o(s)w(s) + dz(s) yielding both types of departures from
stationarity. But it is also evident that (3.6) and (3.7) are of limited value.

However, the foregoing suggests a simple strategy for developing nonstationary covari-
ance structure using known functions. For instance, for a function g(s) on %%, C(s,s’) =
o2g(s)g(s’) is immediately seen to be a valid covariance function. Of course, it is not very
interesting since, for locations s1, s, ..., S,, the resulting joint covariance matrix is of rank
1 regardless of n! But then, the idea can evidently be extended by introducing more func-
tions. This leads to the flexible class of nonstationary covariance functions introduced by
Cressie and Johannesson (2008) to implement so-called fixed rank kriging for large spatial
data sets. Specifically, let C(s,s’) = g(s)? Kg(s’) where g(s) is an r x 1 vector of known
functions and K is an r X r positive definite matrix. Again, the validity of this C' is immedi-
ate. There is no requirement that the functions in g(s) be orthogonal and standard classes
such as smoothing splines, radial basis functions, or wavelets can be used. The challenges
include the choice of r and the estimation of K (setting K = I is not rich enough). For the
latter, Cressie and Johannesson (2008) propose to obtain an empirical estimate of K, say,
K and then minimize a Frobenius norm! between K and K (0) for some parametric class
of positive definite matrices. Hence, this approach, when applied to kriging, will suffer the
same problems regarding capturing uncertainty as noted in the context of ordinary kriging
in Chapter 2. However, with the challenges regarding choice of r and specifying K as a
somewhat high dimensionally unknown parametric matrix, at present there is no Bayesian
version of this fixed rank kriging available.

3.2.1 Deformation

In what is regarded as a landmark paper in spatial data analysis, Sampson and Guttorp
(1992) introduced an approach to nonstationarity through deformation. The basic idea is to
transform the geographic region D to a new region GG, a region such that stationarity and,
in fact, isotropy holds on G. The mapping g from D to G is bivariate, i.e., if s = ({1, ¢2),
g(l1,02) = (g1(41,42),g2(¢1,£2)). If C denotes the isotropic covariance function on G we
have

con(Y (s), Y (s')) = C(llg(s) — g(s))]) - (3.8)

Thus, from (3.8) there are two unknown functions to estimate, g and C. The latter is
assumed to be a parametric choice from a standard class of covariance functions (as in
Table 2.1). To determine the former is a challenging “fitting” problem. To what class of
transformations shall we restrict ourselves? How shall we obtain the “best” member of this

IThe Frobenius norm between two matrices A and B is ||A — B||? = tr(A — B)T (A — B).
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class? Sampson and Guttorp (1992) employ the class of thin plate splines and optimize a
version of a two-dimensional nonmetric multidimensional scaling criterion (see, e.g., Mardia
et al., 1979), providing an algorithmic solution. The solution is generally not well behaved,
in the sense that g will be bijective, often folding over itself. Smith (1996) embedded this ap-
proach within a likelihood setting but worked instead with the class of radial basis functions.

Damian, Sampson, and Guttorp (2001) and Schmidt and O’Hagan (2002) have formu-
lated fully Bayesian approaches to implement (3.8). The former still work with thin plate
splines, but place priors over an identifiable parametrization (which depends upon the num-
ber of points, n being transformed). The latter elect not to model g directly but instead
model the transformed locations. The set of n transformed locations are modeled as n re-
alizations from a bivariate Gaussian spatial process (see Chapter 9) and a prior is placed
on the process parameters. That is, the g(s) surface arises as a random realization of a
bivariate process over the s rather than through the values over s of an unknown bivariate
transformation.

A fundamental limitation of the deformation approach is that implementation requires
independent replications of the process in order to obtain an estimated sample covariance
matrix for the set of (Y(s),...,Y(s,)). In practice, we rarely obtain i.i.d. replications of
a spatial process. If we obtain repeated measurements at a particular location, they are
typically collected across time. We would prefer to incorporate a temporal aspect in the
modeling rather than attempting repairs (e.g., differencing and detrending) to achieve ap-
proximately i.i.d. observations. This is the focus of Chapter 11. Moreover, even if we are
prepared to assume independent replications, to adequately estimate an n x n covariance
matrix, even for a moderate size n, requires a very large number of them, more than we
would imagine in practice.

3.2.2  Nonstationarity through kernel mixing of process variables

Kernel mixing was described above in the context of creating stationary processes. Here,
we show that it provides a strategy for introducing nonstationarity while retaining clear
interpretation and permitting analytic calculation. We look at two distinct approaches, one
due to Higdon (e.g., Higdon, 1998b, 2002; Higdon et al., 1999) and the other to Fuentes
(e.g., Fuentes 2002a, b; Fuentes and Smith, 2001, 2003). We note that kernel mixing has
a long tradition in the statistical literature, especially in density estimation and regression
modeling (Silverman, 1986). Kernel mixing is often done with distributions and we will look
at this idea in a later subsection. Here, we focus on kernel mixing of random variables.

Adding some detail to our earlier discussion, suppose we work with bivariate kernels
starting with stationary choices of the form K (s—s), e.g., K(s—s') = exp{—%(s—s") TV (s—
s’)}. A natural choice for V' would be diagonal with V}; and Vas providing componentwise
scaling to the separation vector s — s’. Other choices of kernel function are available; spe-
cialization to versions based on Euclidean distance is immediate; again see, e.g., Silverman
(1986). Higdon et al. (1998b, 2002) let z(s) be a white noise process, i.e., E(z(s) = 0),
var(z(s)) = 02 and cov(z(s), z(s’)) = 0 and set

w(s) = K(s—t)z(t)dt . (3.9)
§R2
Rigorously speaking, (3.9) is not defined. As we noted in Section 3.1.1, the convolution
should be written as w(s) = [ K(s — t)X(dt) where X(t) is two-dimensional Brownian
motion.
Reiterating earlier details, the process w(s) is said to arise through kernel convolution.
By change of variable, (3.9) can be written as

w(s) = - K(u)z(s + u)du, (3.10)
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emphasizing that w(s) arises as a kernel-weighted average of z’s centered around s. It is
straightforward to show that Efw(s)] = 0, but also that

var w(s =02 [ K*(s — t)dt ,

and  cov(w(s),w(s")) = o? [ K(s — t)K(s' — t)dt . (3.11)
A simple change of variables (t — u = s’ — t), shows that
cov(w(s),w(s')) =o0? [ K(s—s +u)K(u)du, (3.12)

R2

i.e., w(s) is stationary. In fact, (3.9) is a way of generating classes of stationary processes
(see, e.g., Yaglom, 1962, Ch. 26) whose limitations we have considered above.

We can extend (3.9) so that z(s) is a mean 0 stationary spatial process with covariance
function 0?p(-). Again E[w(s)] = 0 but now

var w(s) = cr f Jie K (s —t)K(s" — t)p(t — t')dtdt’

and cov(w(s),w =0 fw fw (s — t)K(s' — t/)p(t — t')dtdt’ . (3.13)

Interestingly, w(s) is still stationary. We now use the change of variables (t — u =s"—t,
t' = u =8’ —t) to obtain

cov(w(s),w(s")) = o /§R2 " K(s—s +u)K(u')p(u—u')dudu’ . (3.14)

Note that (3.11) and (3.13) can be proposed as covariance functions. It is straightforward
to argue that they are positive definite functions and so can be attached for instance to
a Gaussian process if we wish. However, the integrations in (3.12) and (3.14) will not be
possible to do explicitly except in certain special cases (see, e.g., Ver Hoef and Barry, 1998).
Numerical integration across R? for (3.12) or across R2 x R? for (3.14) may be difficult,
requiring nonlinear transformation to a bounded set. If we work with a subset D C R2, we
sacrifice stationarity. Monte Carlo integration is also not attractive here: we would have to
sample from the standardized density associated with K. But since s — s’ enters into the
argument, we would have to do a separate Monte Carlo integration for each pair of locations
(Siﬂ S; )

An alternative is to replace (3.9) with a finite sum approximation, i.e., to define

L
w(s) = K(s—t;)z(t)) (3.15)
j=1
for locations t;, j = 1,..., L. In the case of a white noise assumption for the z’s,
Varw(s):02Z]L 1k2(S—t ) (3.16)
and cov(w(s), w(s’)) = o?var w(s) = o> ZJ 1 K(s—t;)K(s' —t;). '
In the case of spatially correlated z’s,
var w(s) = o231, E o K(s = t5)K (s — tj)p(t; — t;1) (3.17)

and cov(w(s),w(s')) = o2 Zj 1 Z 1 K(s—t;)K(s' —tj)p(t; —tjr) .

Expressions (3.16) and (3.17) can be calculated directly from (3.15) and, in fact, can be used
to provide a limiting argument for expressions (3.11) and (3.13); see Exercise 5. Note that
(3.15) provides a dimension reduction; we express the entire stochastic process of random
variables through the finite collection of z¢;. Dimension reduction has been offered as a
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general way to handle the computational challenges associated with large datasets in space
and time; see Chapter 12.

Note further that, while (3.16) and (3.17) are available explicitly, these forms reveal that
the finite sum process in (3.15) is no longer stationary. While nonstationary specifications
are the objective of this section, their creation through (3.15) is rather artificial as it arises
from the arbitrary {t;}. It would be more attractive to modify (3.9) to achieve a class of
nonstationary processes.

So, instead, suppose we allow the kernel in (3.9) to vary spatially. Notationally, we can
write such an object as K (s —s;s). Illustratively, we might take K (s —s';s) = exp{—3(s —
s') TV (s—s')}. As above, we might take V; to be diagonal with, if s = (¢1,£2), (Va)11 = V(£1)
and (Vs)a2 = V({2). Higdon, Swall, and Kern (1999) adopt such a form with V taken to
be a slowly varying function. One explicit choice would take Vg = Vy, for s € A; where
the V4, are obtained through local range anisotropy. Another choice might take Vs = n(s)I
where 7(s) might be a simple trend surface or a function of a local covariate X (s) such as
elevation.

We can insert K (s —s’;s) into (3.9) in place of K (s —s’) with obvious changes to (3.11),
(3.12), (3.13), and (3.14). Evidently, the process is now nonstationary. In fact, the varia-
tion in V provides insight into the departure from stationarity. For computational reasons
Higdon et al. (1999) implement this modified version of (3.9) through a finite sum analo-
gous to (3.15). A particularly attractive feature of employing a finite sum approximation
is dimension reduction. If z(s) is white noise we have an approach for handling large data
sets (see Section 12.1). That is, regardless of n, {w(s;)} depends only on L latent variables
zj, 3 =1,...,L, and these variables are independent. Rather than fitting the model in the
space of the {w(s;)} we can work in the space of the zy.

Paciorek and Schervish (2006) substantially extend this work. First, they note that
the general form C(s,s’) = [, Ks(u)Ky (u)du is a valid covariance function, in fact for
s,s’ € R" for an positive integer 7. This is easily shown by direct calculation and is left as an
exercise. More importantly, it means we do not need a process construction to justify such
covariance functions. They also note that the use of Gaussian kernels in this construction
(as well as the earlier stationary version) is unattractive for the same reasons noted above;
the resulting covariance function will produce process realizations that are too smooth.

In fact, Paciorek and Schervish (2006) provide a much richer class of nonstationary
covariance functions as follows. Let Q(s,s’) = (s — s’)T(%)_l(s — ') and let p be any
positive definite function on ®P. Then

1
2

Vet Vo * (Vaee) (3.18)

Cls.s) = [Vl 2 Vho |2 | =

is a valid nonstationary correlation function on R”. We can use the Matérn or other choices
for p with choices for Vi as above. We can multiply by o2 to obtain a covariance function.
Under conditions given in the Ph.D. thesis of Paciorek, process realizations under C(s,s’)
inherit the smoothness properties of p(-). We leave as an exercise to show that if, in the
general kernel convolution form above, we take Kg(u) = |Vi| zexp(—(s — u)TVi(s — u)),
then C(s,8') = [Va|| Vi 2| #5352 exp(~ Q5. 8)).

Fuentes (2002a, b) offers a kernel mixing form that initially appears similar to (3.9) but

is fundamentally different. Let

w(s) = /K(s - t)ze(t)(s)dt . (3.19)

In (3.19), K(-) is as in (3.9) but zg(s) denotes a mean 0 stationary spatial process with
covariance function that is parametrized by 8. For instance C(+; @) might be o2 exp(—¢ ||-||“),
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a power exponential family with 8 = (02, ¢,a). In (3.19) 6(t) indexes an uncountable
number of processes. These processes are assumed independent across t. Note that (3.19)
is mixing an uncountable number of stationary spatial processes each at s while (3.9) is
mixing a single process across all locations.

Formally, w(s) has mean 0 and

UW(M(S)) Sy K ( )C(O 6(t))dt
and cov(w(s), w(s') = o K (s — )K (s — 6)C(s — s O(t))dt (3.20)

Expression (3.20) reveals that (3.19) defines a nonstationary process. Suppose k is very
rapidly decreasing and 0(t) varies slowly. Then w(s) ~ K (O)ZG(S) (s). But also, if s — s’ is
small, w(s) and w(s’) will behave like observations from a stationary process with parameter
6(s). Hence, Fuentes refers to the class of models in (3.19) as a nonstationary class that
exhibits local stationarity.

In practice, one cannot work with (3.19) directly. Again, finite sum approximation is
employed. Again, a finite set of locations t1,...,ty, is selected and we set

= ZK(S —t;)z(s) , (3.21)

writing 0(t;) as j. Straightforwardly,

var(w(s) = YL, k(s — £,)C;(0)

=l (3.22)
and cov(w(s),w(s") = > ;_; K(s — t;)K(s' — t;)Cj(s —s') .
It is worth noting that the discretization in (3.21) does not provide a dimension reduction.
In fact, it is a dimension ezplosion; we need L z;(s)’s for each w(s).
In (3.21) it can happen that some s’s may be far enough from each of the t;’s so that each
K(s—t;) ~ 0, whence w(s) ~ 0. Of course, this cannot happen in (3.19) but we cannot work
with this expression. A possible remedy was proposed in Banerjee et al. (2004). Replace

(3.21) with
L
= als,t;)z(s) . (3.23)

Jj=1

n (3.23), the z;(s) are as above, but a(s,t;) = (s, t;)/ Zle ~v2(s,t;), where (s, t)
is a decreasing function of the distance between s and t, which may change with s, i.e.,
(s, t) = ks(||s — t]|). (In the terminology of Higdon et al., 1999, ks would be a spatially
varying kernel function.) As a result, Zle a?(s,t;) = 1, so regardless of where s is, not all
of the weights in (3.23) can be approximately 0. Other standardizations for « are possible;
we have proposed this one because if all (7? are equal, then var(w(s)) = o%. That is, if
each local process has the same variance, then this variance should be attached to w(s).
Furthermore, suppose s and s’ are near to each other, whence (s, t;) ~ v(s’,t;) and thus
a(s, t;) ~ a(s’,t;). So, if in addition all ¢; = ¢, then cov(w(s), w(s")) ~ o?p(s—s'; $). So, if
the process is in fact stationary over the entire region, we obtain essentially the second-order
behavior of this process.

The alternative scaling (s, t;) = (s, t;)/ >, v(s, t;7) gives a weighted average of the
component processes. Such weights would preserve an arbitrary constant mean. However,
since, in our context, we are modeling a mean 0 process, such preservation is not a relevant
feature.

Useful properties of the process in (3.23) are
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Var (w(s)) = ZOZQ(S,tj)szw

j=1
L
and cov(w(s),w(s')) = Za(s,tj)a(s’,tj)ojzp(s—s’;¢j).

We have clearly defined a proper spatial process through (3.23). In fact, for arbitrary
locations si,...,s,, let Wl = (we(s1)),...,we(sy)), wl = (w(s1),...,w(s,)), and let
A, be diagonal with (A¢)y; = a(s;,t¢). Then w ~ N(O, Zle o2 A¢R(¢e)Ar) where
(3(¢e))iir = p(si —sir, ). Note that L = 1 is permissible in (3.23); w (s) is still a nonsta-
tionary process. Finally, Fuentes and Smith (2003) and Banerjee et al. (2004) offer some
discussion regarding precise number of and locations for the t;.

We conclude this subsection by noting that for a general nonstationary spatial process
there is no sensible notion of a range. However, for the class of processes in (3.23) we can
define a meaningful range. Under (3.23),

L afs, j)a(s’, jojz s—s';0;
corr(w(s),w(s")) = 2o (8, E))alS", )0y o %) . (3.24)

\/(Zf_l 02(s,47)0% ) (Lis 0%(s/, )77

Suppose p is positive and strictly decreasing asymptotically to 0 as distance tends to co, as is
usually assumed. If p is, in fact, isotropic, let dy be the range for the £/th component process,
i.e., p(dy, ¢) = .05, and let d = maxg dp. Then (3.24) immediately shows that, at distance d
between s and s, we have corr(w(s), w(s')) < .05. So d can be interpreted as a conservative
range for w(s). Normalized weights are not required in this definition. If p is only assumed
stationary, we can similarly define the range in an arbitrary direction u. Specifically, if
1t/ ||pe|| denotes a unit vector in p’s direction and if dy, ¢ satisfies p(dy,ept/ ||pa]| ; ¢¢) = .05,

we can take élv“ = maxg dy ¢

3.2.8 Mixing of process distributions

If a kernel K (+) is integrable and standardized to a density function and if f is also a density
function, then

= /K(y — ) f(z)dx (3.25)

is a density function. (It is, of course, the distribution of X +Y — X where X ~ f,
Y — X ~k,and X and Y — X are independent). In (3.25), we can extend to allow Y, a
vector of dimension n. But recall that we have specified the distribution for a spatial process
through arbitrary finite dimensional distributions (see Section 3.1.1). This suggests that we
can use (3.25) to build a process distribution.

Operating formally, let Vp be the set of all V(s), s € D. Write Vp = Vo.p + Vo — Vo.p
where Vj p is a realization of a mean 0 stationary Gaussian process over D, and Vp — Vo p
is a realization of a white noise process with variance o over D. Write

Vo 7) = [ LK (20~ Vo)) 1V p)iVo (3.20

Formally, fx is the distribution of the spatial process v(s). In fact, v(s) is just the customary
model for the residuals in a spatial regression, i.e., of the collection v(s) = w(s) + €(s) where
w(s) is a spatial process and €(s) is a noise or nugget process.
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Of course, in this familiar case there is no reason to employ the form (3.26). However
it does reveal how, more generally, a spatial process can be developed through “kernel
mixing” of a process distribution. More importantly, it suggests that we might introduce an
alternative specification for Vy p. For example, suppose f(Vp p) is a discrete distribution,
say, of the form », p¢d(v; p) where p, > 0, > Spe = 1, 6(-) is the Dirac delta function, and
Vi'p is a surface over D. The sum may be finite or infinite. An illustration of the former
arises when f(Vj p) is a realization from a finite discrete mixture (Duan and Gelfand, 2003)
or from a finite Dirichlet process; the latter arises under a general Dirichlet process and can
be extend to more general Pitman-Yor processesed; see Gelfand, Kottas, and MacEachern
(2005) for further details in this regard.

But then, if K(-) is Gaussian white noise, given {p,} and {v; j,}, for any set of locations
S1,.-.,8n, if V.= (v(s1),...,v(s,),

fx(V) = "pN(v;,o%I), (3.27)
14

where v = (v} (s1),...,v}(sy))T. So v(s) is a continuous process that is non-Gaussian. But
also, E[v(s;)] =Y, pevj(s;) and

var v(s;) = 35, pevy*(si) — (2, pevi(si))? (3.28)
and cov(v(s;),v(s;)) = >, pevy (si)vp(s;) — (O, pevy(s:)) (O, pevy(s))) - )

This last expression shows that v(s) is not a stationary process. However, a routine cal-
culation shows that if the v}, are continuous surfaces, the v(s) process is mean square
continuous and almost surely continuous.

3.3 Exercises

1. Show that, if p(s —s') is a valid correlation function, then ¢ ?&=s) and sinh(c2p(s —s'))
are valid covariance functions.

2. If ¢(h;~y) is valid for v € I" and v is a positive measure on I, then ¢, (h = [ ¢(h;~)v(dy)
is valid provided the integral exists for all h

3. Suppose Y (s) is a Gaussian process with mean surface p(s) and covariance function
c(s,s’). Let Z(s) be the induced log Gaussian process, i.e., Y(s) = logZ(s). Find the
mean surface and covariance function for the Z(s) process. If Y (s) is stationary, is Z(s)
necessarily stationary?

4. Suppose W (s) is a mean 0 stationary Gaussian process with correlation function p(h)
Let Y(s) = TWE) TEA ~ Ga(v/2,v/2), when will the marginal process have a covariance

VA
function? If it does, what is the covariance function?

5. Some mixing results:

(a) If Z ~ N(0,1) and V ~ Ga(r/2,r/2) independent of Z, show that Y = 02/V/V ~ at,
where ¢, is a t-distribution with r d.f. So, if Z(s) is a mean 0 Gaussian process
with covariance function/correlation function p(s — s'), then we will define Y (s) =
0Z(s)/sqrtV as a t-process with r d.f. Obtain the joint distribution of Y (s) and
Y (s). Obtain the covariance function of the process, provided r > 2.

(b) If Z ~ N(0,1) and V ~ exp(l) independent of Z, show that ¥ = o¢Z/V2V ~
Laplace(0,0) where Laplace(u, o) is the Laplace (double exponential) distribution
with location u and scale o. So, if Z(s) is a mean 0 Gaussian process with covariance
function/correlation function p(s — s’), then we will define Y(s) = 0Z(s)/V/2V as a
Laplace process. Obtain the joint distribution of Y'(s) and Y (s’). Obtain the covariance
function of the process.
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6. Show, for fractional Brownian motion in two dimensions, if the Hurst index is greater
than 1/2 we have positively correlated increments while if it is less than 1/2 we have
negatively correlated increments.

. Consider the triangular (or “tent”) covariance function,

_ [ A=Al /é) if [hl] <8, 0% >0, >0,
clinl = { 0 if [|Al| > 6

It is valid in one dimension. (The reader can verify that it is the characteristic function
of the density function f(z) proportional to [1 — cos(éx)]/dz2.) Now in two dimensions,
consider a 6 x 8 grid with locations s = (j§/v2,k6/V2), j = 1,...,6, k = 1,...,8.
Assign aji, to sji, such that aj, = 1if j + & is even, ajp = —1if j + k is odd. Show that
Var[Xa;rY (sjr)] < 0, and hence that the triangular covariance function is invalid in two
dimensions.

. The turning bands method (Christakos, 1984; Stein, 1999a) is a technique for creating
stationary covariance functions on . Let u be a random unit vector on R" (by random
we mean that the coordinate vector that defines u is randomly chosen on the surface
of the unit sphere in R"). Let ¢(-) be a valid stationary covariance function on R!, and
let W (t) be a mean 0 process on R! having c(-) as its covariance function. Then for any
location s € R", define

Y(s) =W(sTu).

Note that we can think of the process either conditionally given u, or marginally by
integrating with respect to the uniform distribution for u. Note also that Y'(s) has the
possibly undesirable property that it is constant on planes (i.e., on s”u = k).

(a) If W is a Gaussian process, show that, given u, Y (s) is also a Gaussian process and
is stationary.

(b) Show that marginally Y (s) is not a Gaussian process, but is stationary. [Hint: Show
that Cov(Y (s), Y (s")) = Euc((s — s’)Tu).]

(c) If ¢(+) is isotropic, then so is Cov(Y (s), Y (s')).

9.(a) Based on (3.1), show that ci2(h) is a valid correlation function; i.e., that G is a
bounded, positive, symmetric about 0 measure on 2.

(b) Show further that if ¢; and ¢y are isotropic, then c19 is.

10. Show by direct calculation that C(s,s’) = [.. Ks(u)Ky(u)du is a valid covariance

function for s, s’ € Re? for any positive integer p.

11. Suppose we take Ky(u) = |Vi|~2exp(—(s — u)TVi(s — u)), then, if C(s,s') =

Jpez Ks(u) Ky (u)du, show that

Nl=

Vs + Vs

Cls,s) = [l * [V |* | =

exp(—Q(s,s')).







Chapter 4

Basics of areal data models

We now present a development of exploratory tools and modeling approaches that are
customarily applied to data collected for areal units. Again, this literature is sometimes
referred to as discrete spatial modeling to reflect the fact that we are only specifying a
joint model for a finite set of random variables. We have in mind general, possibly irregular
geographic units, but of course include the special case of regular grids of cells (pixels).
Indeed, many of the ensuing models have been proposed for regular lattices of points and
parameters, and sometimes even for point-referenced data (see Chapter 12 on the problem
of inverting very large matrices).

(i)

(iii)

In the context of areal units the general inferential issues are the following:

Is there spatial pattern? If so, how strong is it? Intuitively, “spatial pattern” suggests
that measurements for areal units which are near to each other will tend to take more
similar values than those for units far from each other. Though you might “know it when
you see it,” this notion is evidently vague and in need of quantification. Indeed, with
independent measurements for the units, we expect to see no pattern, i.e., a completely
random arrangement of larger and smaller values. But again, randomness will inevitably
produce some patches of similar values.

Do we want to smooth the data? If so, how much? Suppose, for example, that the
measurement for each areal unit is a count, say, a number of cancers. Even if the counts
were independent, and perhaps even after population adjustment, there would still be
extreme values, as in any sample. Are the observed high counts more elevated than would
be expected by chance? If we sought to present a surface of expected counts we might
naturally expect that the high values would tend to be pulled down, the low values to be
pushed up. This is the notion of smoothing. No smoothing would present a display using
simply the observed counts. Maximal smoothing would result in a single common value
for all units, clearly excessive. Suitable smoothing would fall somewhere in between, and
take the spatial arrangement of the units into account.

Of course, how much smoothing is appropriate is not readily defined. In particular, for
model-based smoothers such as we describe below, it is not evident what the extent of
smoothing is, or how to control it. Specification of a utility function for smoothing (as
attempted in Stern and Cressie, 1999) would help to address these questions but does
not seem to be considered in practice..

For a new areal unit or set of units, how can we infer about what data values we expect
to be associated with these units? That is, if we modify the areal units to new units,
e.g., from zip codes to census block groups, what can we say about the cancer counts
we expect for the latter, given those for the former? This is the so-called modifiable
areal unit problem (MAUP), which historically (and in most GIS software packages) is
handled by crude areal allocation. Sections 7.2 and 7.3 propose model-based methodology
for handling this problem.

73
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As a matter of fact, in order to facilitate interpretation and better assess uncertainty,
we will suggest model-based approaches to treat the above issues, as opposed to the more
descriptive or algorithmic methods that have dominated the literature and are by now
widely available in GIS software packages. We will also introduce further flexibility into
these models by examining them in the context of regression. That is, we assume interest
in explaining the areal unit responses and that we have available potential covariates to do
this. These covariates may be available at the same or at different scales from the responses,
but, regardless, we will now question whether there remains any spatial structure adjusted
for these explanatory variables. This suggests that we may not try to model the data in a
spatial way directly, but instead introduce spatial association through random effects. This
will lead to versions of generalized linear mixed models (Breslow and Clayton, 1993). We will
generally view such models in the hierarchical fashion that is the primary theme of this text.

4.1 Exploratory approaches for areal data

We begin with the presentation of some tools that can be useful in the initial exploration of
areal unit data. The primary concept here is a proximity matriz, W. Given measurements
Yi,...,Y, associated with areal units 1,2, ...,n, the entries w;; in W spatially connect units
i and j in some fashion. (Customarily w;; is set to 0.) Possibilities include binary choices,
ie., w;; = 1if ¢ and j share some common boundary, perhaps a vertex (as in a regular
grid). Alternatively, w;; could reflect “distance” between units, e.g., a decreasing function
of intercentroidal distance between the units (as in a county or other regional map). But
distance can be returned to a binary determination. For example, we could set w;; = 1 for
all 4 and j within a specified distance. Or, for a given ¢, we could get w;; = 1 if j is one
of the K nearest (in distance) neighbors of i. The preceding choices suggest that W would
be symmetric. However, for irregular areal units, this last example provides a setting where
this need not be the case. Also, the w;;’s may be standardized by > j Wij = Wiy If W has

entries w;; = w;; /w;4, then evidently W is row stochastic, i.e., W1 = 1, but now W need
not be symmetric.

As the notation suggests, the entries in W can be viewed as weights. More weight will
be associated with j’s closer (in some sense) to ¢ than those farther away from 4. In this
exploratory context (but, as we shall see, more generally) W provides the mechanism for
introducing spatial structure into our formal modeling.

Lastly, working with distance suggests that we can define distance bins, say,
(0, d1], (d1, ds], (da, ds)], and so on. This enables the notion of first-order neighbors of unit 1,
i.e., all units within distance d; of i, second-order neighbors, i.e., all units more than d; but
at most dy from i, third-order neighbors, and so on. Analogous to W we can define W) as
E;) = 1if ¢ and j are first-order
neighbors, and equal to 0 otherwise. Similarly we define W(2) as the proximity matrix for

second-order neighbors; wl(f) = 1 if ¢ and j are second-order neighbors, and 0 otherwise,

and so on to create W&, W ete.

Of course, the most obvious exploratory data analysis tool for lattice data is a map of the
data values. Figure 4.1 gives the statewide average verbal SAT exam scores as reported by
the College Board and initially analyzed by Wall (2004). Clearly these data exhibit strong
spatial pattern, with midwestern states and Utah performing best, and coastal states and
Indiana performing less well. Of course, before jumping to conclusions, we must realize there
are any number of spatial covariates that may help to explain this pattern; for instance, the
percentage of eligible students taking the exam (Midwestern colleges have historically relied
on the ACT exam, not the SAT, and only the best and brightest students in these states
typically take the latter exam). Still, the map of these raw data shows significant spatial
pattern.

the proximity matrix for first-order neighbors. That is, w
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Figure 4.1 Choropleth map of 1999 average verbal SAT scores, lower 48 U.S. states and the district
of Columbia.

4.1.1 Measures of spatial association

Two standard statistics that are used to measure strength of spatial association among
areal units are Moran’s I and Geary’s C' (see, e.g., Ripley, 1981, Sec. 5.4). These are spatial
analogues of statistics for measuring association in time series, the lagged autocorrelation
coefficient and the Durbin-Watson statistic, respectively. They can also be seen to be areal
unit analogues of the empirical estimates for the correlation function and the variogram,
respectively. Recall that, for point-referenced data, the empirical covariance function (2.12)
and semivariogram (2.9), respectively, provide customary nonparametric estimates of these
measures of association.
Moran’s I takes the form
I nyl;>; wz‘j(Yz‘—Y)(Yj_— Y) ' (4.1)
(Ei;ﬁj wij) >2i(Yi=Y)?

I is not strictly supported on the interval [—1, 1]. It is evidently a ratio of quadratic forms
in Y, which provides the idea for obtaining approximate first and second moments through
the delta method (see, e.g., Agresti, 2002, Ch. 14). Moran shows under the null model where
the Y; are i.i.d., I is asymptotically normally distributed with mean —1/(n—1) and a rather
unattractive variance of the form

n?(n —1)S; —n(n —1)Sy — 252
(n+1)(n—1)282 '

Var(l) = (4.2)

In (42), So = Zi;fﬁj Wij, S| = %Ziij(wij + wﬁ)Q, and Sy = Zk(Zj Wgj + Zi wik)Q. We
recommend the use of Moran’s I as an exploratory measure of spatial association, rather
than as a “test of spatial significance.”

For the data mapped in Figure 4.1, we used the moran.test function in the spdep
package in R (see Section 4.5.2) to obtain a value for Moran’s I of 0.6125, a reasonably
large value. The associated standard error estimate of 0.0979 suggests very strong evidence
against the null hypothesis of no spatial correlation in these data.
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Geary’s C takes the form

(n—1)% Zj wij (Y; = Y;)? .

" 2 (Ei;ﬁj wij) > (Yi—Y)?

(4.3)

C' is never negative, and has mean 1 for the null model; small values (i.e., between 0 and
1) indicate positive spatial association. Also, C is a ratio of quadratic forms in Y and, like
1, is asymptotically normal if the Y; are i.i.d. We omit details of the distribution theory,
recommending the interested reader to Cliff and Ord (1973), or Ripley (1981, p. 99).

Using the geary.test function on the SAT verbal data in Figure 4.1, we obtained a
value of 0.3577 for Geary’s C, with an associated standard error estimate of 0.0984. Again,
the marked departure from the mean of 1 indicates strong positive spatial correlation in the
data.

Convergence to asymptotic normality for a ration of quadratic forms is extremely slow.
We may believe the significant rejection of independence using the asymptotic theory for
the example above because the results are so extreme. However, if one truly seeks to run a
significance test using (4.1) or (4.3), our recommendation is a Monte Carlo approach. Under
the null model the distribution of I (or C') is invariant to permutation of the Y;’s. The exact
null distribution of I (or C) requires computing its value under all n! permutations of the
Y;’s, infeasible for n in practice. However, a Monte Carlo sample of say 1000 permutations,
including the observed one, will position the observed I (or C) relative to the remaining
999, to determine whether it is extreme (perhaps via an empirical p-value). Again using
spatial.cor function on our SAT verbal data, we obtained empirical p-values of 0 using
both Moran’s I and Geary’s C; no random permutation achieved I or C' scores as extreme
as those obtained for the actual data itself.

A further display that can be created in this spirit is the correlogram. Working with
0
IM | Similarly, we can replace w;; with wff) and obtain 7®). A plot of I(") vs. r is called
a correlogram and, if spatial pattern is present, is expected to decline in r initially and
then perhaps vary about 0. Evidently, this display is a spatial analogue of a temporal lag
autocorrelation plot (e.g., see Carlin and Louis, 2000, p. 181). In practice, the correlogram
tends to be very erratic and its information context is often not clear.

With large, regular grids of cells as we often obtain from remotely sensed imagery, it may
be of interest to study spatial association in a particular direction (e.g., east-west, north-
south, southwest-northeast, etc.). Now the spatial component reduces to one dimension and
we can compute lagged autocorrelations (lagged appropriately to the size of the grid cells) in
the specific direction. An analogue of this was proposed for the case where the Y; are binary
responses (e.g., presence or absence of forest in the cell) by Agarwal, Gelfand, and Silander
(2002). In particular, Figure 4.2 shows rasterized maps of binary land use classifications for
roughly 25,000 1 km x 1 km pixels in eastern Madagascar; see Agarwal et al. (2002) as well
as Section 7.5 for further discussion.

While the binary map in Figure 4.2 shows spatial pattern in land use, we develop an
additional display to provide quantification. For data on a regular grid or lattice, we calculate
binary analogues of the sample autocovariances, using the 1 km x 1 km resolution with
four illustrative directions: East (E), Northeast (NE), North (N), and Northwest (NW). In
particular for any pair of pixels, we can identify, say, a Euclidean distance and direction
between them by labeling one as X and the other as Y, creating a correlated binary pair.
Then, we can go to the lattice and identify all pairs which share the same distance and
direction. The collection of all such (X,Y) pairs yields a 2 x 2 table of counts (with table
cells labeled as X=0, Y=0; X=0, Y=1; X=1, Y=0, X=1, Y=1). The resultant log-odds
ratio measures the association between pairs in that direction at that distance. (Note that

say, I, in (4.1) we can replace w;; with the previously defined w;;’ and compute, say
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Figure 4.2 Rasterized north and south regions (1 km x 1 km) with binary land use classification
overlaid.

if we followed the same procedure but reversed direction, e.g., changed from E to W, the
corresponding log odds ratio would be unchanged.)

In Figure 4.3, we plot log odds ratio against direction for each of the four directions.
Note that the spatial association is quite strong, requiring a distance of at least 40 km before
it drops to essentially 0. This suggests that we would not lose much spatial information if
we work with the lower (4 km x 4 km) resolution. In exchange we obtain a richer response
variable (17 ordered levels, indicating number of forested cells from 0 to 16) and a substantial
reduction in number of pixels (from 26,432 to 1,652 in the north region, from 24,544 to 1, 534
in the south region) to facilitate model fitting.

4.1.2  Spatial smoothers

Recall from the beginning of this chapter that often a goal for, say, a choropleth map of the
Y:’s is smoothing. Depending upon the number of classes used to make the map, there is
already some implicit smoothing in such a display (although this is not spatial smoothing,
of course).

The W matrix directly provides a spatial smoother; that is, we can replace Y; by Y, =
> wijYj/wiy. This ensures that the value for areal unit ¢ “looks like” its neighbors, and

that the more neighbors we use in computing 171», the more smoothing we will achieve. In
fact, Y; may be viewed as an unusual smoother in that it ignores the value actually observed
for unit 7. As such, we might revise the smoother to

YV =(1-a)Y;+aY;, (4.4)

where « € (0,1). Working in an exploratory mode, various choices may be tried for a, but for
any of these, (4.4) is a familiar shrinkage form. Thus, under a specific model with a suitable
loss function, an optimal « could be sought. Finally, the form (4.4), viewed generally as
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Figure 4.3 Land use log-odds ratio versus distance in four directions.

a linear combination of the Y}, is customarily referred to as a filter in the GIS literature.
In fact, such software will typically provide choices of filters, and even a default filter to
automatically smooth maps.

In Section 5.1 we will present a general discussion revealing how smoothing (shrinkage)
emerges as a byproduct of the hierarchical models we propose to use to explain the Y;. In
particular, when W is used in conjunction with a stochastic model (as in Section 4.3), the
}?} are updated across 4 and across Monte Carlo iterations as well. So the observed Y; will
affect the eventual Y;; we achieve model-driven smoothing and a “manual” inclusion of Y;
as in (4.4) with some choice of « is unnecessary.

4.2 Brook’s Lemma and Markov random fields

A useful technical result for obtaining the joint distribution of the Y; in some of the models
we discuss below is Brook’s Lemma (Brook, 1964). The usefulness of this lemma is exposed
in Besag’s (1974) seminal paper on conditionally autoregressive models.

It is clear that given p(y1, ..., yn), the so-called full conditional distributions, p(y;|y;, j #
i),i=1,...,n, are uniquely determined. Brook’s Lemma demonstrates the converse and, in
fact, enables us to constructively retrieve the unique joint distribution determined by these
full conditionals. But first, it is also clear that we cannot write down an arbitrary set of full
conditional distributions and assert that they uniquely determine the joint distribution. To
see this, let Y1|Ys ~ N(ag + a;1Ya,0%) and let Ya|Y; ~ N(Bo + 31Y;,02), where N denotes
the normal (Gaussian) distribution. Intuitively, it seems that a mean for Y7 given Y5 which
is linear in Y5 is incompatible with a mean for Y5 given Y7 which is linear in Y13. More
formally, we see that

E(Yl) = E[E(Ylufg)] = E[Oéo + 041Y2] = Qo + alE(}/é) , (45)
ie., E(Y1) and E(Y3) are linearly related. But in fact, it must also be the case that

E(Y2) = E[E(Y2|Y1)] = E[fo + 1Y) = Bo + BLE(YT) . (4.6)
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Equations (4.5) and (4.6) could simultaneously hold only in trivial cases, so the two mean
specifications are incompatible. Thus we can say that f(y1|y2) and f(y2|y1) are incompatible
with regard to determining p(y1,y2). We do not examine conditions for compatibility of
conditional distributions here, although there has been considerable work in this area (see,
e.g., Arnold and Strauss, 1991, and references therein).

Another point is that p(yi...,y,) may be improper even if p(y;|y;,j # ) is proper
for all i. As an elementary illustration, consider p(yi,y2) o exp[—2(y1 — y2)?]. Evidently
p(y1)y2) is N(y2,1) and p(y2|y1) is N(y1, 1), but p(y1,y=2) is improper. Casella and George
(1992) provide a similar example in a bivariate exponential (instead of normal) setting.

Brook’s Lemma notes that

pily2, - yn)  P(Y2ly10,¥3,- - Yn) @7
p(Y1oly2, - yn)  P(y20ly10, Y35, Yn) .

o p(Ynlyr0,- - Yn—1,0)

P(Ynoly10-- - Yn—1,0)

p(yla"'vyn) =

: p(y107 cee 7yn0) 3

an identity which is easily checked (Exercise 1). Here, yo = (y10,- .-, Yno)’ is any fixed point
in the support of p(y1,...,yn). Hence p(y1,...,yn) is determined by the full conditional
distributions, since apart from the constant p(yio,...,yno) they are the only objects ap-
pearing on the right-hand side of (4.7). Hence the joint distribution is determined up to a
proportionality constant. If p(y, ..., y,) is improper then this is, of course, the best we can
do; if p(y1,...,yn) is proper then the fact that it integrates to 1 determines the constant.
Perhaps most important is the constructive nature of (4.7): we can create p(y1,...,Yn)
simply by calculating the product of ratios. For more on this point, see Exercise 2.

When the number of areal units is very large (say, a regular grid of pixels associated
with an image or a large number of small geographic regions), we do not seek to write
down the joint distribution of the Y;. Rather we prefer to work (and model) exclusively
with the n corresponding full conditional distributions. In fact, from a spatial perspective,
we would imagine that the full conditional distribution for Y; would be more “local,” that
is, it should really depend only upon the neighbors of cell i. Adopting some definition of
a neighbor structure (e.g., the one setting W;; = 1 or 0 depending on whether ¢ and j are
adjacent or not), let 9; denote the set of neighbors of cell 4.

Next suppose we specify a set of full conditional distributions for the Y; such that

p(yily;,j # i) = p(yily;,J € ) (4.8)

A critical question to ask is whether a specification such as (4.8) uniquely determines a
joint distribution for Y7,...Y,. That is, we do not need to see the explicit form of this
distribution. We merely want to be assured that if, for example, we implement a Gibbs
sampler (see Subsection 5.3.1) to simulate realizations from the joint distribution, that
there is indeed a unique stationary distribution for this sampler.

The notion of using local specification to determine a joint (or global) distribution in the
form (4.8) is referred to as a Markov random field (MRF). There is by now a substantial
literature in this area, with Besag (1974) being a good place to start. Geman and Geman
(1984) provide the next critical step in the evolution, while Kaiser and Cressie (2000) offer
a current view and provide further references. See also Rue and Held (2005) and references
therein.

A critical definition in this regard is that of a clique. A clique is a set of cells (equivalently,
indices) such that each element is a neighbor of every other element. With n cells, depending
upon the definition of the neighbor structure, cliques can possibly be of size 1, 2, and so
on up to size n. A potential function (or simply potential) of order k is a function of k
arguments that is exchangeable in these arguments. The arguments of the potential would
be the values taken by variables associated with the cells for a clique of size k. For continuous
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Y;, a customary potential on cliques of size k = 2 is (Y; — Y;)? when i ~ j. (We use the
notation ¢ ~ j if 7 is a neighbor of j and j is a neighbor of ¢.) In fact, we may also view this
potential as a sum of a potential on cliques of size k = 1, i.e., Y;?> with a potential on cliques
of size k = 2, i.e., Y;Y;. For, say, binary Y;, a common potential on cliques of size k = 2 is

I(Y; =Y;) =YY, + (1 -Y)(1 -Y)),

where again ¢ ~ j and I denotes the indicator function. Next, we define a Gibbs distribution
as follows: p(y1,...,yn) is a Gibbs distribution if it is a function of the Y; only through
potentials on cliques. That is,

p(yl,---,yn)cxexp{vz > ¢(k)(ya1,ya2,---,yak)}- (4.9)

k OXeMy

Here, ¢) is a potential of order k, M, is the collection of all subsets of size k from
{1,2,...,n}, a = (a1,...,a) indexes this set, and v > 0 is a scale (or “temperature”)
parameter. If we only use cliques of size 1, we see that we obtain an independence model,
evidently not of interest. When k = 2, we achieve spatial structure. In practice, cliques with
k = 3 or more are rarely used, introducing complexity with little benefit. So, throughout
this book, only cliques of order less than or equal to 2 are considered.

Informally, the Hammersley-Clifford Theorem (see Besag, 1974; also Clifford, 1990)
demonstrates that if we have an MRF, i.e., if (4.8) defines a unique joint distribution, then
this joint distribution is a Gibbs distribution. That is, it is of the form (4.9), with all of its
“action” coming in the form of potentials on cliques. Cressie (1993, pp. 417-18) offers a proof
of this theorem, and mentions that its importance for spatial modeling lies in its limiting
the complexity of the conditional distributions required, i.e., full conditional distributions
can be specified locally.

Geman and Geman (1984) provided essentially the converse of the Hammersley-Clifford
Theorem. If we begin with (4.9) we have determined an MRF. As a result, they argued that
to sample a Markov random field, one could sample from its associated Gibbs distribution,
hence coining the term “Gibbs sampler.”

For continuous data on $#*!, a common choice for the joint distribution is a pairwise
difference form

1 o
(Y1 yn) X exp Q=55 ) (yi = yi)?I(i~j) p (4.10)
©,J

Distributions such as (4.10) will be the focus of the next section. For the moment, we merely
note that it is a Gibbs distribution on potentials of order 1 and 2 and that

y]v]%l) =N Zyl/mlv TQ/mi ) (4'11)

JEO;

p(yi

where m; is the number of neighbors of cell i. The distribution in (4.11) is clearly of the
form (4.8) and shows that the mean of Y; is the average of its neighbors, exactly the sort
of local smoother we discussed in the section on spatial smoothers.

4.3 Conditionally autoregressive (CAR) models

Although they were introduced by Besag (1974) approximately 30 years ago, conditionally
autoregressive (CAR) models have enjoyed a dramatic increase in usage only in the past
decade or so. This resurgence arises from their convenient employment in the context of
Gibbs sampling and more general Markov chain Monte Carlo (MCMC) methods for fitting
certain classes of hierarchical spatial models (seen, e.g., in Section 6.4.3).
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4.3.1 The Gaussian case

We begin with the Gaussian (or autonormal) case. Suppose we set

Vilyj g #i~ N[> by, 77 i=1,...,n. (4.12)
J

These full conditionals are compatible, so through Brook’s Lemma we can obtain
1 _
p(Y1, -5 Yn) ocexp{—gy’D 1(I—B)y} , (4.13)

where B = {b;;} and D is diagonal with D;; = 7. Expression (4.13) suggests a joint

multivariate normal distribution for Y with mean 0 and variance matrix ¥y = (I — B) ' D.

But we are getting ahead of ourselves. First, we need to ensure that D~'(I — B) is
symmetric. The resulting conditions are

bi; by .

TL; = TLJ; for all 4,7 . (4.14)

Evidently, from (4.14), B need not be symmetric. Returning to our proximity matrix W
(which we assume to be symmetric), suppose we set b;; = w;; /w;+ and 72 = 72 /w;+. Then

(4.14) is satisfied and (4.12) yields p(y;ly;,5 # i) = N (ZJ Wi Yj /Wit Tz/wH_). Also,
(4.13) becomes

1
Y1y Yn) ocexp{—ﬁy/(Dw —W)y} , (4.15)

where D,, is diagonal with (D) = wiy.

Now a second aspect is noticed. (D,, — W)1 =0, i.e., E;l is singular, so that ¥, does
not exist and the distribution in (4.15) is improper. (The reader is encouraged to note the
difference between the case of X! singular and the case of Xy, singular. With the former we
have a density function but one that is not integrable; effectively we have too many variables
and we need a constraint on them to restore propriety. With the latter we have no density
function but a proper distribution that resides in a lower dimensional space; effectively we
have too few variables.) With a little algebra (4.15) can be rewritten as

1

P(Y1s .-y Yn) X XD —2—T22wij(yi—yj)2 . (4.16)
1#]

This is a pairwise difference specification slightly more general than (4.10). But the impro-
priety of p(y) is also evident from (4.16) since we can add any constant to all of the Y; and
(4.16) is unaffected; the Y; are not “centered.” A constraint such as ), Y; = 0 would provide
the needed centering. Thus we have a more general illustration of a joint distribution that is
improper, but has all full conditionals proper. The specification in (4.15) or (4.16) is often
referred to as an intrinsically autoregressive (IAR) model.

As aresult, p(y) in (4.15) cannot be used as a model for data; data could not arise under
an improper stochastic mechanism, and we cannot impose a constant center on randomly
realized measurements. Hence, the use of an improper autonormal model must be relegated
to a prior distributional specification. That is, it will be attached to random spatial effects
introduced at the second stage of a hierarchical specification (again, see, e.g., Section 6.4.3).

The impropriety in (4.15) can be remedied in an obvious way. Redefine ¥ L= Dy —pW
and choose p to make E;l nonsingular. This is guaranteed if p € (1//\(1), 1//\(n)), where
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A1) < Ay < -+ < Agn) are the ordered eigenvalues of D;1/2WD;1/2; see Exercise 5;
Moreover, since tr(D@l/QWDJJl/Q) =0=>3", Aiiys Ay < 0, Ay > 0, and 0 belongs to
(1/A@, 1/ A@w)-

Simpler bounds than those given above for the propriety parameter p may be obtained
if we replace the adjacency matrix W by the scaled adjacency matrix W = Diag(1/w;4+)W;
recall W is not symmetric, but it will be row stochastic (i.e., all of its rows sum to 1).

¥, ! can then be written as M~ (I — aW) where M is diagonal. Then if [o| < 1, I — oW
is nonsingular. (See the SAR model of the next section, as well as Exercise 9;) Carlin
and Banerjee (2003) show that ¥ ! is diagonally dominant and symmetric. But diagonally
dominant symmetric matrices are positive definite (Harville, 1997), providing an alternative
argument for the propriety of the joint distribution.

An elegant way to look at the propriety of CAR models is through the Gershgorin disk
theorem (Golub and Van Loan, 2012; Horn and Johnson, 2012). This famous theorem of
linear algebra focuses on so-called diagonal dominance and, in its simplest form, asserts
that, for any symmetric matrix A, if all a;; > 0 and a;; > Z#i la;;|, then A is positive
definite. For instance, if D'(I — B) is symmetric, then it is positive definite if, for each
i, >z |Bij| < 1. With D, — pW, a sufficient condition is that [p| < 1, weaker than the
conditions created above. However, since we have positive definiteness for p < 1, impropriety
at p = 1, this motivates us to examine the behavior of CAR models for p near 1, as we do
below.

Returning to the unscaled situation, p can be viewed as an additional parameter in
the CAR specification, enriching this class of spatial models. Furthermore, p = 0 has an
immediate interpretation: the Y; become independent N (0,72/w;). If p is not included,
independence cannot emerge as a limit of (4.15). (Incidentally, this suggests a clarification
of the role of 72, the variance parameter associated with the full conditional distributions:
the magnitude of 72 should not be viewed as, in any way, quantifying the strength of spatial
association. Indeed if all Y; are multiplied by ¢, 72 becomes c72 but the strength of spatial
association among the Y; is clearly unaffected.) Lastly, p > ;Wi Y /w4 can be viewed as
a reaction function, i.e., p is the expected proportional “reaction” of Y; to Zj w;; Y /Wi
(This interpretation is more common in the SAR literature (Section 4.4).)

With these advantages plus the fact that p(y) (or the Bayesian posterior distribution,
if the CAR specification is used to model constrained random effects) is now proper, is
there any reason not to introduce the p parameter? In fact, the answer may be yes. Under
E;l = D,,—pW, the full conditional p(y;|y;, j # i) becomes N (p >0 Wiy Wiy Tz/wlur).
Hence we are modeling Y; not to have mean that is an average of its neighbors, but some
proportion of this average. Does this enable any sensible spatial interpretation for the CAR
model? Moreover, does p calibrate very well with any familiar interpretation of “strength
of spatial association”? Fixing 72 = 1 without loss of generality, we can simulate CAR
realizations for a given n, W, and p. We can also compute for these realizations a descriptive
association measure such as Moran’s I or Geary’s C. Here we do not present explicit details
of the range of simulations we have conducted. However, for a 10 x 10 grid using a first-
order neighbor system, when p = 0.8, I is typically 0.1 to 0.15; when p = 0.9, I is typically
0.2 to 0.25; and even when p = 0.99, I is typically at most 0.5. It thus appears that p
can mislead with regard to strength of association. Expressed in a different way, within
a Bayesian framework, a prior on p that encourages a consequential amount of spatial
association would place most of its mass near 1.

A related point is that if p(y) is proper, the breadth of spatial pattern may be too
limited. In the case where a CAR model is applied to random effects, an improper choice
may actually enable wider scope for posterior spatial pattern. As a result, we do not take a
position with regard to propriety or impropriety in employing CAR specifications (though
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in the remainder of this text we do sometimes attempt to illuminate relative advantages
and disadvantages).
Referring to (4.12), we may write the entire system of random variables as

Y = BY +e€, orequivalently, (4.17)
I-BY = e. (4.18)

In particular, the distribution for Y induces a distribution for e. If p(y) is proper then
Y ~ N(0,(I — B)"'D) whence € ~ N(0,D(I — B)T), i.e., the components of € are not
independent. Also, Cov(e,Y) = D. The SAR specification in Section 4.4 reverses this
specification, supplying a distribution for € which induces a distribution for Y.

When p(y) is proper we can appeal to standard multivariate normal distribution theory
to interpret the entries in X, *. For example, 1/(X 1) = Var(Y;|Y;,j # 4). Of course with
¥, =D (I-B), (X, )i = 1/77 providing immediate agreement with (4.12). But also, if
(X5 1)ij =0, then Y; and Y; are conditionally independent given Yy, k # i, j, a fact you are
asked to show in Exercise 10. Hence if any b;; = 0, we have conditional independence for that
pair of variables. Connecting b;; to w;; shows that the choice of neighbor structure implies
an associated collection of conditional independences. With first-order neighbor structure,
all we are asserting is a spatial illustration of the local Markov property (Whittaker, 1990,
p. 68).

We conclude this subsection with four remarks. First, one can directly introduce a re-
gression component into (4.12), e.g., a term of the form x;3. Conditional on 3, this does not
affect the association structure that ensues from (4.12); it only revises the mean structure.
However, we omit details here (the interested reader can consult Besag, 1974), since we will
only use the autonormal CAR as a distribution for spatial random effects. These effects
are added onto the regression structure for the mean on some transformed scale (again, see
Section 6.4.3).

We also note that in suitable contexts it may be appropriate to think of Y; as a vec-
tor of dependent areal unit measurements or, in the context of random effects, as a vector
of dependent random effects associated with an areal unit. This leads to the specification
of multivariate conditionally autoregressive (MCAR) models, which is the subject of Sec-
tion 10.1. From a somewhat different perspective, Y; might arise as (Y1, ... ,YiT)T where
Y;; is the measurement associated with areal unit ¢ at time ¢, ¢t = 1,...,T. Now we would of
course think in terms of spatiotemporal modeling for Y;;. This is the subject of Section 11.7.

Thirdly, a (proper) CAR model can in principle be used for point-level data, taking w;;
to be, say, an inverse distance between points ¢ and j. However, unlike the spatial prediction
described in Section 2.4, now spatial prediction becomes ad hoc. That is, to predict at a new
site Yy, we might specify the distribution of Yy given Y7, ..., Y, to be a normal distribution,

such as a N ij wo;Y;/Wot 72/w0+). Note that this determines the joint distribution

of Yy, Y1,...,Y,. However, this joint distribution is not the CAR distribution that would
arise by specifying the full conditionals for Yy, Y7,...,Y, and using Brook’s Lemma, as in
constructing (4.15). In this regard, we cannot “marginalize” a CAR model. That is, suppose
we specify a CAR model for, say, n areal units and we want a CAR model for a subset of
them, say the first m. If we consider the multivariate normal distribution with upper left
m x m block (D~Y(I — B));;!, the inverse of this matrix need not look anything like the
CAR model for these m units.

Finally, Gaussian Markov random fields can introduce proximities more general than
those that we have discussed here. In particular, working with a regular lattice, there is
much scope for further theoretical development. For instance, Rue and Held (2005, p. 114)
describe the derivation of the following model weights based on the forward difference
analogue of penalizing the derivatives of a surface used to specify the thin plate spline.
They consider 12 neighbors of a given point. The north, east, south, and west neighbors
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each receive a weight of +8, the northeast, southeast, southwest, and northwest neighbors,
each receive a weight of —2 and the “two away” north, east, south, and west neighbors,
each receive a weight of —1. Thus, the w;; = 20. These weights would possibly viewed as
unusual with regard to spatial smoothing, in particular the negative values, but, again, they
do have a probabilistic justification through the two-dimensional random walk on the lattice.
Moreover, they do play a role in Markov random field approximation to Gaussian processes.
Some care needs to be taken with regard to edge specifications. See further discussion in
Rue and Held (2005).

4.8.2  The non-Gaussian case

If one seeks to model the data directly using a CAR specification, then in many cases a
normal distribution would not be appropriate. Binary response data and sparse count data
are two examples. In fact, one might imagine any exponential family model as a first-stage
distribution for the data. Here, we focus on the case where the Y; are binary variables and
present the so-called autologistic CAR model (historically, the Ising model; see Brush, 1967).
This model has received attention in the literature; see, e.g., Heikkinen and Hogmander
(1994), Hogmander and Mgller (1995), and Hoeting et al. (2000). Ignoring covariates for
the moment, as we did with the CAR models above, consider the joint distribution

PY1, Y2, oy Yni 1) X expwzwz'jl(yi =y;))
= exp( Y wi(yay; + (1= i) (1 —y;)))- (4.19)

4,9

We immediately recognize this specification as a Gibbs distribution with a potential on
cliques of order k = 2. Moreover, this distribution is always proper since it can take on
only 2" values. However, we will assume that 1 is an unknown parameter (how would we
know it in practice?) and hence we will need to calculate the normalizing constant ¢(¢) in
order to infer about 1. But, computation of this constant requires summation over all of
the 2™ possible values that (Y7,Y3,...,Y;,) can take on. Even for moderate sample sizes this
will present computational challenges. Hoeting et al. (2000) propose approximations to the
likelihood using a pseudo-likelihood and a normal approximation.

From (4.19) we can obtain the full conditional distributions for the Y;’s. In fact, P(Y; =
y;, 7 #1) = e¥Si1 /(e¥¥i0 4 e¥(5i1)) where S; 1 = =2 i Hyj=1)and Sio =2, 1(y; =
0) and P(Y; = 0ly;,j # i) = 1—P(Y; = 1|y;,j # t). That is, S; 1 is the number of neighbors
of i that are equal to 1 and S; ¢ is the number of neighbors of ¢ that are equal to 0. We can
see the role that ¢ plays; larger values of ¥ place more weight on matching. This is most
easily seen through 1og£8,/i37m = 1(Si,1 —Si,0). Since the full conditional distributions
take on only two values, there are no normalizing issues with them.

Bringing in covariates is natural on the log scale, i.e.,

P = ly;,j # 1)
P(Y; = 0ly;,j # 1)

Solving for P(Y; = 1|y;, j # 1), we obtain

=(Si1 — Sio) + XI . (4.20)

log

exp{?(9 i,1 — 10)+X B}

PYi=1|y;,j#i)= 1+ exp{(Si1 — Sio) + X?ﬂ} .

Now, to update both ¢ and 3, we will again need the normalizing constant, now ¢(, 3).
In fact, we leave as an exercise, the joint distribution of (Y7, Y3,...,¥,) up to a constant.
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The case where Y; can take on one of several categorical values presents a natural
extension to the autologistic model. If we label the (say) L possible outcomes as simply
1,2,..., L, then we can define the joint distribution for (Y1, Ya,...,Y,,) exactly as in (4.19),
ie.,

P12 s Yni ) o< exp(0 > w1y = y;)) (4.21)

ij

with w;; as above. The distribution in (4.21) is referred to as a Potts model (Potts, 1952).
Now the distribution takes on L™ values; now, calculation of the normalizing constant is
even more difficult. Because of this challenge, fitting Potts models to data is rare in the
literature; rather, it is customary to run a forward simulation using the Potts model since
this only requires implementing a routine Gibbs sampler, updating the Y;’s (see Chapter 5)
for a fixed 1. However, one nice data analysis example is the allocation model in Green and
Richardson (2002). There, the Potts model is employed as a random effects specification,
in a disease mapping context (see Chapter 6), as an alternative to a CAR model.

4.4 Simultaneous autoregressive (SAR) models

Returning to (4.17), suppose that instead of letting Y induce a distribution for €, we let €
induce a distribution for Y. Imitating usual autoregressive time series modeling, suppose
we take the ¢; to be independent innovations. For a little added generality, assume that

e~N (0, f?) where D is diagonal with (f?) = o?. (Note D has no connection with D in
Section 4.3; the B we use below may or may not be the same as the one we used in that
section.) Analogous to (4.12), now Y; = Zj bi;Yj+e,i=1,2,...,n, with e ~ N (0, 01.2) or,

equivalently, (I — B)Y = e with e distributed as above. Therefore, if (I — B) is full rank,
YNN(O, (I—B)—lb((I—B)—l)T) . (4.22)

Also, Cov(e,Y) = DI — B)"'. If D = o2 then (4.22) simplifies to Y ~
N (O, o [(I-B)(I - B)T}fl). In order that (4.22) be proper, I — B must be full rank
but not necessarily symmetric. Two choices are most frequently discussed in the literature
(e.g., Griffith, 1988). The first assumes B = pW, where W is a so-called contiguity matrix,
i.e., W has entries that are 1 or 0 according to whether or not unit ¢ and unit j are direct
neighbors (with w;; = 0). So W is our familiar first-order neighbor proximity matrix. Here p
is called a spatial autoregression parameter and, evidently, Y; = p y Y;I(j € 0;)+ €, where

0; denotes the set of neighbors of 7. In fact, any symmetric proximity matrix can be used

and, paralleling the discussion below (4.15), I — pWW will be nonsingular if p € (ﬁ, ﬁ)

where now A1) < -+ < A, are the ordered eigenvalues of W. As a weaker conclusion, if
W is symmetric, we can apply the diagonal dominance result from Section 4.3.1. Now, if
pzj# w;; < 1 for each i, i.e., p < min w—;, we have positive definiteness, hence nonsingu-
larity. .

Alternatively, W can be replaced by W where now, for each i, the ith row has been

normalized to sum to 1. That is, (W) = wj;/wit. Again, W is not symmetric, but it
ij

is row stochastic, i.e., W1 =1.1If we set B = aw, « is called a spatial autocorrelation
parameter and, were W a contiguity matrix, now Y; = a3, Y;I(j € 0;)/wiy +¢;. With a
very regular grid the w; will all be essentially the same and thus « will be a multiple of
p. But, perhaps more importantly, with W row stochastic the eigenvalues of W are all less
than or equal to 1 (i.e., max |A;| = 1). Thus I — aW will be nonsingular if & € (—1,1),
justifying referring to a as an autocorrelation parameter; see Exercise 9.
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A SAR model is customarily introduced in a regression context, i.e., the residuals U =
Y — X3 are assumed to follow a SAR model, rather than Y itself. But then, following
(4.17), if U = BU + €, we obtain the attractive form

Y=BY+(I—-B)XB+e. (4.23)

Expression (4.23) shows that Y is modeled through a component that provides a spatial
weighting of neighbors and a component that is a usual linear regression. If B is the zero
matrix we obtain an OLS regression; if B = I we obtain a purely spatial model.

We note that from (4.23) the SAR model does not introduce any spatial effects; the
errors in (4.23) are independent. Expressed in a different way, if we modeled Y — X3 as
U + e with e independent errors, we would have U + e = BU + € + e and € + e would
result in a redundancy. Equivalently, if we write U = BU + €, we see, from the distribution
of BU, that both terms on the right side are driven by the same variance component, o2.
As a result, in practice a SAR specification is not used in conjunction with a GLM. To
introduce U as a vector of spatial adjustments to the mean vector, a transformed scale
creates redundancy between the independent Gaussian error in the definition of the U; and
the stochastic mechanism associated with the conditionally independent Y;.

We briefly note the somewhat related spatial modeling approach of Langford et al.
(1999). Rather than modeling the residual vector U = BU + €, they propose that U = Be
where € ~ N (0,0%]), i.e., that U be modeled as a spatially motivated linear combination
of independent variables. This induces ¥y = O'QNBB;T. Thus, the U; and hence the Y; will
be dependent and given B, cov (Y;,Yy) = 02 ;b I B arises through some proximity
matrix W, the more similar rows ¢ and i’ of W are, the stronger the association between Y;
and Yj,. However, the difference in nature between this specification and that in (4.23) is
evident. To align the two, we would set (I — B) ' = B, i.e. B=1— B! (assuming B is of
full rank). I — B~! would not appear to have any interpretation through a proximity matrix.

Perhaps the most important point to note with respect to SAR models is that they are
well suited to maximum likelihood estimation but not at all for MCMC fitting of Bayesian
models. That is, the log likelihood associated with (4.23) (assuming D = oI) is

% log|[o~" (I - B)| - % (Y-x8)"(I-B)I-B"(Y-Xp). (4.24)

Though B will introduce a regression or autocorrelation parameter, the quadratic form
in (4.24) is quick to calculate (requiring no inverse) and the determinant can usually be
calculated rapidly using diagonally dominant, sparse matrix approximations (see, e.g., Pace
and Barry, 1997a,b). Thus maximization of (4.24) can be done iteratively but, in general,
efficiently.

Also, note that while the form in (4.24) can certainly be extended to a full Bayesian
model through appropriate prior specifications, the absence of a hierarchical form with
random effects implies straightforward Bayesian model fitting as well. Indeed, the general
spatial slice Gibbs sampler (see Appendix Section A.2; or Agarwal and Gelfand, 2002)
can easily handle this model. However, suppose we attempt to introduce SAR random
effects in some fashion. Unlike CAR random effects that are defined through full conditional
distributions, the full conditional distributions for the SAR effects have no convenient form.
For large n, computation of such distributions using a form such as (4.22) will be expensive.

SAR models as in (4.23) are frequently employed in the spatial econometrics litera-
ture. With point-referenced data, B is taken to be pW where W is the matrix of inter-
point distances. Likelihood-based inference can be implemented in the spdep package in
R as well as more specialized software, such as that from the Spatial Analysis Laboratory
(sal.agecon.uiuc.edu). Software for large data sets is supplied there, as well as through
the website of Prof. Kelley Pace, www.spatial-statistics.com. An illustrative example
is provided in Exercise 12.
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4.4.1 CAR versus SAR models

Cressie (1993, pp. 408-10) credits Brook (1964) with being the first to make a distinction
between the CAR and SAR models, and offers a comparison of the two. To begin with, we
may note from (4.13) and (4.22) that, under propriety, the two forms are equivalent if and
only if

(I-B)'D=(I-B)"'D(I-B)")",

where we use the tilde to indicate matrices in the SAR model. Cressie then shows that
any SAR model can be represented as a CAR model (since D is diagonal, we can straight-
forwardly solve for B), but gives a counterexample to prove that the converse is not true.
Since all SAR models are proper while we routinely employ improper CAR models, it is not
surprising that the latter is a larger class.

For the “proper” CAR and SAR models that include spatial correlation parameters p,
Wall (2004) shows that the correlations between neighboring regions implied by these two
models can be rather different; in particular, the first-order neighbor correlations increase at
a slower rate as a function of p in the CAR model than they do for the SAR model. (As an
aside, she notes that these correlations are not even monotone for p < 0, another reason to
avoid negative spatial correlation parameters.) Also, correlations among pairs can switch in
nonintuitive ways. For example, when working with the adjacency relationships generated
by the lower 48 contiguous U.S. states, she finds that when p = .49 in the CAR model,
Corr(Alabama, Florida) = .20 and Corr(Alabama, Georgia) = .16. But when p increases
to .975, we instead get Corr(Alabama, Florida) = .65 and Corr(Alabama, Georgia) = .67,
a slight reversal in ordering.

4.4.2  STAR models

In the literature SAR models have frequently been extended to handle spatiotemporal data.
The idea is that in working with proximity matrices, we can define neighbors in time as
well as in space. Figure 4.4 shows a simple illustration with 9 areal units, 3 temporal units
for each areal unit yielding ¢ =1,...,9, t = 1,2, 3, labeled as indicated.

The measurements Y;; are spatially associated at each fixed t. But also, we might seek
to associate, say, Y;o with Y;; and Y;3. Suppose we write Y as the 27 x 1 vector with the
first nine entries at ¢t = 1, the second nine at ¢ = 2, and the last nine at t = 3. Also let
Ws = BlockDiag(Wy, W1, W7), where

01 010O0O0O0TO0
10101 0O0O0O0
01 00 01O0O0O0
100 01 01 O0O0
Wi=1 010101010
001010001
0001 0O0O0T10®O0
00001 0101
0 000O0O1O0T1O0

Then Wg provides a spatial contiguity matrix for the Y’s. Similarly, let Wp =
0 Wy, 0
Wy 0 Wy |, where Wo = Igxg. Then Wy provides a temporal contiguity matrix
0 Wy, 0

for the Y’s. But then, in our SAR model we can define B = p;Wg + p:Wr. In fact, we can
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1 2 3
4 5 6
t=1 7 8 9
1 2 3
4 5 6
t=2 7 8 9
1 2 3
4 5 6
7
t=3 g i

Figure 4.4 Illustration of spatiotemporal areal unit setting for STAR model.

also introduce psTWsWr into B and note that

0o W 0
Ws WT = W1 0 Wl
0 Wi 0

In this way, we introduce association across both space and time. For instance Y2; and Yy
affect the mean of Y15 (as well as affecting Y11) from Wy by itself. Many more possibilities
exist. Models formulated through such more general definitions of B are referred to as
spatiotemporal autoregressive (STAR) models. See Pace et al. (2000) for a full discussion
and development. The interpretation of the p’s in the above example measures the relative
importance of first-order spatial neighbors, first-order temporal neighbors, and first-order
spatiotemporal neighbors.

4.5 Computer tutorials

In this section we outline the use of some GIS functions in R for obtaining neighborhood
(adjacency) matrices, computing Moran’s and Geary’s statistic and fitting CAR and SAR
models using traditional maximum likelihood techniques, and mapping the results for certain
classes of problems. Here we confine ourselves to the modeling of Gaussian data on areal
units. For the following illustrations we will load the following libraries and use functions
therein:

> library(maps)

> library(maptools)

> library(spdep)

> library(classInt) ## Will be used for plotting maps later
> library(RColorBrewer) ## Will be used for colored maps
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4.5.1 Adjacency matrices from maps using spdep

Consider, for example, the SAT exam scores data from the lower 48 contiguous states of the
U.S. and the District of Columbia. We can construct this map using the maps and maptools
packages. The idea is to create a sequence of data structures that will eventually produce
an adjacency matrix. We execute the following commands

usa.state = map(database="state", fill=TRUE, plot=FALSE)

state.ID <- sapply(strsplit(usa.state$names, ":"), function(x) x[1])
usa.poly = map2SpatialPolygons(usa.state, IDs=state.ID)

usa.nb = poly2nb(usa.poly)

usa.adj.mat = nb2mat(usa.nb, style="B")

V V V Vv V

The object "usa.state" is returned by the "map ()" function. Next, we extract the state
ID’s from the "state" database and use them to construct a "SpatialPolygon" object
called "usa.poly", which is then coverted to a neighborhood object "usa.nb" using the
spdep function poly2nb. Finally the nb2mat function (also in spdep) produces the adjacency
matrix. The option style="B" produces the basic binary coding. Therefore, usa.adj.mat
produced above is a 49 x 49 matrix whose (z, j)-th entry is equal to 1 if 7 is a neighbor of j and
0 otherwise. All diagonal entries are 0. The option style="W" produces a row-normalized
adjacency matrix. Other options are available and left to the reader to explore.

For constructing adjacency matrices for counties in a U.S. state, the above code needs to
be modified slightly because of the way the "state" and "county" databases list their en-
tries. In the "state" database, the states are listed by simply their names (e.g. "maryland")
when they make up a single region or are separated by a ":" in cases when they are split into
subregions (e.g. "michigan:north" and "michigan:south"). This can be easily checked by
typing "usa.state$names" after the "usa.state" object has been created as above. Coun-
ties within a state, on the other hand, are listed by the name of the state followed by the
name of the county (e.g. "minnesota,hennepin"). Therefore, to produce the county neigh-
borhood matrix for the State of Minnesota, we execute

mn.county = map("county", "minnesota", £ill=TRUE, plot=FALSE)
county.ID <- sapply(strsplit(mn.county$names, ","), function(x) x[2])
mn.poly = map2SpatialPolygons(mn.county, IDs=county.ID)

mn.nb = poly2nb(mn.poly)

mn.adj.mat = nb2mat(mn.nb, style="B")

V V V Vv V

Note the different specification in the way the "strsplit ()" function is implemented for
getting the county identifiers. The rest of the code is fairly similar to that for the state
adjacencies. Neighbors of any given county can be easily found from the adjacency matrix.
For example, the neighbors of Winona county in Minnesota can be found as

> mn.region.id <- attr(mn.nb, "region.id")

> winona.neighbors.index = mn.nb[[match("winona", mn.region.id)]]
> winona.neighbors = rownames(mn.adj.mat[winona.neighbors.index,])
> winona.neighbors

[1] "fillmore" "houston" "olmsted" '"wabasha"

Note: Since the region is restricted to Minnesota, this lists Winona’s adjacent counties in
Minnesota only. Winona has three other adjacent counties in Wisconsin: Buffalo, Trem-
pealeau and La Crosse.

One could also create adjacency matrices from external shapefiles by executing

> mn.map.shp = readShapeSpatial("minnesota.shp")
> mn.nb.shp = poly2nb(mn.map.shp)
> mn.adj.mat.shp = nb2mat(mn.nb, style="B")
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However, the adjacency matrices obtained from external shapefiles need not be identical to
those obtained from R’s map databases. In fact, the rows and columns of the neighborhood
matrix mn.adj.mat.shp obtained from the ESRI shapefiles for Minnesota will not corre-
spond to mn.adj.mat from R’s maps. Nevertheless, these can be easily brought to the same
order:

> ordered.index = order(as.character (mn.map$NAME))
> mn.adj.mat.shp = mn.adj.mat.shp[ordered.index, ordered.index]

These are now in the same order. However, they are still not quite identical with 99.87% of
the entries in agreement. This happens because the polygons in the ESRI shapefiles slightly
differ from those in the maps package in R.

4.5.2  Moran’s I and Geary’s C in spdep

We can subsequently invoke the moran.test and geary.test functions in the spdep pack-
age to obtain Moran’s I and Geary’s C' statistics. Let us illustrate using the SAT scores
data presented in Figure 4.1. We first use the nb object usa.nb and convert it to a listw
object in R.

> usa.listw = nb2listw(usa.nb, style="W")

The option style="W" takes a 0-1 neighbors list, where regions are either listed as neighbors
or are absent, and creates row-normalized weights. We read the SAT scores using the dataset
available in http://www.biostat.umn.edu/~brad/data2.html.

state.sat.scores = read.table("state-sat.dat", header=T)
Next, we use the moran.test function to obtain
> moran.test(state.sat.scores$VERBAL, listw=usa.listw),

which gives us the calculated Moran’s I and the associated variance of the estimate. This
yields a sample estimate of 0.6125 with an associated standard error of 0.0979. Geary’s C'
can be computed analogously using the geary.test function:

geary.test(state.sat.scores$VERBAL, listw=usa.listw),

which yields the sample estimate and standard error of 0.3577 and 0.0984, respectively. For
maps with “islands” or regions without neighbors, we need to set zero.policy=TRUEin the
nb2listw() function. This ensures that weight vectors of zero length are applied to islands,
i.e., regions without any neighbor in the neighbors list. Otherwise, the program terminates
with an error.

4.5.8 SAR and CAR model fitting using spdep in R

We now turn to fitting spatial autoregression models using available functions in the spdep
package. A convenient illustration is offered by the SIDS (sudden infant death syndrome)
data, analyzed by Cressie and Read (1985), Cressie and Chan (1989), Cressie (1993, Sec.
6.2) and Kaluzny et al. (1998, Sec. 5.3), and already loaded into the spdep package. This
dataset contains counts of SIDS deaths from 1974 to 1978 and counts from 1979 to 1983
along with related covariate information for the 100 counties in the U.S. State of North
Carolina.

The dataset can be read from a shapefile sids.shp and an nb object can be constructed
from a GAL file ncCC89 containing the data analyzed by Cressie and Chan (1989). This
data relates to counts aggregated from 1979 to 1983. Both these files are included in spdep.
We execute the following steps:

> nc.sids <- readShapePoly(system.file("etc/shapes/sids.shp", package=
"spdep") [1] ,
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+ ID="FIPSNO", proj4string=CRS("+proj=longlat +ellps=clrk66"))

> rn <- sapply(slot(nc.sids, "polygons"), function(x) slot(x, "ID"))

> ncCC89.nb <- read.gal(system.file("etc/weights/ncCC89.gal", package=
"spdep") [1],

+ region.id=rn)

The first step produces a SpatialPolygonsDataFrame object nc.sids, while the second

step produces the region IDs and stores them in rn. The third step uses these region IDs to

produce an nb object by directly reading from the GAL file. We next use a Freeman-Tukey

transformation to produce the transformed rates and append them to the nc.sids object.

> nc.sids.rates.FT = sqrt(1000)*(sqrt(nc.sids$SID79/nc.sids$BIR79)
+ + sqrt((nc.sids$SID79 + 1)/nc.sids$BIR79))
> nc.sids$rates.FT = nc.sids.rates.FT

We wish to regress these rates on the non-white birth rates over the same period. This
variable is available as NWBIR79 in the nc.sids object. We will use the Freeman-Tukey
transformed birth rates:

> nc.sids.nwbir.FT = sqrt(1000)*(sqrt(nc.sids$NWBIR79/nc.sids$BIR79)
+ + sqrt((nc.sids$NWBIR79 + 1)/nc.sids$BIR79))
> nc.sids$nwbir.FT = nc.sids.nwbir.FT

Maximum likelihood estimation of (4.23), which has the likelihood in (4.24), can be carried
out using the errorsarlm() or, equivalently, the spautolm() function in spdep. These
functions produce the same output. Below we demonstrate the latter. We first create a
listw object using the 0-1 adjacency structure

> ncCC89.1listw = nb2listw(ncCC89.nb, style="B", zero.policy=TRUE)

Note that the zero.policy=TRUE is required here because the county shapefile in spdep
lists two counties, Dare and Hyde, as having zero neighbors. These counties are situated in
coastal North Carolina and are adjacent to substantial bodies of water. These two counties
can be identified as

> nc.county.id = attr(ncCC89.nb, "region.id")

> nc.no.neighbors = card(ncCC89.nb)

> nc.islands = as.character(nc.sids[card(ncCC89.nb) == 0, ]$NAME)
> nc.islands

[1] "Dare" "Hyde"

We now estimate the SAR model in (4.23) using

> nc.sids.sar.out = spautolm(rates.FT~ nwbir.FT, data=nc.sids, family="SAR",

+ listw=ncCC89.1listw, zero.policy=TRUE)

> summary(nc.sids.sar.out)

Call:

spautolm(formula = rates.FT ~ nwbir.FT, data = nc.sids, listw = ncCC89.listw,
family = "SAR", zero.policy = TRUE)

Residuals:
Min 1Q Median 3Q Max
-2.2660489 -0.4281394 0.0043310 0.4978178 2.5164979

Regions with no neighbours included:
37055 37095

Coefficients:

Estimate Std. Error z value Pr(>l|zl|)
(Intercept) 2.5216462 0.2570334 9.8106 < 2e-16
nwbir.FT 0.0124001 0.0071867 1.7254 0.08445
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Lambda: 0.05206 LR test value: 2.218 p-value: 0.13641

Log likelihood: -123.6898

ML residual variance (sigma squared): 0.68697, (sigma: 0.82883)
Number of observations: 100

Number of parameters estimated: 4

AIC: 255.38

A CAR model can also be estimated by setting family=CAR in the above. We see the
presence of a significantly positive intercept. The regression coefficient corresponding to
the non-white birth rates seems to indicate a positive correlation but is not statistically
significant. These results seem to be consistent with the estimates from ordinary least
squares. We point out that an analysis of the 1974-1978 data by Kaluzny et al. (1998,
Sec. 5.3) using the S+ Spatial Stats software, which was presented in the earlier edition
of this book, returned a significant coefficient for birth rates. However, the dataset used
there was different, the adjacency matrix of the state was modified to split a county into
three regions and the weights used for the adjacency matrix also were different. The spatial
autocorrelation parameter, denoted by Lambda in the output summary, is also not significant.

Once the estimates from the model have been obtained, we may wish to plot the fitted
rates and compare them with the raw data. We first compute the fitted rates and append
them to the nc.sids object. We then plot the fitted rates on a map.

nc.sids$fitted.sar = fitted(nc.sids.sar.out)

brks = c(0, 2.0, 3.0, 3.5, 6.0)

color.pallete = rev(brewer.pal(4,"RdBu"))

class.fitted = classIntervals(var=nc.sids$fitted.sar, n=4, style="fixed",
fixedBreaks=brks, dataPrecision=4)

color.code.fitted = findColours(class.fitted, color.pallete)

plot(nc.sids, col=color.code.fitted)

vV V. + V V VvV V

The raw rates available as nc.sids$rates.FT can be plotted analogously. The resulting
maps, with an added legend, are displayed in Figure 4.5. Although the spatial autocorre-
lation in the data was found to be modest, the fitted values from the SAR model clearly
show the smoothing. Both the maps have the same color scheme.

Instead of defining a neighborhood structure completely in terms of spatial adjacency
on the map, we may want to construct neighbors using a distance function. For example,
given centroids of the various regions, we could identify regions as neighbors if and only if
their intercentroidal distance is below a particular threshold. We illustrate using a dataset
offering neighborhood-level information on crime, mean home value, mean income, and other
variables for 49 neighborhoods in Columbus, OH, during 1980. More information on these
data is available from Anselin (1988, p.189), or in Exercise 12. The data can be downloaded
from www.biostat.umn.edu/~brad/data/Columbus.dat but that is not needed as it is
available within the spdep package.

We begin by reading a Columbus shapefile and creating a "SpatialPolygonsDataFrame"
object.
> library(spdep)
> columbus.poly <- readShapePoly(system.file("etc/shapes/columbus.shp",

+ package="spdep") [1])

Suppose we would like to have regions with intercentroidal distances less than half the maxi-
mum intercentroidal distance as neighbors. We first construct an object, columbus. coords,
that contain the centroids of the different regions.
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a) Raw Freeman-Tukey transformed SIDS rates
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b) Fitted SIDS rates from SAR model

Figure 4.5 Unsmoothed raw (a) and spatially smoothed fitted (b) rates, North Carolina SIDS data.

> columbus.coords = coordinates(columbus.poly)

A particularly useful function provided by spdep is the dnearneigh () function. This func-
tion can take a matrix of coordinates along with specified lower and upper distance bounds
as inputs and returns a list of neighbors categorized by all points that are within the spec-
ified distance threshold from each other. Note that the function uses Euclidean distances,
which means that the coordinates must be projected onto a plane (and cannot be in terms of
latitude and longitude) before the function is applied. There is, however, a potential pitfall
of directly using the dnearneigh() function in that it may generate “islands” (i.e., regions
with no neighbors) unless we are judicious about our choice of the upper distance bound
(the lower bound is usually set to zero). One way to circumvent this problem is to first apply
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the k-nearest neighbors algorithm to the coordinates and then to create an neighborhood
list from these k-nearest neighbors:

> columbus.knn = knearneigh(columbus.coords)
> columbus.knn2nb = knn2nb(columbus.knn)

Next, the Euclidean distances between the neighbors are constructed by applying the
nbdists () function to the k-nearest neighbor list. This returns the nearest-neighbor dis-
tances.

> columbus.dist.list = nbdists(columbus.knn2nb, columbus.coords)
> columbus.dist.vec = unlist(columbus.dist.list)

where the second step converts the list data structure into a vector. Next, we find the
maximum of the nearest neighbor distances and pass it to the dnearneigh() function as
an input for the upper bound.

> columbus.dist.max = max(columbus.dist.vec)

> columbus.dnn.nb = dnearneigh(columbus.coords, 0, columbus.dist.max)

This ensures that there are no islands. Next, we create a 1listw object from the returned

dnearneigh() function and estimate the SAR model.

> columbus.dnn.listw = nb2listw(columbus.dnn.nb, style="B", zero.policy=TRUE)
columbus.dnn.sar.out = spautolm(CRIME"HOVAL+INC, data=columbus.poly,

>
+ family="SAR", listw=columbus.dnn.listw, zero.policy=TRUE)
> summary (columbus.dnn.sar.out)

Call: spautolm(formula = CRIME ~ HOVAL + INC, data = columbus.poly,
listw = columbus.dnn.listw, family = "SAR", zero.policy = TRUE)

Residuals:
Min 1Q Median 3Q Max
-31.18714 -4.18864 -0.24961 6.10122 22.69041

Coefficients:

Estimate Std. Error z value Pr(>|z]|)
(Intercept) 50.229861 5.422987 9.2624 < 2.2e-16
HOVAL -0.251366 0.079881 -3.1468 0.001651
INC -0.826528 0.298414 -2.7697 0.005610

Lambda: 0.11302 LR test value: 19.536 p-value: 9.8716e-06

Log likelihood: -177.6092

ML residual variance (sigma squared): 73.306, (sigma: 8.5619)
Number of observations: 49

Number of parameters estimated: 5

AIC: 365.22

We see that both house value (HOVAL) and income (INC) have a significant negative
impact on crime, which is not unexpected. The spatial autocorrelation parameter Lambda
is also significant, which indicates strong spatial dependence in the data. Note, however,
that this significance of the spatial dependence may be an artefact of an undesirably dense
connectedness structure imposed by setting the upper distance bound to the maximum in-
tercentroidal distance. To mitigate this effect one can set some proportion of the maximum
distance as the distance upper bound. For example, we can set the upper bound to be
0.25*%columbus.dist.max in the above code and repeat the subsequent steps. This spec-
ification generates islands and zero.policy=TRUE option is required to obtain estimates
from the SAR model. We do not show this output but it is similar to the above. While
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the regression coefficients do not change substantially and are still significant, the spatial
autocorrelation parameter is no longer statistically significant (p-value is approximately
0.25257). The result from the CAR model (obtained by setting family="CAR") is also very
similar.

4.6 Exercises

1. Verify Brook’s Lemma, equation (4.7).

2.(a) To appreciate how Brook’s Lemma works, suppose Y7 and Y5 are both binary variables,
and that their joint distribution is defined through conditional logit models. That is,

PYh =1Y3)

P(Y1 = 0]Yz2)

P(Ys =11}

lo — 7
. P(Y2 = 0]7)

=ap+a1Ys and log = fo+ B1Y1 .
Obtain the joint distribution of Y; and Y5.

(b) This result can be straightforwardly extended to the case of more than two variables,
but the details become increasingly clumsy. Illustrate this issue in the case of three
binary variables, Y7, Y3, and Ys.

3. Returning to (4.13) and (4.14), let B = ((b;;)) be an n x n matrix with positive elements;
that is, b;; > 0, Zj bi; <1 for all 4, and Zj b;; < 1 for at least one i. Let D = Diag (Tf)
be a diagonal matrix with positive elements 72 such that D! (I — B) is symmetric; that
is, bi; /T = bji/sz, for all 4, j. Show that D=1 (I — B) is positive definite.

4. Looking again at (4.13), obtain a simple sufficient condition on B such that the CAR
specification with precision matrix D=1 (I — B) is a pairwise difference specification, as
in (4.16).

5. Show that, for W symmetric, 3 L' = D, — pW is positive definite (thus resolving the
impropriety in (4.15)) if p € (1//\(1), 1//\(11))7 where /\(1) < /\(2) < e < /\(n) are the
ordered eigenvalues of D;l/ 2WD; Y 2,

6. Show that if all entries in W are nonnegative and D,, — pW is positive definite with
0 < p < 1, then all entries in (D,, — pW)~! are nonnegative.

7. Under a proper CAR model for Y, i.e., with ¥y = D,, — pW, obtain the correlation and
covariance between Y; and Y;.

8. Obtain the joint distribution, up to normalizing constant, for (Y1, Y, ..., Y}, ) under (4.20).
Hint: You might try to guess it but Brook’s Lemma can be used as well.

9. Recalling the SAR formulation using the scaled adjacency matrix 1% just below (4.22),
prove that I — oW will be nonsingular if « € (—1,1), so that o may be sensibly referred
to as an “autocorrelation parameter.”

10. In the setting of Subsection 4.3.1, if (X !);; = 0, then show that Y; and Y; are condi-
tionally independent given Y, k # i, j.

11. The file wuw.biostat.umn.edu/~brad/data/state-sat.dat gives the 1999 state aver-
age SAT data (part of which is mapped in Figure 4.1).

(a) Use the spautolm function to fit the SAR model of Section 4.4, taking the verbal SAT
score as the response Y and the percent of eligible students taking the exam in each
state as the covariate X. Do this analysis twice: first using binary weights and then
using row-normalized weights. Is the analysis sensitive to these choices of weights? Is
knowing X helpful in explaining Y7

(b) Using the maps library in R, draw choropleth maps similar to Figure 4.1 of both
the fitted verbal SAT scores and the spatial residuals from the SAR model. Is there
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evidence of spatial correlation in the response Y once the covariate X is accounted
for?

(¢) Repeat your SAR model analysis above, again using spautolm but now assuming the
CAR model of Section 4.3. Compare your estimates with those from the SAR model
and interpret any changes.

(d) One might imagine that the percentage of eligible students taking the exam should
perhaps affect the variance of our model, not just the mean structure. To check this,
refit the SAR model replacing your row-normalized weights with weights equal to the
reciprocal of the percentage of students taking the SAT. Is this model sensible?

12. Consider the data www.biostat.umn.edu/~brad/data/Columbus.dat, taken from
Anselin (1988, p. 189) and also available within the spdep R package (but with possi-
bly different variable names). These data record crime information for 49 neighborhoods
in Columbus, OH, during 1980. Variables measured include NEIG, the neighborhood
id value (1-49); HOVAL, its mean housing value (in $1,000); INC, its mean household
income (in $1,000); CRIME, its number of residential burglaries and vehicle thefts per
thousand households; OPEN, a measure of the neighborhood’s open space; PLUMB, the
percentage of housing units without plumbing; DISCBD, the neighborhood centroid’s
distance from the central business district; X, an xz-coordinate for the neighborhood cen-
troid (in arbitrary digitizing units, not polygon coordinates); Y, the same as X for the
y-coordinate; AREA, the neighborhood’s area; and PERIM, the perimeter of the polygon
describing the neighborhood.

(a) Use spdep in R to construct adjacency matrices for the neighborhoods of Columbus
based upon centroid distances less than

i. 25% of the maximum intercentroidal distances;
ii. 50% of the maximum intercentroidal distances;
iii. 75% of the maximum intercentroidal distances.

(b) For each of the three spatial neighborhoods constructed above, use the spautolm
function to fit SAR models with CRIME as the dependent variable, and HOVAL,
INC, OPEN, PLUMB, and DISCBD as the covariates. Compare your results and
interpret your parameter estimates in each case.

(c) Repeat your analysis by setting B = pWW in equation (4.23) with W;; the Euclidean
distance between location ¢ and location j.

(d) Repeat part (b) for CAR models. Compare your estimates with those from the SAR
model and interpret them.



Chapter 5

Basics of Bayesian inference

In this chapter we provide a brief review of hierarchical Bayesian modeling and computing
for readers not already familiar with these topics. Of course, in one chapter we can only
scratch the surface of this rapidly expanding field, and readers may well wish to consult one
of the many recent textbooks on the subject, either as preliminary work or on an as-needed
basis. It should come as little surprise that the book we most highly recommend for this
purpose is the one by Carlin and Louis (2008); the Bayesian methodology and computing
material below roughly follows Chapters 2 and 3, respectively, in that text.

However, a great many other good Bayesian books are available, and we list a few
of them and their characteristics. First we mention the texts stressing Bayesian theory,
including DeGroot (1970), Box and Tiao (1992), Berger (1985), Bernardo and Smith (1994),
and Robert (2007). These books tend to focus on foundations and decision theory, rather
than computation or data analysis. On the more methodological side, a nice introductory
book is that of Lee (1997), with O’Hagan (1994) and Gelman et al. (2013) offering more
general Bayesian modeling treatments. More recent texts, with greater emphasis on Bayesian
modeling using R, include Albert (2008) and Hoff (2009).

5.1 Introduction to hierarchical modeling and Bayes’ Theorem

By modeling both the observed data and any unknowns as random variables, the Bayesian
approach to statistical analysis provides a coherent framework for combining complex data
models and external knowledge or expert opinion. In this approach, in addition to specifying
the distributional model f(y|@) for the observed data y = (y1,...,yn) given a vector of
unknown parameters 8 = (61,...,0;), we suppose that 0 is a random quantity sampled
from a prior distribution w(@|A), where A is a vector of hyperparameters. For instance, y;
might be the empirical mammography rate in a sample of women aged 40 and over from
county i, 6; the underlying true mammography rate for all such women in this county, and
A a parameter controlling how these true rates vary across counties. If A is known, inference
concerning 0 is based on its posterior distribution,

_py, 0N (v, 0N)  f(y|0)T(6]A)
p(ylIA)  [p(y,0lA)d6 [ f(y|6)m(6|\) dO

Notice the contribution of both the data (in the form of the likelihood f) and the external
knowledge or opinion (in the form of the prior 7) to the posterior. Since, in practice, A will
not be known, a second stage (or hyperprior) distribution h(A) will often be required, and
(5.1) will be replaced with

p(Oly, A) (5.1)

Cp.0) [ IyIO)m(OINRA) dA
PO =) = T A10)r (@A) doax

It is worth noting the hierarchical structure implicit in (5.2), i.e., three levels of distribu-
tional specification, typically with primary interest in the 6 level. As the title of this book

(5.2)
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suggests, such hierarchical specification is the focus of the inference methodology in this
volume.

Rather than integrating over A, we might replace A by an estimate A obtained by
maximizing the marginal distribution p(y|X) = [ f(y|@)7(0|X)d@, viewed as a function of
. Inference could then proceed based on the estimated posterior distribution p(9|y,5\),
obtained by plugging X into equation (5.1). This approach is referred to as empirical Bayes
analysis; see Berger (1985), Maritz and Lwin (1989), Carlin and Louis (2008) and, more
recently, Efron (2010) for details regarding empirical Bayes methodology and applications.

The Bayesian inferential paradigm offers potentially attractive advantages over the clas-
sical, frequentist statistical approach through its more philosophically sound foundation,
its unified approach to data analysis, and its ability to formally incorporate prior opinion
or external empirical evidence into the results via the prior distribution 7. Data analysts,
formerly reluctant to adopt the Bayesian approach due to skepticism concerning its phi-
losophy and a lack of necessary computational tools, are now turning to it with increasing
regularity since classical methods emerge as both theoretically and practically inadequate to
handle the challenges of today’s complex modeling landscape. In our context, modeling the
0; as random (instead of fixed) effects allows us to induce specific (e.g., spatial) correlation
structures among them, hence among the observed data y; as well. Hierarchical Bayesian
methods now enjoy broad application in the analysis of spatial data, as the remainder of
this book reveals.

A computational challenge in applying Bayesian methods is that for most realistic prob-
lems, the integrations required to do inference under (5.1) are generally not tractable in
closed form, and thus must be approximated numerically. Forms for 7 and h (called con-
Jugate priors) that enable at least partial analytic evaluation of these integrals may often
be found, but in the presense of nuisance parameters (typically unknown variances), some
intractable integrations remain. Here the emergence of inexpensive, high-speed computing
equipment and software comes to the rescue, enabling the application of Markov chain Monte
Carlo (MCMC) integration methods, such as the Metropolis-Hastings algorithm (Metropo-
lis et al., 1953; Hastings, 1970) and the Gibbs sampler (Geman and Geman, 1984; Gelfand
and Smith, 1990). This is the subject of Section 5.3.

5.1.1 llustrations of Bayes’ Theorem

Equation (5.1) is a generic version of what is referred to as Bayes’ Theorem or Bayes’ Rule.
It is attributed to the Reverend Thomas Bayes, an 18th-century nonconformist minister and
part-time mathematician; a version of the result was published (posthumously) in Bayes
(1763). In this subsection we consider a few basic examples of its use.

Example 5.1 Suppose we have observed a single normal (Gaussian) observation
Y ~ N (#,0%) with 6? known, so that the likelihood f(y|§) = N (y|f,0?) =

- 1277 exp(— (y2_092)2 ), y € R, 6 € R, and o > 0. If we specify the prior distribution as 7(6) =

N (y | 1L 72) with XA = (u, 72)’ fixed, then from (5.1) we can compute the posterior as

N (6|u, 7) N (y|0,0?)

p(Oly) = @)
o« N (0lp, ) N (y|6,0°)
o2 -2 o272
n N<9|02—|—7'2M+02—|—72y’ 0'2+7'2) ' (5-3)

That is, the posterior distribution of # given y is also normal with mean and variance as
given. The proportionality in the second row arises since the marginal distribution p(y) does
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not depend on 6, and is thus constant with respect to the Bayes’ Theorem calculation. The
final equality in the third row results from collecting like (6% and 6) terms in the exponential
and then completing the square.

Note that the posterior mean E(0|y) is a weighted average of the prior mean p and the
data value y, with the weights depending on our relative uncertainty with respect to the
prior and the likelihood. Also, the posterior precision (reciprocal of the variance) is equal
to 1/02 + 1/72, which is the sum of the likelihood and prior precisions. Thus, thinking of
precision as “information,” we see that in the normal/normal model, the information in the
posterior is the total of the information in the prior and the likelihood.

Suppose next that instead of a single datum we have a set of n observations y =
(Y1,Y2,---,Yn)’. From basic normal theory we know that f(y|0) = N(6,0%/n). Since 7 is
sufficient for 6, from (5.3) we have

V(0] By Ty, L)

p(Bly) =p(0ly) = o2/n) + 72 K (02/n) + 72 Yo (62/n) + 72

~N (o o2 n nt?  _ o?r?

‘ 2t T2 Y 2y )
Again we obtain a posterior mean that is a weighted average of the prior (1) and data (in
this case summarized through g).

In these two examples, the prior chosen leads to a posterior distribution for 6 that is
available in closed form, and is a member of the same distributional family as the prior.
Such a prior is referred to as a conjugate prior. We will often use such priors in our work,
since, when they are available, conjugate families are convenient and still allow a variety of
shapes wide enough to capture our prior beliefs.

Note that setting 72 = oo in the previous example corresponds to a prior that is arbi-
trarily vague, or noninformative. This then leads to a posterior of p (8ly) = N (9|y, 02/n),
exactly the same as the likelihood for this problem. This arises since the limit of the conju-
gate (normal) prior here is actually a uniform, or “flat” prior, and thus the posterior becomes
the likelihood (possibly renormalized to integrate to 1 as a function of 8). Of course, the flat
prior is improper here, since the uniform does not integrate to anything finite over the entire
real line; however, the posterior is still well defined since the likelihood can be integrated
with respect to 6. Bayesians often use flat or otherwise improper noninformative priors,
since prior feelings are often rather vague relative to the information in the likelihood. Such
inference is broadly referred to as objective Bayes analysis. In any case, we generally want
the data (and not the prior) to dominate the determination of the posterior.

Example 5.2 (the general linear model). Let Y be an n x 1 data vector, X an n x p matrix
of covariates, and adopt the likelihood and prior structure,

Y[B ~ Nu(XB,X), ie f(Y[B)=Nun(Y|XB,%),
B ~ N,(Aa,V), ie. 7(8) =N (8|Aa,V) .

Here B is a p x 1 vector of regression coefficients and ¥ is a p X p covariance matrix. Then
it can be shown (now a classic result, first published by Lindley and Smith, 1972), that the
marginal distribution of Y is

Y ~N (XAa, S+ XVXT) |
and the posterior distribution of 3|Y is
glY ~ N(Dd,D),

where D™ = X'y lx4+vy-!
andd = X727 'Y+V 'lAda.
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Thus E(B|Y) = Dd provides a point estimate for 3, with variability captured by the
associated variance matrix D.

In particular, note that for a vague prior we may set V! = 0, so that D™! = XX 71X
and d = XT¥~1Y. In the simple case where ¥ = 021, the posterior becomes

BY ~ N (B, s2(x'X)71)
where ,fi' = (X'X)~'X"y. Since the usual likelihood approach produces
BN (B, A(X'X)T)

we once again we see “flat prior” Bayesian results that are formally equivalent to the usual
likelihood approach.

5.2 Bayesian inference

While the computing associated with Bayesian methods can be daunting, the subsequent
inference is relatively straightforward, especially in the case of estimation. This is because
once we have computed (or obtained an estimate of) the posterior, inference comes down
merely to extracting features of this distribution, since by Bayes’ Rule the posterior sum-
marizes everything we know about the model parameters in the light of the data. In the
remainder of this section, we shall assume for simplicity that the posterior p(8|y) itself (and
not merely an estimate of it) is available for summarization.

Bayesian methods for estimation are also reminiscent of corresponding maximum like-
lihood methods. This should not be surprising, since likelihoods form part of the Bayesian
specification; we have even seen that a normalized (i.e., standardized) likelihood can be
thought of a posterior when this is possible. However, when we turn to hypothesis test-
ing (Bayesians prefer the term model comparison), the approaches have little in common.
Bayesians (and many likelihoodists) have a deep and abiding antipathy toward p-values, for
a long list of reasons we shall not go into here; the interested reader may consult Berger
(1985, Sec. 4.3.3), Kass and Raftery (1995, Sec. 8.2), or Carlin and Louis (2000, Sec. 2.3.3).

5.2.1 Point estimation

Suppose for the moment that 6 is univariate. Given the posterior p(f|y), a natural Bayesian
point estimate of 6 would be some measure of centrality. Three familiar choices are the
posterior mean, A

0=E(ly),

the posterior median,

D>

0
: / p(0ly)do = 0.5 |

and the posterior mode,

6 : p(dly) :sgpp(9ly)~

Notice that the lattermost estimate is typically easiest to compute, since it does not require
any integration: we can replace p(f|y) by its unstandardized form, f(y|0)p(6), and get the
same answer (since these two differ only by a multiplicative factor of m(y), which does not
depend on ). Indeed, if the posterior exists under a flat prior p(f) = 1, then the posterior
mode is nothing but the maximum likelihood estimate (MLE).

Note that for symmetric unimodal posteriors (e.g., a normal distribution), the posterior
mean, median, and mode will all be equal. However, for multimodal or otherwise nonnormal
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posteriors, the mode will often be an unsatisfying choice of centrality measure (consider for
example the case of a steadily decreasing, one-tailed posterior; the mode will be the very
first value in the support of the distribution — hardly central!). By contrast, the posterior
mean, though arguably the most commonly used, will sometimes be overly influenced by
heavy tails (just as the sample mean g is often nonrobust against outlying observations).
As a result, the posterior median will often be the best and safest point estimate. It is
also the most difficult to compute (since it requires both an integration and a rootfinder),
but this difficulty is somewhat mitigated for posterior estimates obtained via MCMC; see
Section 5.3 below.

5.2.2  Interval estimation

The posterior allows us to make any desired probability statements about 6. By inversion, we
can infer about any quantile. For example, suppose we find the a/2- and (1 — a/2)-quantiles
of p(Aly), that is, the points ¢, and gy such that

/QL p(Oly)d6 = a/2 and /Oo p(Oly)d0 =1 — /2.

—0o0

Then clearly P(qr, < 6 < qu]y) = 1—a; our confidence that 6 lies in (qr,, qv) is 100x (1—a)%.
Thus this interval is a 100 x (1 — &)% credible set (or simply Bayesian confidence interval)
for 0. This interval is relatively easy to compute, and enjoys a direct interpretation (“the
probability that 6 lies in (g1, qu) is (1 — «)”) which the usual frequentist interval does not.

The interval just described is often called the equal tail credible set, for the obvious
reason that is obtained by chopping an equal amount of support («/2) off the top and
bottom of p(Aly). Note that for symmetric unimodal posteriors, this equal tail interval will
be symmetric about this mode (which we recall equals the mean and median in this case).
It will also be optimal in the sense that it will have shortest length among sets C satisfying

1 —a<P(Cly) = /C p(6ly)de . (5.4)

Note that any such set C' could be thought of as a 100 x (1 — «)% credible set for 6.
For posteriors that are not symmetric and unimodal, a better (shorter) credible set can
be obtained by taking only those values of 6§ having posterior density greater than some
cutoff k(«), where this cutoff is chosen to be as large as possible while C' continues to
satisfy equation (5.4). This highest posterior density (HPD) confidence set will always be of
optimal length, but will typically be significantly more difficult to compute. The equal tail
interval emerges as HPD in the symmetric unimodal case since there too it captures the
“most likely” values of 6. Fortunately, many of the posteriors we will be interested in will
be (at least approximately) symmetric unimodal, so the much simpler equal tail interval
will often suffice. In fact, it is the routine choice in practice.

5.2.3 Hypothesis testing and model choice

We have seen that Bayesian inference (point or interval) is quite straightforward given
the posterior distribution, or an estimate thereof. By contrast, hypothesis testing is less
straightforward, for two reasons. First, there is less agreement among Bayesians as to the
proper approach to the problem. For years, posterior probabilities and Bayes factors were
considered the only appropriate method. But these methods are only suitable with fully
proper priors, and for relatively low-dimensional models. With the recent proliferation of
very complex models, employing at least partly improper priors, other methods have come
to the fore. Second, solutions to hypothesis testing questions often involve not just the
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posterior p(8]y), but also the marginal distribution, m(y). Unlike the case of posterior and
the predictive distributions, samples from the marginal distribution do not naturally emerge
from most MCMC algorithms. Thus, the sampler must often be “tricked” into producing
the necessary samples.

Model choice essentially requires specification of the wtility for a model. This is a chal-
lenging exercise and, in practice, is not often considered. Off the shelf criteria are typically
adopted. For instance, do we see our primary goal for the model to be explanation or, alter-
natively, is it prediction? Utility for the former places emphasis on the parameters and in
fact, calculates a criterion over the parameter space. An approximate yet very easy-to-use
model choice tool of this type, known as the Deviance Information Criterion (DIC), has
gained popularity, as well as implementation in the WinBUGS software package. Utility for
the latter places us in the space of the observations, considering the performance of predic-
tive distributions. One such choice is the posterior predictive criterion due to Gelfand and
Ghosh (1998). More recent attention has been paid to proper scoring rules (Gneiting and
Raftery, 2007). In any event, Bayesian model selection (and model selection in general) is
always a contentious issue; there is rarely a unanimously agreed upon criterion. In this sub-
section, we limit our attention to Bayes factors, the DIC, the Gelfand/Ghosh criterion and
the (continuous) rank probability score (CRPS). A further important point in this regard
is the notion of cross-validation or hold out data, i.e., data that is not used to fit the model
but rather only for model validation or comparison. See the discussion on the use of hold
out samples at the end of this section.

5.2.3.1 Bayes factors

We begin by setting up the hypothesis testing problem as a model choice problem, replacing
the customary two hypotheses Hy and H 4 by two candidate parametric models M; and M,
having respective parameter vectors 6, and 02. Under prior densities m;(0;), i = 1,2, the
marginal distributions of Y are found by integrating out the parameters,

Bayes’ Theorem (5.1) may then be applied to obtain the posterior probabilities P(M;|y)
and P(Masl|y) = 1—P(M,|y) for the two models. The quantity commonly used to summarize
these results is the Bayes factor, BF', which is the ratio of the posterior odds of M; to the
prior odds of My, given by Bayes’ Theorem as

P(Mly)/P(Maly)

BE = =p0un)/POL) (56)
) [p(yMﬁ()yl)D(Mﬂ] / {p(y\ﬂﬁ)yl)?(Mz)}
P(My)/P(Ms)
_ ply | My)
o op(y | M)’ (5.7)

the ratio of the observed marginal densities for the two models. Assuming the two mod-
els are a priori equally probable (i.e., P(M;) = P(Ms) = 0.5), we have that BF =
P(M,|y)/P(Ms]y), the posterior odds of Mj.

Consider the case where both models share the same parametrization (i.e., 81 = 62 = 0),
and both hypotheses are simple (i.c., My : 8 = 8 and M, : 8 = 8®). Then ;(6) consists
of a point mass at 89 for i = 1,2, and so from (5.5) and (5.7) we have

fyle™)

BF — ,
f(y|6™)
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which is nothing but the likelihood ratio between the two models. Hence, in the simple-
versus-simple setting, the Bayes factor is precisely the odds in favor of M; over My given
solely by the data.

A popular “shortcut” method is the Bayesian Information Criterion (BIC) (also known
as the Schwarz Criterion), the change in which across the two models is given by

ABIC =W — (ps —p1)logn, (5.8)
where p; is the number of parameters in model M;,i = 1,2, and
(Y|9)}
(vle)]

sup

W = —2log [
SupM2

f
f
the usual likelihood ratio test statistic. Schwarz (1978) showed that for nonhierarchical

(two-stage) models and large sample sizes n, BIC approximates —2log BF. An alternative
to BIC is the Akaike Information Criterion (AIC), which alters (5.8) slightly to

AAIC:W—2(p2 —pl) . (59)

Both AIC and BIC are penalized likelihood ratio model choice criteria, since both have
second terms that act as a penalty, correcting for differences in size between the models (to
see this, think of My as the “full” model and M; as the “reduced” model). Evidently, using
a penalty which depends upon the sample size, BIC criticizes difference in model dimension
more strongly than AIC does.

The more serious (and aforementioned) limitation in using Bayes factors or their approx-
imations is that they are not appropriate under noninformative priors. To see this, note that
if 7;(0;) is improper, then p(y|M;) = [ f(y|6:, M;)7;(0;)d6; necessarily is as well, and so
BF' as given in (5.7) is not well defined. While several authors (see, e.g., Berger and Per-
icchi, 1996; O’Hagan, 1995) have attempted to modify the definition of BF to repair this
deficiency, we suggest more informal yet general approaches described below.

5.2.83.2 The DIC criterion

Spiegelhalter et al. (2002) propose a generalization of the AIC, whose asymptotic justifica-
tion is not appropriate for hierarchical (3 or more level) models. The generalization is based
on the posterior distribution of the deviance statistic,

D(0) = —2log f(y|0) + 2logh(y) , (5.10)

where f(y|0) is the likelihood function and h(y) is some standardizing function of the data
alone. These authors suggest summarizing the fit of a model by the posterior expectation
of the deviance, D = Egy|,[D], and the complezity of a model by the effective number of
parameters pp (which may well be less than the total number of model parameters, due
to the borrowing of strength across random effects). In the case of Gaussian models, one
can show that a reasonable definition of pp is the expected deviance minus the deviance
evaluated at the posterior expectations,

pp = Eg)y[D] — D(Eq,[6]) = D — D(8) . (5.11)
The Deviance Information Criterion (DIC) is then defined as
DIC =D +pp=2D—-D(0), (5.12)

with smaller values of DIC indicating a better-fitting model. Both building blocks of DIC
and pp, Egy[D] and D(Ey,[0]), are easily estimated via MCMC methods (see below),
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enhancing the approach’s appeal. Indeed, DIC may be computed automatically for any
model in WinBUGS.

While the pp portion of this expression does have meaning in its own right as an effective
model size, DIC itself does not, since it has no absolute scale (due to the arbitrariness of
the scaling constant h(y), which is often simply set equal to zero). Thus only differences in
DIC across models are meaningful. Relatedly, when DIC is used to compare nested models
in standard exponential family settings, the unnormalized likelihood L(8;y) is often used
in place of the normalized form f(y|@) in (5.10), since in this case the normalizing function
m(0) = [ L(8;y)dy will be free of 8 and constant across models, hence contribute equally
to the DIC scores of each (and thus have no impact on model selection). However, in settings
where we require comparisons across different likelihood distributional forms, generally one
must be careful to use the properly scaled joint density f(y|@) for each model.

Identification of what constitutes a significant difference is also a bit awkward; delta
method approximations to Var(DIC) have to date met with little success (Zhu and Carlin,
2000). In practice one typically adopts the informal approach of simply recomputing DIC
a few times using different random number seeds, to get a rough idea of the variability in
the estimates. With a large number of independent DIC replicates {DIC;, I = 1,..., N},
one could of course estimate Var(DIC) by its sample variance,

_ 1 X —

Var(DIC) = 5+ ;(chl DIC)? .
But in any case, DIC is not intended for formal identification of the “correct” model,
but rather merely as a method of comparing a collection of alternative formulations (all of
which may be incorrect). This informal outlook (and DIC’s approximate nature in markedly
nonnormal models) suggests informal measures of its variability will often be sufficient. The
pp statistic is also helpful in its own right, since how close it is to the actual parameter
count provides information about how many parameters are actually “needed” to adequately
explain the data. For instance, a relatively low pp may indicate collinear fixed effects or
overshrunk random effects; see Exercise 1.

DIC is general, and trivially computed as part of an MCMC run, without any need
for extra sampling, reprogramming, or complicated loss function determination. Moreover,
experience with DIC to date suggests it works quite well, despite the fact that no for-
mal justification for it is yet available outside of posteriors that can be well approximated
by a Gaussian distribution (a condition that typically occurs asymptotically, but perhaps
not without a moderate to large sample size for many models). Still, DIC is by no means
universally accepted by Bayesians as a suitable all-purpose model choice tool, as the discus-
sion in Spiegelhalter et al. (2002) almost immediately indicates. Model comparison using
DIC is not invariant to parametrization, so (as with prior elicitation) the most sensible
parametrization must be carefully chosen beforehand. Unknown scale parameters and other
innocuous restructuring of the model can also lead to subtle changes in the computed DIC
value.

Finally, DIC will obviously depend on what part of the model specification is considered
to be part of the likelihood, and what is not. Spiegelhalter et al. (2002) refer to this as the
focus issue, i.e., determining which parameters are of primary interest, and which should
“count” in pp. For instance, in a hierarchical model with data distribution f(y|@), prior
p(0]n) and hyperprior p(n), one might choose as the likelihood either the obvious conditional
expression f(y|@), or the marginal expression,

p(yln) = / £(y10)p(68]n)d6 (5.13)
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We refer to the former case as “focused on 0,” and the latter case as “focused on 7n.”
Spiegelhalter et al. (2002) defend the dependence of pp and DIC on the choice of focus as
perfectly natural, since while the two foci give rise to the same marginal density m(y), the
integration in (5.13) clearly suggests a different model complexity than the unintegrated
version (having been integrated out, the 6 parameters no longer “count” in the total). They
thus argue that it is up to the user to think carefully about which parameters ought to
be in focus before using DIC. Perhaps the one difficulty with this advice is that, in cases
where the integration in (5.13) is not possible in closed form, the unintegrated version is
really the only feasible choice. Indeed, the DIC tool in WinBUGS always focuses on the lowest
level parameters in a model (in order to sidestep the integration issue), even when the user
intends otherwise.

5.2.3.8 Posterior predictive loss criterion

An alternative to DIC that is also easily implemented using output from posterior sim-
ulation is the posterior predictive loss (performance) approach of Gelfand and Ghosh
(1998). Focusing on prediction, in particular, with regard to replicates of the observed data,
Yirep, £ =1,...,n, the selected models are those that perform well under a so-called bal-
anced loss function. Roughly speaking, this loss function penalizes actions both for departure
from the corresponding observed value (“fit”) as well as for departure from what we expect
the replicate to be (“smoothness”). The loss puts weights k& and 1 on these two components,
respectively, to allow for adjustment of relative regret for the two types of departure.

We avoid details here, but note that for squared error loss, the resulting criterion becomes

k
Dy =-—— P 14
g k+1GJr ’ (5.14)

where G = Z(w — Yr.obs)? and P = Z ol .
=1 =1

In (5.14), ue = E(Yereply) and 07 = Var(Yyeply), ie., the mean and variance of the
predictive distribution of Y7 ., given the observed data y.

The components of Dy have natural interpretations. G is a goodness-of-fit term, while P
is a penalty term. To clarify, we are seeking to penalize complexity and reward parsimony,
just as DIC and other penalized likelihood criteria do. For a poor model we expect large
predictive variance and poor fit. As the model improves, we expect to do better on both
terms. But as we start to overfit, we will continue to do better with regard to goodness of
fit, but also begin to inflate the variance (as we introduce multicollinearity). Eventually the
resulting increased predictive variance penalty will exceed the gains in goodness of fit. So
as with DIC, as we sort through a collection of models, the one with the smallest Dy is
preferred. When k = co (so that Dy = Do = G + P), we will sometimes write D, simply
as D for brevity.

Two remarks are appropriate. First, we may report the first and second terms (excluding
k/(k+1)) on the right side of (5.14), rather than reducing to the single number Dy, Second,
in practice, ordering of models is typically insensitive to the particular choice of k.

The quantities p; and o7 can be readily computed from posterior samples. If under
model m we have parameters 8™, then

PWrreply) = / P(Ye,rep|0™) p(8™|y) dO™ (5.15)

Hence each posterior realization (say, 8°) can be used to draw a corresponding yy ,p from
p(yg,rep|0(m) = 67). The resulting y; .., has marginal distribution p(ys,reply). With samples
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from this distribution we can obtain p, and Uz?- Hence development of Dy, requires an extra
level of simulation, one for one with the posterior samples.

More general loss functions can be used, including the so-called deviance loss (based
upon p(yg|0(m))), again yielding two terms for Dy with corresponding interpretation and
predictive calculation. This enables application to, say, binomial or Poisson likelihoods.
We omit details here since in this book, only (5.14) is used for examples that employ this
criterion.

5.2.3.4 Model assessment using hold out data

An important point is that all of the foregoing criteria evaluate model performance based
upon the data used to fit the model. That is, they use the data twice with regard to model
comparison. Arguably, a more attractive way to compare models is to partition the dataset
into a fitting (or learning) set and a validation or “hold out” set and apply the criterion to
the hold out data after fitting the model to the fitting dataset. This enables us to see how
a model will perform with new data; using the fitted data to compare models will provide
too optimistic an assessment of model performance. Of course, how much data to retain for
fitting and how much to use for hold out is not well defined; it depends upon the modeling
and the amount of available data. Rough suggestions in the literature suggest holding out
as much as 20 — 30%. We don’t think the amount is a critical issue.

When working with point referenced spatial data, prediction is the primary goal. This
is the whole intent of the kriging development in Chapter 6. If we are concerned with the
predictive performance of a model, then holding out data becomes natural. In this regard, we
have two potential perspectives. The first makes a comparison between an observed value,
e.g., an observation at a spatial location and an estimate of this observation, obtained
through, say, kriging. Applied to hold out data, it leads to criteria such as predicted mean
square or absolute error, i.e., the sum of squared differences or absolute differences across
the hold out data.

The second perspective compares an observed value with its associated posterior pre-
dictive distribution (see Chapter 6). For instance, using this distribution, we can create a
posterior 1 — « predictive interval for a held out observation. If we do this across many
observations, we can obtain an empirical coverage probability (proportion of times the pre-
dictive interval contained the observed value) which can be compared with the nominal
1 — « coverage probability. Rough agreement supports the model. Empirical under-coverage
suggests that the model is too optimistic with regard to uncertainty, intervals are too short.
However, over-coverage is also not desirable. It indicates that if predictive intervals are
wider than need be, uncertainty is overestimated.

For model choice, comparing a predictive distribution with an observation takes us
into the realm of probabilistic calibration or forecasting, making forecasts for the future
and providing suitable measures of the uncertainty associated with them. Probabilistic
forecasting has become routine in such applications as weather and climate prediction,
computational finance, and macroeconomic forecasting. In our context, the goodness of
a predictive distribution relative to an observation is measured by how concentrated the
distribution is around the observation. Bypassing all of the elegant theory regarding proper
scoring rules (see Gneiting and Raftery, 2007), the proposed measure is the continuous
rank probability score (CRPS), the squared integrated distance between the predictive
distribution and the degenerate distribution at the observed value,

oo

CRPS(F,y) = / (F(u) — 1(u > y))’du , (5.16)

— 0o

where F' is the predictive distribution and y is the observed value. For us, Y(sg) is the
observation and F' is the posterior predictive distribution for Y (sg). With a collection of
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such hold out observations and associated predictive distributions, we would sum the CRPS
over these observations to create the model comparison criterion. Recall that, under MCMC
model fitting, we will not have F' explicitly but, rather, a sample from F. Fortunately,
Gneiting and Raftery (2007) present a convenient alternative form for (5.16), providing F
has a first moment:

1
CRPS(F.y) = 5ErlY = Y'| + Er|Y —y| (5.17)

where Y and Y’ are independent replicates from F. With samples from F, we have immediate
Monte Carlo integrations to compute (5.17).

Finally, we do not recommend a choice among the model comparison approaches dis-
cussed. Again, DIC works in the parameter space with the likelihood, while the predictive
approaches work in the space of the data with posterior predictive distributions. The former
addresses comparative explanatory performance, while the latter addresses comparative pre-
dictive performance. So, if the objective is to use the model for explanation, we may prefer
DIC; if instead the objective is prediction, we may prefer a predictive criterion. In different
terms, we can argue that, since, with areal unit data, we are most interested in explanation,
DIC will be attractive. In fact, the notion of hold out data is not clear for this setting.
By contrast, with point referenced data, we can easily hold out some locations; predictive
validation/comparison seems the more attractive path.

5.3 Bayesian computation

As mentioned above, in this section we provide a brief introduction to Bayesian comput-
ing, following the development in Chapter 3 of Carlin and Louis (2008). The explosion in
Bayesian activity and computing power in the past 20 or so years has caused a similar
explosion in the number of books in this area. The earliest comprehensive treatment was
by Tanner (1996), with books by Gilks et al. (1996), Gamerman (1997), and Chen et al.
(2000) offering updated and expanded discussions that are primarily Bayesian in focus. Also
significant are the computing books by Liu (2001) and Robert and Casella (2004, 2009),
which, while not specifically Bayesian, still emphasize Markov chain Monte Carlo methods
typically used in modern Bayesian analysis. Perhaps the most current and comprehensive
summary of this activity appears in Brooks, Gelman, Jones, and Meng (2010).

Without doubt, the most widely used computing tools in Bayesian practice today are
Markov chain Monte Carlo (MCMC) methods. This is due to their ability (in principle) to
enable inference from posterior distributions of arbitrarily large dimension, essentially by
reducing the problem to one of recursively addressing a series of lower-dimensional (often
unidimensional) problems. Like traditional Monte Carlo methods, MCMC methods work by
producing not a closed form for the posterior (of a feature of interest) in (5.1), but a sample
of values {0(9), g =1,...,G} from this distribution. In this sense, we revert to the most basic
of statistical ideas in order to learn about a distribution/population, sample from it. While
sampling obviously does not carry as much information as the closed form itself, a histogram
or kernel density estimate based on such a sample is typically sufficient for reliable inference;
moreover such an estimate can be made arbitrarily accurate merely by increasing the Monte
Carlo sample size G. However, unlike traditional Monte Carlo methods, MCMC algorithms
produce correlated samples from this posterior, since they arise as iterative draws from a
particular Markov chain, the stationary distribution of which is the same as the posterior.

The convergence of the Markov chain to the correct stationary distribution can be guar-
anteed for an enormously broad class of posteriors, explaining MCMC’s popularity. But this
convergence is also the source of most of the difficulty in actually implementing MCMC
procedures, for two reasons. First, it forces us to make a decision about when it is safe to
stop the sampling algorithm and summarize its output, an area known in the business as
convergence diagnosis. Second, it clouds the determination of the quality of the estimates
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produced (since they are based not on i.i.d. draws from the posterior, but on correlated
samples. This is sometimes called the variance estimation problem, since a common goal
here is to estimate the Monte Carlo variances (equivalently standard errors) associated with
our MCMC-based posterior estimates.

In the remainder of this section, we introduce the three most popular MCMC algorithms,
the Gibbs sampler, the Metropolis-Hastings algorithm and the slice sampler. We then return
to the convergence diagnosis and variance estimation problems.

5.8.1 The Gibbs sampler

Suppose our model features k parameters, @ = (61, ...,60x)". To implement the Gibbs sam-
pler, we must assume that samples can be generated from each of the full or complete
conditional distributions {p(0; | 0;+,y), ¢ = 1,...,k} in the model. Such samples might
be available directly (say, if the full conditionals were familiar forms, like normals and
gammas) or indirectly (say, via a rejection sampling approach). In this latter case two
popular alternatives are the adaptive rejection sampling (ARS) algorithm of Gilks and
Wild (1992), and the Metropolis algorithm described in the next subsection. In either
case, under mild conditions, the collection of full conditional distributions uniquely deter-
mine the joint posterior distribution, p(6|y), and hence all marginal posterior distributions
POLfy)s i = 1,....k.

Given an arbltrary set of starting values {9(0) PN 9](60)}, the algorithm proceeds as fol-
lows:

Gibbs Sampler: For (t € 1:T), repeat:
Step 1: Draw 0?) from p (91 | H(t R H(t 1) H(t 1) )

Step 2: Draw 0?) from p (92 | 01 ’93“1)7 o olitfl)’y)

Step k: Draw 9](:) from p (Hk | GY), Hét), .. 9,(:) LY

Under mild regularity conditions that are satisfied for most statistical models (see, e.g.,
Geman and Geman, 1984, or Roberts and Smith, 1993), one can show that the k-tuple
obtained at iteration ¢, (th), e ,9,(:))7 converges in distribution to a draw from the true
joint posterior distribution p(61,...,0;|y). This means that for ¢ sufficiently large (say,
bigger than some o), {8®, ¢t = to + 1,...,T} is essentially a (correlated) sample from
the true posterior, from which any posterior quantities of interest may be estimated. For
example, a histogram of the {91@, t =to+1,...,T} themselves provides a simulation-
consistent estimator of the marginal posterior distribution for 6;, p(6; | y). We might also
use a sample mean to estimate the posterior mean, i.e.,

E(b;]y) =

Z o) . (5.18)

0 4 to+1

Similarly, the sample variance provides an estimate of the posterior variance. Quantiles of
the sample provide quantiles of the posterior distribution. The time from ¢t = 0 to ¢ = ¢ is
commonly known as the burn-in period; popular methods for selection of an appropriate tg
are discussed below.

In practice, we may actually run m parallel Gibbs sampling chains, instead of only 1,
for some modest m (say, m = 5). We will see below that such parallel chains may be useful
in assessing convergence of the sampler, and, in any event, can be produced with no extra
time on a multiprocessor computer. By analogy with (5.18), in this case, we would again
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discard all samples from the burn-in period, obtaining the posterior mean estimate,

m T
E(0:ly) = ﬁz DGR (5.19)

j=1t=to+1

where now the second subscript on 6; ; indicates chain number. Again we defer comment on
the issues of how to choose tp and how to assess the quality of (5.19) and related estimators
for the moment.

As a historical footnote, we add that Geman and Geman (1984) chose the name “Gibbs
sampler” because the distributions used in their context (image restoration, where the
parameters were actually the colors of pixels on a screen) were Gibbs distributions (as
previously seen in equation (4.9)). These were in turn named after J.W. Gibbs, a 19th-
century American physicist and mathematician generally regarded as one of the founders
of modern thermodynamics and statistical mechanics. While Gibbs distributions form an
exponential family on potentials that includes most standard statistical models as special
cases, most Bayesian applications do not require anywhere near this level of generality,
typically dealing solely with standard statistical distributions (normal, gamma, etc.). Yet,
despite a few attempts by some Bayesians to choose a more descriptive name (e.g., the
“successive substitution sampling” (SSS) moniker due to Schervish and Carlin, 1992), the
Gibbs sampler name has stuck. As such the Gibbs sampler is yet another example of Stigler’s
Law of Eponymy, which states that no scientific discovery is named for the person(s) who
actually thought of it. (In fact, Stigler’s Law of Eponymy is not due to Stigler (1999),
meaning that it is an example of itself!)

5.3.2 The Metropolis-Hastings algorithm

The Gibbs sampler is easy to understand and implement, but requires the ability to readily
sample from each of the full conditional distributions, p(6; | €, y). Unfortunately, when
the prior distribution p(@) and the likelihood f(y|@) are not a conjugate pair, one or more
of these full conditionals may not be available in closed form. Even in this setting, however,
p(0; | 0, y) will be available up to a proportionality constant, since it is proportional to
the portion of f(y|@) x p(0) that involves 6.

The Metropolis algorithm (or Metropolis-Hastings algorithm) is a rejection algorithm
that attacks precisely this problem, since it requires only a function proportional to the dis-
tribution to be sampled, at the cost of requiring a rejection step from a particular candidate
density. Like the Gibbs sampler, this algorithm was not developed by statistical data ana-
lysts for this purpose, but by statistical physicists working on the Manhattan Project in the
1940s seeking to understand the particle movement theory underlying the first atomic bomb
(one of the coauthors on the original Metropolis et al. (1953) paper was Edward Teller,
who is often referred to as “the father of the hydrogen bomb”). In this regard, it was used to
implement forward simulation of realizations (scenarios) under a complex, high-dimensional
model. Fortunately, in this context, it was never fitted to real datal

While as mentioned above our main interest in the algorithm is for generation from
(typically univariate) full conditionals, it is most easily described (and theoretically sup-
ported) for the full multivariate 6 vector. Thus, suppose for now that we wish to generate
from a joint posterior distribution distribution p(@|y) o h(6) = f(y|0)p(0). We begin by
specifying a candidate density ¢(0* |0(t71)) that is a valid density function for every possible
value of the conditioning variable 8¢~Y | and satisfies ¢(8*|0%~1) = ¢(0*~1]0"), i.e., ¢ is
symmetric in its arguments. Given a starting value 0 at iteration ¢t = 0, the algorithm
proceeds as follows:
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Metropolis Algorithm: For (¢t € 1: T, repeat:

1. Draw 6" from ¢(-|8"~Y)

2. Compute the ratio r = h(8*)/h(6 V) = exp[log h(8*) — log h(8' )]

3. Ifr > 1, set 01 = 6*;
. 0™ with probability 7

Hr <1, set 0" = { 0% with probability 1 —r
Then under generally the same mild conditions as those supporting the Gibbs sampler,
a draw 0 converges in distribution to a draw from the true posterior density p(0)y).
Note however that when the Metropolis algorithm (or the Metropolis-Hastings algorithm
below) is used to update within a Gibbs sampler, it never samples from the full conditional
distribution. Convergence using Metropolis steps, then, would be expected to be slower than
that for a regular Gibbs sampler.

Recall that the steps of the Gibbs sampler were fully determined by the statistical model
under consideration (since full conditional distributions for well-defined models are unique).
By contrast, the Metropolis algorithm affords substantial flexibility through the selection of
the candidate density ¢. This flexibility can be a blessing and a curse: while theoretically we
are free to pick almost any candidate density, in practice only a “good” choice will result in
sufficiently many candidate acceptances. The usual approach (after 8 has been transformed
to have support %%, if necessary) is to set

(076"~ V) = N(6*]6"" V.3 (5.20)

since this distribution obviously satisfies the symmetry property, and is “self correcting”
(candidates are always centered around the current value of the chain). Equation (5.20) is
usually referred to as a “random walk” proposal density. Specification of ¢ then comes down
to specification of 3. Here we might try to mimic the posterior variance by setting ¥ equal
to an empirical estimate of the true posterior variance, derived from a preliminary sampling
run.

The reader might well imagine an optimal choice of ¢ would produce an empirical ac-
ceptance ratio of 1, the same as the Gibbs sampler (and with no apparent “waste” of
candidates). However, the issue is rather more subtle than this: accepting all or nearly all
of the candidates is often the result of an overly narrow candidate density. Such a density
will “baby-step” around the parameter space, leading to high acceptance but also high au-
tocorrelation in the sampled chain and slow exploration of the support for the distribution.
An overly dispersed candidate density will also struggle, proposing leaps to places far from
the bulk of the support of the posterior, leading to high rejection and, again, high auto-
correlation. Thus the “folklore” here is to choose ¥ so that roughly 50% of the candidates
are accepted. Subsequent theoretical work (e.g., Gelman et al., 1996) indicates even lower
acceptance rates (25 to 40%) are optimal, but this result varies with the dimension and true
posterior correlation structure of .

As a result, choice of ¥ is often done adaptively. For instance, in one dimension (setting
¥ =5, and thus avoiding the issue of correlations among the elements of 6), a common trick
is to simply pick some initial value of &, and then keep track of the empirical proportion of
candidates that are accepted. If this fraction is too high (75 to 100%), we simply increase 7; if
it is too low (0 to 20%), we decrease it. Since adaptation infinitely often can actually disturb
the chain’s convergence to the desired stationary distribution, the simplest approach is to
allow this adaptation only during the burn-in period, a practice sometimes referred to as pilot
adaptation. This is in fact the approach currently used by WinBUGS, where the default pilot
period is 4000 iterations. A more involved alternative is to allow adaptation at regeneration
points which, once defined and identified, break the Markov chain into independent sections.
See, e.g., Mykland, Tierney and Yu (1995), Mira and Sargent (2000), and Hobert et al.
(2002) for discussions of the use of regeneration in practical MCMC settings.
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As mentioned above, in practice the Metropolis algorithm is often employed as a sub-
step in a larger Gibbs sampling algorithm, used to generate from awkward full conditionals.
Such hybrid Gibbs-Metropolis applications were once known as “Metropolis within Gibbs”
or “Metropolis substeps,” and users would worry about how many such substeps should be
used. Fortunately, it was soon realized that a single substep was sufficient to ensure conver-
gence of the overall algorithm, and so this is now standard practice: when we encounter an
awkward full conditional (say, for 6;), we simply draw one Metropolis candidate, accept or
reject it, and move on to 6;41. Further discussion of convergence properties and implemen-
tation of hybrid MCMC algorithms can be found in Tierney (1994) and Carlin and Louis
(2000, Sec. 5.4.4).

We end this subsection with the important generalization of the Metropolis algorithm
devised by Hastings (1970). In this variant we drop the requirement that ¢ be symmetric
in its arguments, which is often useful for bounded parameter spaces (say, § > 0) where
Gaussian proposals as in (5.20) are not natural.

Metropolis-Hastings Algorithm: In Step 2 of the Metropolis algorithm above, replace
the acceptance ratio r by

h(0")q(0" V) | 67)
h(O")q(0% | 01

Then again under mild conditions, a draw o® converges in distribution to a draw from the
true posterior density p(8]y) as t — oo.

In practice we often set q(0* |0(t_1)) = q(6%), i.e., we use a proposal density that ignores
the current value of the variable. This algorithm is sometimes referred to as a Hastings
independence chain, so named because the proposals (though not the final 2 values) form
an independent sequence. While easy to implement, this algorithm can be difficult to tune;
it will converge slowly unless the chosen ¢ is rather close to the true posterior (which is of
course unknown in advance).

(5.21)

5.8.8  Slice sampling

An alternative to the Metropolis-Hastings algorithm that is still quite general is slice
sampling (Neal, 2003). In its most basic form, suppose we seek to sample a univariate
9 ~ f(9) = h(B)/ [h(8)dl, where h(f) is known. Suppose we add a so-called auziliary
variable U such that U|@ ~ Unif(0,h(#)). Then the joint distribution of 6 and U is
p(0,u) x 1-I(U < h()), where I denotes the indicator function. If we run a Gibbs sampler
drawing from U|6 followed by 6|U at each iteration, we can obtain samples from p(f, u), and
hence from the marginal distribution of 6, f(6). Sampling from 6|u requires a draw from a
uniform distribution for 6 over the set Sy = {6 : U < h(6)}.

Figure 5.1 reveals why this approach is referred to as slice sampling. U “slices” the
nonnormalized density, and the resulting “footprint” on the axis provides Sy. If we can
enclose Sy in an interval, we can draw € uniformly on this interval and simply retain it only
it U < h(0) (i.e., if 8 € Sy). If 0 is instead multivariate, Sy is more complicated and now
we would need a bounding rectangle.

Note that if h(0) = hy(0)h2(6) where, say, hq is a standard density that is easy to sample,
while hs is nonstandard and difficult to sample, then we can introduce an auxiliary variable
U such that U|6 ~ U(0, ha(9)). Now p(0,u) = h1(0)I(U < ha()). Again U|f is routine to
sample, while to sample 8|U we would now draw 6 from hq(#) and retain it only if € is such
that U < ha ().

Slice sampling incurs problems similar to rejection sampling in that we may have to draw
many 0’s from h; before we are able to retain one. On the other hand, it has an advantage
over the Metropolis-Hastings algorithm in that it always samples from the exact full condi-
tional p(f|u). As noted above, Metropolis-Hastings does not, and thus slice sampling would
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Figure 5.1 Illustration of slice sampling. For this bimodal distribution, Sy is the union of two
disjoint intervals.

be expected to converge more rapidly. Nonetheless, overall comparison of computation time
may make one method a winner for some cases, and the other a winner in other cases.
We do remark that slice sampling is attractive for fitting a large range of point-referenced
spatial data models, as we detail in Appendix Section A.2 following Agarwal and Gelfand
(2005). In fact, it has become useful in the context of spatial point pattern data for fitting
so-called log Gaussian Cox processes. See Section 8.4.3 and the papers Murray et al. (2010)
and Murray and Adams (2010).

5.8.4 Convergence diagnosis

As mentioned above, the most problematic part of MCMC computation is deciding when
it is safe to stop the algorithm and summarize the output. This means we must make a
guess as to the iteration ty after which all output may be thought of as coming from the
true stationary distribution of the Markov chain (i.e., the true posterior distribution). The
most common approach here is to run a few (say, m = 3 or 5) parallel sampling chains,
initialized at widely disparate starting locations that are overdispersed with respect to the
true posterior. These chains are then plotted on a common set of axes, and these trace plots
are then viewed to see if there is an identifiable point ty after which all m chains seem to
be “overlapping” (traversing the same part of 8-space).

Sadly, there are obvious problems with this approach. First, since the posterior is un-
known at the outset, there is no reliable way to ensure that the m chains are “initially
overdispersed,” as required for a convincing diagnostic. We might use extreme quantiles of
the prior p(@) and rely on the fact that the support of the posterior is typically a subset of
that of the prior, but this requires a proper prior and in any event is perhaps doubtful in
high-dimensional or otherwise difficult problems. Second, it is hard to see how to automate
such a diagnosis procedure, since it requires a subjective judgment call by a human viewer.
A great many papers have been written on various convergence diagnostic statistics that
summarize MCMC output from one or many chains that may be useful when associated
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with various stopping rules; see Cowles and Carlin (1996) and Mengersen et al. (1999) for
reviews of many such diagnostics.

Among the most popular diagnostic is that of Gelman and Rubin (1992). Here, we
run a small number (m) of parallel chains with different starting points that are “initially
overdispersed” with respect to the true posterior. (Of course, since we don’t know the
true posterior before beginning there is technically no way to ensure this; still, the rough
location of the bulk of the posterior may be discernible from known ranges, the support of
the (proper) prior, or perhaps a preliminary posterior mode-finding algorithm.) Running
the m chains for 2N iterations each, we then try to see whether the variation within the
chains for a given parameter of interest A approximately equals the total variation across the
chains during the latter N iterations. Specifically, we monitor convergence by the estimated
scale reduction factor,

@:\/<N§1+m+13> df (5.22)

mN W ) df —2°

where B/N is the variance between the means from the m parallel chains, W is the average
of the m within-chain variances, and df is the degrees of freedom of an approximating
t density to the posterior distribution. Equation (5.22) is the factor by which the scale
parameter of the ¢ density might shrink if sampling were continued indefinitely; the authors
show it must approach 1 as N — cc.

The approach is fairly intuitive and is applicable to output from any MCMC algorithm.
However, it focuses only on detecting bias in the MCMC estimator; no information about the
accuracy of the resulting posterior estimate is produced. It is also an inherently univariate
quantity, meaning it must be applied to each parameter (or parametric function) of interest
in turn, although Brooks and Gelman (1998) extend the Gelman and Rubin approach
in three important ways, one of which is a multivariate generalization for simultaneous
convergence diagnosis of every parameter in a model.

While the Gelman-Rubin-Brooks and other formal diagnostic approaches remain pop-
ular, in practice very simple checks often work just as well and may even be more robust
against “pathologies” (e.g., multiple modes) in the posterior surface that may easily fool
some diagnostics. For instance, sample autocorrelations in any of the observed chains can
inform about whether slow traversing of the posterior surface is likely to impede conver-
gence. Sample cross-correlations (i.e., correlations between two different parameters in the
model) may identify ridges in the surface (say, due to collinearity between two predictors)
that will again slow convergence; such parameters may need to be updated in multivariate
blocks, or one of the parameters dropped from the model altogether. Combined with a visual
inspection of a few sample trace plots, the user can at least get a good feeling for whether
posterior estimates produced by the sampler are likely to be reliable. However, as a caveat,
all convergence diagnostics explore solely MCMC output. They never compare proximity of
the output to the truth since the truth is not known (if it was, we wouldn’t be implementing
an MCMC algorithm).

5.3.5 Variance estimation

An obvious criticism of Monte Carlo methods generally is that no two analysts will obtain
the same answer, since the components of the estimator are random. This makes assess-
ment of the variance of these estimators an important point. Combined with a central
limit theorem, the result would be an ability to test whether two Monte Carlo estimates
were significantly different. For example, suppose we have a single chain of N post-burn-in
samples of a parameter of interest A, so that our basic posterior mean estimator (5.18)
becomes E(A|y) =y = % Zivzl A®) . Assuming the samples comprising this estimator are
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independent, a variance estimate for it would be given by
Varia(An) = s3/N = Z (A —3y)?, (5.23)
t:l

i.e., the sample variance, s3 = Zi\]:l (A —Xy)2, divided by N. But while this estimate
is easy to compute, it would very likely be an underestimate due to positive autocorrelation
in the MCMC samples. One can resort to thinning, which is simply retaining only every kth
sampled value, where k is the approximate lag at which the autocorrelations in the chain
become insignificant. However, MacEachern and Berliner (1994) show that such thinning
from a stationary Markov chain always increases the variance of sample mean estimators,
and is thus suboptimal. This is intuitively reminiscent of Fisher’s view of sufficiency: it is
never a good idea to throw away information (in this case, (k—1)/k of our MCMC samples)
just to achieve approximate independence among those that remain.

A better alternative is to use all the samples, but in a more sophisticated way. One such
alternative uses the notion of effective sample size, or ESS (Kass et al., 1998, p. 99). ESS
is defined as

ESS = N/k(\),

where k(\) is the autocorrelation time for A, given by
AN =1+2) pe(N), (5.24)
k=1

where pi () is the autocorrelation at lag k for the parameter of interest A. We may estimate
k(A) using sample autocorrelations estimated from the MCMC chain. The variance estimate

for Ay is then

Varmss(n) = 82 /BESS(\) = % ;( O
Note that unless the A(® are uncorrelated, () > 1 and ESS(\) < N, so that
@ESS(;\N) > @"iid(S\N), in concert with intuition. That is, since we have fewer than N
effective samples, we expect some inflation in the variance of our estimate.

In practice, the autocorrelation time x(\) in (5.24) is often estimated simply by cutting
off the summation when the magnitude of the terms first drops below some “small” value
(say, 0.1). This procedure is simple but may lead to a biased estimate of k(X). Gilks et
al. (1996, pp. 50-51) recommend an initial convex sequence estimator mentioned by Geyer
(1992) which, while still output-dependent and slightly more complicated, actually yields a
consistent (asymptotically unbiased) estimate here.

A final and somewhat simpler (though also more naive) method of estimating Var(Ay)
is through batching. Here we divide our single long run of length IV into m successive batches
of length k (i.e., N = mk), with batch means B, ..., By,. Clearly Ay = B = 23" B;.
We then have the variance estimate

m

Varsaen(Ay) = (5.25)

m(m —1) —
provided that k is large enough so that the correlation between batches is negligible, and m
is large enough to reliably estimate Var(B;). It is important to verify that the batch means
are indeed roughly independent, say, by checking whether the lag 1 autocorrelation of the
B; is less than 0.1. If this is not the case, we must increase k (hence IV, unless the current
m is already quite large), and repeat the procedure.
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Regardless of which of the above estimates, V, is used to approximate Var(;\ ~N), a 95%
confidence interval for F(\|y) is then given by

Ay + 2.025\/5 ;

where z 925 = 1.96, the upper .025 point of a standard normal distribution. If the batching
method is used with fewer than 30 batches, it is a good idea to replace z 925 by tm—1,.025,
the upper .025 point of a ¢ distribution with m — 1 degrees of freedom. WinBUGS offers both
naive (5.23) and batched (5.25) variance estimates; this software is the subject of the next
section.

5.4 Computer tutorials
5.4.1 Basic Bayesian modeling in R

In this subsection we merely point out that for simple (typically low-dimensional) Bayesian
calculations employing standard likelihoods paired with conjugate priors, the built-in den-
sity, quantile, and plotting functions in standard statistical packages may well offer sufficient
power; there is no need to use a “Bayesian” package per se. In such cases, statisticians might
naturally turn to R due to its broad array of libraries and special functions (especially those
offering summaries of standard distributions), graphics, interactive environments, and easy
extendability.

As a concrete example, suppose we are observing a data value Y from a Bin(n,0)
distribution, with density proportional to

p(y]6) o ¥(1 — o)™ . (5.26)

The Beta(a, 8) distribution offers a conjugate prior for this likelihood, since its density is
proportional to (5.26) as a function of 6, namely

p(f) x 9°71(1 —9)"~ L. (5.27)
Using Bayes’ Rule (5.1), it is clear that

pOly) o gL —g)nTvriTt
x Beta(ly+a, n—y+p), (5.28)

another Beta distribution.

Now consider a setting where n = 10 and we observe Y = y,ps = 7. Choosing o = =1
(i.e., a uniform prior for ), the posterior is a Beta(yops + 1,n — Yobs + 1) = Beta(8,4)
distribution. In R we can obtain a plot of this distribution by typing

> theta <- seq(from=0, to=1, length=101)

> yobs <= 7; n <- 10

> plot(theta, dbeta(theta, yobs+l, n-yobs+1), type="1",

ylab="posterior density",xlab="")

The posterior median may be obtained as

> gbeta(.5, yobs+1l, n-yobs+1)

while the endpoints of a 95% equal-tail credible interval are

> gbeta(c(.025, .975), yobs+l, n-yobs+1)

In fact, these points may be easily added to our posterior plot (see Figure 5.2) by typing

> abline(v=qgbeta(.5, yobs+l, n-yobs+1))

> abline(v=qgbeta(c(.025, .975), yobs+l, n-yobs+l), lty=2)
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Figure 5.2 Illustrative beta posterior, with vertical reference lines added at the .025, .5, and .975
quantiles.

The pbeta and rbeta functions may be used similarly to obtain prespecified posterior
probabilities (say, Pr(6 < 0.8|yobs)) and random draws from the posterior, respectively.

Indeed, similar density, quantile, cumulative probability, and random generation routines
are available in R for a wide array of standard distributional families that often emerge as
posteriors (gamma, normal, multivariate normal, Dirichlet, etc.). Thus in settings where
MCMC techniques are unnecessary, these languages may offer the most sensible approach.
They are especially useful in situations requiring code to be wrapped around statements
like those above so that repeated posterior calculations may be performed. For example,
when designing an experiment to be analyzed at some later date using a Bayesian pro-
cedure, we would likely want to simulate the procedure’s performance in repeated sam-
pling (the Bayesian analog of a power or “sample size” calculation). Such repeated sam-
pling might be of the data for fixed parameters, or over both the data and the parame-
ters. (We hasten to add that WinBUGS can be called from R, albeit in a special way; see
www.stat.columbia.edu/ gelman/bugsR/. Future releases of WinBUGS may be available
directly within R itself.)

5.4.2  Advanced Bayesian modeling in WinBUGS

In this subsection we provide a introduction to Bayesian data analysis in WinBUGS, the
most well-developed and general Bayesian software package available to date. WinBUGS is
the Windows successor to BUGS, a UNIX package whose name originally arose as a hu-
morous acronym for Bayesian inference Using Gibbs Sampling. The package is freely
available from the website http://www.mrc-bsu.cam.ac.uk/bugs/welcome.shtml. The
software comes with a user manual, as well as two examples manuals that are enormously
helpful for learning the language and various strategies for Bayesian data analysis.

We remark that for further examples of good applied Bayesian work, in addition to the
fine book by Gilks et al. (1996), there are the series of “Bayesian case studies” books by
Gatsonis et al. (1993, 1995, 1997, 1999, 2002, 2003) and the Bayesian modeling book by
Congdon (2001). While this lattermost text assumes a walking familiarity with the Bayesian
approach, it also includes a great many examples and corresponding computer code for their
implementation in WinBUGS.
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WinBUGS has an interactive environment that enables the user to specify models (hierar-
chical) and it actually performs Gibbs sampling to generate posterior samples. Convergence
diagnostics, model checks and comparisons, and other helpful plots and displays are also
available. We will now look at some WinBUGS code for greater insight into its modeling
language.

Example 5.3 The line example from the main WinBUGS manual will be considered in
stages, in order to both check the installation and to illustrate the use of WinBUGS.

Consider a set of 5 (obviously artificial) (X,Y") pairs: (1, 1), (2, 3), (3, 3), (4, 3), (5, 5).
We shall fit a simple linear regression of Y on X using the notation,

}/i ~ N(Mi70-2) )
where u; = a+ fx; .

As the WinBUGS code below illustrates, the language allows a concise expression of the model,
where dnorm(a,b) denotes a normal distribution with mean a and precision (reciprocal of
the variance) b, and dgamma (c,d) denotes a gamma distribution with mean ¢/d and variance
c¢/d?. The data means mu[i] are specified using a logical link (denoted by <-), instead of a
stochastic one (denoted by ~). The second logical expression allows the standard deviation
o to be estimated.
model
{
for(i in 1:N){
Y[i] ~ dnorm(muli], tau)
mul[i] <- alpha + beta * x[i]
}

sigma <- 1/sqrt(tau)

alpha ~ dnorm(O, 1.0E-6)
beta ~ dnorm(0, 1.0E-6)

tau ~ dgamma(1.0E-3, 1.0E-3)

}

The parameters in the Gibbs sampling order here will be «, 3, and 7 = 1/0?; note all
are given proper but minimally informative prior distributions.

We next need to load in the data. The data can be represented using R object notation
as: list(x = ¢(1, 2, 3, 4, 5), Y=c(1, 3, 3, 3, 5), N = 5), or as a combination
of an R object and a rectangular array with labels at the head of the columns:

list(N=5)
x[] Y[]
11
2 3
3 3
4 3
5 5

Implementation of this code in WinBUGS is most easily accomplished by pointing and
clicking through the menu on the Model/Specification, Inference/Samples, and
Inference/Update tools.

Example 5.4 Consider a basic kriging model of the form

Y ~ MVN (p,w*H(¢)+v°1),
where p = X[3.
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Here I is an N x N identity matrix, while ¥ = w?H (¢), an N x N correlation matrix of
the form H(¢);; = exp(—¢d;;) where as usual d;; is the distance between locations ¢ and j.
What follows is some WinBUGS code to do this problem directly, i.e., using the multivari-
ate normal distribution dnorm and constructing the H matrix directly using the exponential
(exp) and power (pow) functions.
model
{
for(i in 1:N) {
Y[i] ~ dnorm(mu[i], tauv)
mul[i] <- inprod(X[i,],betall) + W[i]
muW[i] <- 0
¥
for(i in 1:p) {betali]l ~ dnorm(0.0, 0.0001)}
W[1:N] ~ dmnorm(muW([], Omegal,])
tauv ~ dgamma(0.001,0.001)
v <- 1/sqrt(tauv)
tauw ~ dgamma(0.001,0.001)
w <- 1/sqrt(tauw)
phi~ dgamma(0.01,0.01)

for (i in 1:N) {
for(j in 1:N) {
H[i,j] <- (1/tauw)*exp(-phi*pow(d[i,j],2)) } }
Omegal[1:N,1:N] <- inverse(H[1:N,1:N])

}

We can also fit this model using the spatial.exp function now available in WinBUGS
releases 1.4 and later:
model
{
for(i in 1:N) {
Y[i] ~ dnorm(mu[i], tauv
mul[i] <- inprod(X[i,],betal]l) + W[i]
muW[i] <- O
}
for(i in 1:p) {betalil ~ dnorm(0.0, 0.0001)}
W[1:N] ~ spatial.exp(muW[], x[]1, y[], tauw, phi, 1)
tauv ~ dgamma(0.001,0.001)
v <- 1/sqrt(tauv)
tauw ~ dgamma(0.001,0.001)
w <- 1/sqrt(tauw)
phi ~ dgamma(0.01,0.01)
}
You are asked to compare the results of these two approaches using a “toy” (N = 10)
data set in Exercise 4.

5.5 Exercises

1. During her senior year in high school, Minnesota basketball sensation Carolyn Kieger
scored at least 30 points in 9 consecutive games, helping her team win 7 of those games.
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| Points scored by |
Game Kieger Rest of team Game outcome
1 31 31 W, 62-49
2 31 16 W, 47-39
3 36 35 W, 71-64
4 30 42 W, 72-48
5 32 19 L, 64-51
6 33 37 W, 70-49
7 31 29 W, 60-37
8 33 23 W, 56-45
9 32 15 L, 57-47

Table 5.1 Carolyn Kieger prep basketball data.

The data for this remarkable streak are shown in Table 5.1. Notice that the rest of the
team combined managed to outscore Kieger on only 2 of the 9 occasions.

A local press report on the streak concluded (apparently quite sensibly) that Kieger was
primarily responsible for the team’s relatively good win-loss record during this period.
A natural statistical model for testing this statement would be the logistic regression
model,

ind

Y, '~ Bernoulli(p;),
where logit(p;) = Bo+ Bix1i + B2xai -

Here, Y; is 1 if the team won game ¢ and 0 if not, z1; and x; are the corresponding points
scored by Kieger and the rest of the team, respectively, and the logit transformation is
defined as logit(p;) = log(p;/(1 — p;i)), so that

_ exp(Bo + Brx1i + Boxai)
1+ exp(Bo + Bix1; + Bowai)

(a) Using vague (or even flat) priors for the f£;, j = 0,1,2, fit this model
to the data using the WinBUGS package. After downloading the program from
http://www.mrc-bsu.cam.ac.uk/bugs/ you may wish to follow the models provided
by the similar Surgical or Beetles examples (click on “Help” and pull down to
“Examples Vol I” or “Examples Vol II”). Obtain posterior summaries for the 3; pa-
rameters, as well as a DIC score and effective number of parameters pp. Also inves-
tigate MCMC convergence using trace plots, autocorrelations, and crosscorrelations
(the latter from the “Correlations” tool under the “Inference” menu). Is this model
acceptable, numerically or statistically?

i

(b) Fit an appropriate two-parameter reduction of the model in part (a). Center the
remaining covariate(s) around their own mean to reduce crosscorrelations in the pa-
rameter space, and thus speed MCMC convergence. Is this model an improvement?

(c) Fit one additional two-parameter model, namely,

logit(p;) = Bo + P12

where z; = x1;/(21; + x2;), the proportion of points scored by Kieger in game i. Again
investigate convergence behavior, the 3; posteriors, and model fit relative to those in
parts (a) and (b).

(d) For this final model, look at the estimated posteriors for the p; themselves, and in-
terpret the striking differences among them. What does this suggest might still be
missing from our model?
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2.

4

5

Show that (5.20) is indeed a symmetric proposal density, as required by the conditions
of the Metropolis algorithm.
Suppose now that 6 is univariate but confined to the range (0, 00), with density propor-
tional to h(0).
(a) Find the Metropolis acceptance ratio r assuming a Gaussian proposal density (5.20).
Is this an efficient generation method?
(b) Find the Metropolis acceptance ratio r assuming a Gaussian proposal density for
n = log 6. (Hint: Don’t forget the Jacobian of this transformation!)
(c) Finally, find the Metropolis-Hastings acceptance ratio r assuming a Gamma(a, b) pro-
posal density for 6.

. Using the WinBUGS code and corresponding data set available from the web at

www.biostat.umn.edu/ “brad/data/direct.bug, attempt to fit the Bayesian kriging
model in Example 5.4.

) Using the “direct” code (which builds the H(¢) matrix explicitly).

5

(
(b)

(¢) Do your results in (a) and (b) agree? How do the runtimes compare?

(d) Check to see if WinBUGS can handle the N = 100 case using the simulated data set
www.biostat.umn.edu/"brad/data/direct.bigdat with a suitably modified version
of your code.

Using the intrinsic spatial.exp function in WinBUGS 1.4.

. Guo and Carlin (2004) consider a joint analysis of the AIDS longitudinal and survival data

originally analyzed separately by Goldman et al. (1996) and Carlin and Louis (2000, Sec.
8.1). These data compare the effectiveness of two drugs, didanosine (ddl) and zalcitabine
(ddC), in both preventing death and improving the longitudinal CD4 count trajectories
in patients with late-stage HIV infection. The joint model used is one due to Henderson,
Diggle, and Dobson (2000), which links the two submodels using bivariate Gaussian
random effects. Specifically,
Longitudinal model: For data yi1,¥i2,...,%in, from the ith subject at times
Sil1ySi2y -+ -3 Si,ng let

Yij = pi(sij) + Wiilsi;) + €ij (5.29)
where p;(s) = x7;(s)B; is the mean response, Wy;(s) = d¥(s)U; incorporates subject-
specific random effects (adjusting the main trajectory for any subject), and €;; ~ N (0, a?)
is a sequence of mutually independent measurement errors. This is the classic longitudinal
random effects setting of Laird and Ware (1982).

Survival model: Letting t; is time to death for subject ¢, we assume the parametric model,
t, ~ Weibull (p, 14(¢))

where p > 0 and

log(pi(t)) = x3;() By + Wai(t) .
Here, (3, is the vector of fixed effects corresponding to the (possibly time-dependent)
explanatory variables x2;(¢) (which may have elements in common with x1;), and Wo;(t)
is similar to Wi;(s), including subject-specific covariate effects and an intercept (often
called a frailty).
The specific joint model studied by Guo and Carlin (2004) assumes

Wli(S) = Uy +Us s, and (530)
Wai(t) = Ui+ 72Uz +7v3(Uri + U2it) + Us; (5.31)
where (Uy;, Ug;) T (S N(0,%) and Us; ud N(0,02), independent of the (U4, Us;)T. The 1,
2, and -y parameters in model (5.31) measurethe association between the two submodels
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induced by the random intercepts, slopes, and fitted longitudinal value at the event time
Whi(t), respectively.

(a)

Use the code at www.biostat.umn.edu/ brad/software.html to fit the version of
this model with Us; = 0 for all i (“Model XII”) in WinBUGS, as well as the further
simplied version that sets v3 = 0 (“Model XI”). Which model fits better according to
the DIC criterion?

For your chosen model, investigate and comment on the posterior distributions of 1,
72, P1,3 (the relative effect of ddI on the overall CD4 slope), and B2 2 (the relative
effect of ddI on survival).

For each drug group separately, estimate the posterior distribution of the median sur-
vival time of a hypothetical patient with covariate values corresponding to a male who
is AIDS-negative and intolerant of AZT at study entry. Do your answers change if you
fit only the survival portion of the model (i.e., ignoring the longitudinal information)?
Use the code at www.biostat.umn.edu/ brad/software.html to fit the SAS Proc
NLMIXED code (originally written by Dr. Oliver Schabenberger) for Models XI and XII
above. Are the answers consistent with those you obtained from WinBUGS above? How
do the computer runtimes compare? What is your overall conclusion about Bayesian
versus classical estimation in this setting?






Chapter 6

Hierarchical modeling for univariate spatial
data

Having reviewed the basics of inference and computing under the hierarchical Bayesian
modeling paradigm, we now turn our attention to its application in the setting of univari-
ate point-referenced and areal unit data. Many of the models discussed in Chapter 3 and
Chapter 4 will be of interest, but now they may be introduced in either the first-stage speci-
fication, to directly model the data in a spatial fashion, or in the second-stage specification,
to model spatial structure in the random effects. We begin with models for point-level data,
and proceed on to areal data models.

There is a substantial body of literature focusing on spatial prediction from a Bayesian
perspective. Early work includes Le and Zidek (1992), Handcock and Stein (1993), Brown,
Le, and Zidek (1994), Handcock and Wallis (1994), DeOliveira, Kedem, and Short (1997),
Ecker and Gelfand (1997), Diggle, Tawn, and Moyeed (1998), and Karson et al. (1999).
The work of Woodbury (1989), Abrahamsen (1993), and Omre and colleagues (Omre, 1987;
Omre, 1988; Omre and Halvorsen, 1989; Omre, Halvorsen, and Berteig, 1989; and Hjort
and Omre, 1994) is partially Bayesian in the sense that prior specification of the mean
parameters and covariance function are elicited; however, no distributional assumption is
made for the Y'(s). Since the publication of the first edition of this book, there has been an
explosion of Bayesian spatial work; too many papers to cite here. Rather, the reader will
find references to them sprinkled throughout the remaining chapters of this new edition.

6.1 Stationary spatial process models

The basic model we will work with is
Y(s) = pu(s) + w(s) + €(s) , (6.1)

where the mean structure u(s) = x7 (s)3. The residual is partitioned into two pieces, one
spatial and one nonspatial. That is, the w (s) are assumed to be realizations from a zero-
centered stationary Gaussian spatial process (see Section 3.1), capturing residual spatial
association, while the €(s) are uncorrelated pure error terms. Thus, for the covariance
functions presented in Chapter 2, the w(s) introduce the partial sill (02?) and range (¢)
parameters, while the e(s) add the nugget effect (72). Valid correlation functions were
discussed in Section 2.1. More specifically, supplying the correlation function as a function
of the separation between sites yields a stationary model. If this dependence is captured only
through the distance ||s; — s,||, we obtain isotropy. Again, the most common such forms
(exponential, Matérn, etc.) were presented in Subsection 2.1.3 and Tables 2.1 and 2.2.
Several interpretations can be attached to €(s) and its associated variance 72. For in-
stance, €(s) can be viewed as a pure error term, as opposed to the spatial error term w(s).
That is, we would not necessarily insist that the residual error be entirely spatially struc-
tured. Correspondingly, the nugget 72 is a variance component of Y (s), as is 0. In other
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words, while w(s + h) — w(s) — 0 as h — 0 (if process realizations are continuous; see
Subsection 3.1.4 and Section 13.2), [w(s + h) + e(s + h)] — [w(s) — €(s)] will not. We are
proposing residuals that are not spatially continuous, but not because the spatial process
is not smooth. Instead, it is because we envision additional variabilty associated with the
observed process, Y (s). This could be viewed as measurement error (as might be the case
with data from a monitoring device) or more generally as “noise” associated with replication
of measurement at location s (as might be the case with the sale of a single-family home at
s, in which case €(s) would capture the effect of the particular seller, buyer, realtors, and
SO on).

Another view of 72 is that it represents microscale variability, i.e., variability at dis-
tances smaller than the smallest interlocation distance in the data. In this sense, arguably,
€(s) could also be viewed as a spatial process, but with very rapid decay in association,
i.e., with very small range. The dependence between the €(s) would only matter at very
high resolution. In this regard, Cressie (1993, pp. 112-113) suggests that ¢(s) and 72 may
themselves be partitioned into two pieces, one reflecting pure error and the other reflecting
microscale error. In practice, we will rarely know much about the latter (and the data can
not inform about it since we never observe the process at finer spatial resolution), so in this
book we employ €(s) to represent only the former.

6.1.1 Isotropic models

Suppose we have data Y (s;), i = 1,...,n, and let Y = (Y (s1),...,Y(s,))”. The basic
Gaussian isotropic kriging models of Section 2.4 are a special case of the general linear
model, and therefore their Bayesian analysis can be viewed as a special case of Example 5.2.
The problem just boils down to the appropriate definition of the ¥ matrix. For example, in

the case with a nugget effect,
Y =0?H (¢) + 71,

where H is a correlation matrix with H;; = p(s; —s;; ¢) and p is a valid isotropic correlation
function on R? indexed by a parameter (or parameters) ¢. Collecting the entire collection

. T . . .
of model parameters into a vector @ = (8,0%,72,¢)", a Bayesian solution requires an
appropriate prior distribution p (6). Parameter estimates may then be obtained from the
posterior distribution, which by (5.1) is

p(Oly) < f (y|0)p(0) , (6.2)

where
Y |60~N(XB,o?H (¢)+7°I) . (6.3)

6.1.1.1 Prior specification

Typically, independent priors are chosen for the different parameters, i.e.,

and natural candidates are multivariate normal for 3 and inverse gamma for o2 and 72.

Specification for ¢ of course depends upon the choice of p function; in the simple exponential
case where p(s; — s;;¢) = exp(—¢||s; — s;||) (and ¢ is thus univariate), a gamma might
seem sensible. However, at this point, we need to devote a few paragraphs to a more careful
development of prior specifications. First, let us consider the setting with no nugget so
Y = 02H(¢). Let’s focus on the Matérn class of covariance function. An elegant result due
to Zhang (2004), which requires a somewhat sophisticated analysis of equivalent measures
for stochastic processes, tells us that for the Matérn covariance function with smoothness
parameter v, the product 02¢? can be identified but not the individual parameters. For
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instance, with the exponential, we can identify 02¢ but not the range or the variances
themselves. Only if we fix one can we identify the other. Implications for inference become
apparent. Kriging will only be sensitive to the product. Which parameter are we more
interested in learning about? Likely, it is the spatial variance, especially in the interests of
comparison with the pure error variance. The two variance components inform about the
relative strength of the spatial story vs. the pure error story, suggesting greater interest in
o?. Furthermore, generally, learning regarding the spatial range is weak. So, practically, we
recommend a very informative prior for ¢ and a relatively vague prior for 2. For the former,
rather than a Gamma distribution, we often employ a uniform over a specified interval or
a discretized uniform over a finite set of points.

Still care must be taken with regard to the latter. Here, we note the work of Berger et al.
(2001). Again, in the case of a spatial model with no nugget, with the exponential covariance

function, they consider the class of objective priors of the form p(3, 02, ¢) o (1; (f;)a which
implies a flat prior for the regression coefficients, 3. They demonstrate that, with, say, a
uniform prior for ¢, an improper posterior arises for o < 2. The implication for us is that if
we adopt an inverse Gamma distribution prior G (e, €) prior for o2, this corresponds to the
case of & = 1+ €. For small €, we have a specification that yields a posterior which is close
to improper. While we may not explicitly see problems with our MCMC chains, we know
that sampling from a nearly improper posterior can yield poorly behaved MCMC inference.
Hence, our recommendation is to always use IG(a,b) priors with @ > 1 (implying o > 2).
Again, these priors are still quite vague since, with ¢ = 1, we have no mean, hence no
variance, and with a = 2, we have no variance. The foregoing theory has not been extended
to the case when we bring in the nugget, 72. However, practical experience suggests that
the foregoing problems only worsen and thus the same cautions should be taken.

Since we will often want to make inferential statements about the parameters separately,
we will need to obtain marginal posterior distributions. For example, a point estimate or
credible interval for 3 arises from

pey) = [ [ [oB.t 7 oly) drtara
x 00 [ [ [ 1610002 piordotartds

In principle this is simple, but in practice there will be no closed form for the above inte-
grations. As such, we will often resort to MCMC or other numerical integration techniques,
as described in Section 5.3.

We emphasize the role of hierarchical modeling throughout this book. In particular, we
emphasize the generic model

[data | process, parameters|[process | parameters|[parameters]

which is more flexible than might first appear since the nature of the data and the nature of
the process are not specified. This rich framework emphasizes our goal of learning about a
process (typically, fairly complex) that is driving the data we are observing, a process that
we seek to better understand. This framework occurs throughout the duration of this book.
Here, we note that Expression (6.3) can be recast as a hierarchical model of this form by
writing the first-stage specification as Y conditional not only on 6, but also on the vector
of spatial random effects W = (w(s1),...,w(s,))T. That is,

Y|0, W~ NXB+W,72I). (6.4)

The Y(s;) are conditionally independent given the w(s;). The second-stage specification is
for W, namely, W|o2, ¢ ~ N (0,02 H (¢)) where H(¢) is as above. This is the process model.
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Here, it is quite simple, a process merely introduced to capture spatial dependence. In later
examples it will become richer as we incorporate more process features into its specification.
Lastly, the model specification is completed by adding priors for 3 and 72 as well as for o2
and ¢, the latter two of which may be viewed as hyperparameters. The parameter space is
now augmented from 6 to (@, W), and its dimension is increased by n.

Regardless, the resulting p(0|y) is the same, but we have the choice of using Gibbs
sampling (or some other MCMC method) to fit the model either as f(y|@)p(0), or as
f(y10, W)p(W|0)p(0). The former is the result of marginalizing the latter over W. Gener-
ally, we would prefer to work with the former (see Appendix Section A.2). Apart from the
conventional wisdom that we should do as much marginalization in closed form as possible
before implementing an MCMC algorithm (i.e., in as low a dimension as possible), the ma-
trix o2 H(¢) + 721 is typically better behaved than o?H (¢). To see this, note that if, say,
s; and s; are very close to each other, 02 H (¢) will be close to singular while 02 H(¢) + 721
will not. Determinant and inversion calculation will also tend to be better behaved for the
marginal model form than the conditional model form.

Interest is often in the spatial surface that involves Wy, as well as prediction for W (sg)|y
for various choices of sg. At first glance it would appear that fitting the conditional model
here would have an advantage, since realizations essentially from p(W]y) are directly pro-
duced in the process of fitting the model. However, since p(Wly) = [ p(W|0,y)p(0]y)do,
posterior realizations of W can be obtained one for one via composition sampling using pos-
terior realizations of 8. Specifically, if the values 69 are draws from an MCMC algorithm
with stationary distribution p(8|y), then corresponding draws W) from p(W[09y) will
have marginal distribution p(W|y), as desired. Thus we need not generate the W within
the Gibbs sampler itself, but instead obtain them immediately given the output of the
smaller, marginal sampler. Note that marginalization over W is only possible if the hierar-
chical form has a first-stage Gaussian specification, as in (6.4). We consider this matter in
Section 3.2.

Next we turn to prediction of the response Y at a new value sy with associated covariate
vector x(sp); this predictive step is the Bayesian “kriging” operation. Denoting the unknown
value at that point by Y (s¢) and using the notations Yy = Y (sg) and x¢ = x(so) for con-
venience, the solution in the Bayesian framework simply amounts to finding the predictive
distribution,

p (zoly, X, x0) = / p (0,01, X, x0) d6 = / p(woly. 0.%0)p (Oly. X)d6 . (6.5)

where p (yo|y, 8, %0) has a conditional normal distribution arising from the joint multivariate
normal distribution of Y; and the original data Y; see (2.15) and (2.16).

In practice, MCMC methods may again be readily used to obtain estimates of (6.5).
Suppose we draw (after burn-in, etc.) our posterior sample 0(1),0(2), . ,O(G) from the
posterior distribution p (8]y, X). Then the above predictive integral may be computed as a
Monte Carlo mixture of the form

G

~ 1

P (woly, X, %0) = azp(yob’,e(g)axo) : (6.6)
g=1

In practice we typically use composition sampling to draw, one for one for each 0(‘7), a

yég) ~ D (y0|y, 0(9), xo). The collection {y(()l), y(()2), ceey yéG)} is a sample from the posterior

predictive density, and so can be fed into a histogram or kernel density smoother to obtain
an approximate plot of the density, bypassing the mixture calculation (6.6). A point estimate
and credible interval for the predicted Yy may be computed in the same manner as in the
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estimation case above. This is all routinely done in the spBayes package in R, or in WinBUGS;
see Subsection 6.1.2 for more details on using the latter package.

Next suppose that we want to predict at a set of m sites, denoted, say, by Sy =
{S01,802, - - - ,Som }. We could individually predict at each of these points “independently”
using the above method. But joint prediction may also be of interest, since it enables
realizations from the same random spatial surface. As a result it allows estimation of
posterior associations among the m predictions. We may form an unobserved vector
Yo = (Y(so1), ..., Y (som))” with associated design matrix Xy having rows x(so;)7, and
compute its joint predictive density as

p(y0|y,X,X0) =

G
1
~ azp(YOb’ae(g)aXO)a
g=1

p(yoly,0,Xo)p (0ly, X)do

—

where again p (y0|y7 oY ), Xo) is available from standard conditional normal formulae. We

could also use composition to obtain, one for one for each 0(9), a collection of yég ) and make

any inferences we like based on this sample, either jointly or componentwise.

Often we are interested in not only the variables Y(s), but also in functions of them,
e.g., logY(s) (if Y(s) > 0), I(Y(s) > ¢), and so on. These functions are random variables
as well. More generally we might be interested in functions ¢(Yp) where Yp ={Y(s): s €
D}. These include, for example, (Y (s;) — Y (s;))?, which enter into the variogram, linear
transformations ), ¢;Y (s;), which include filters for spatial prediction at some location,
and finite differences in specified directions, [Y (s 4+ hu) — Y'(s)]/h, where u is a particular
unit vector (see Subsection 13.3).

Functions of the form ¢g(Y p) also include block averages, i.e., Y (A4) = ‘7%‘ J49(Y(s))ds.
Block averages are developed in much more detail in Chapter 7. The case where g(Yp) =
I(Y (s) < ¢) leads to the definition of the spatial CDF (SCDF') as in Section 15.3. Integration
of a process or of a function of a process yields a new random variable, i.e., the integral is
random and is usually referred to as a stochastic integral. An obvious but important point
is that Eag(Y (s)) # g(EaY (s)) if g is not linear. Hence modeling ¢g(Y (s)) is not the same
as modeling g(Y (A)). See Wakefield and Salway (2001) for further discussion.

6.1.2 Bayesian kriging in WinBUGS

Both the prediction techniques mentioned in the previous section (univariate and joint) are
automated in WinBUGS (versions 1.3.1 and later). As usual we illustrate in the context of an
example.

Example 6.1 Here we revisit the basic kriging model first considered in Example 5.4. Re-
call in that example we showed how to specify the model in the WinBUGS language directly,
without making use of any special functions. Unfortunately, WinBUGS’ standard matrix in-
version routines are too slow for this approach to work for any but the smallest geostatistical
data sets. However, the language does offer several special functions for Bayesian kriging,
which we now describe.

First consider the pure spatial (no-nugget effect) model that is compatible
with WinBUGS 1.4. In this model (with corresponding computer code available at
http://www.biostat.umn.edu/ brad/data2.html), ¥ are the observed responses with
covariate data X, N is the number of observed data sites with spatial coordinates (x[],y[]),
M is the number of missing data sites with spatial coordinates (x0[],y0][]), and we seek to
predict the response Y0 given the observed covariate data XO0.
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In the example given at the website, the data were actually simulated from a (purely
spatial) Gaussian field with a univariate mean structure. Specifically, the true parameter
values are 3 = 5.0, ¢ = 1.05, and spatial variance 0% = 2.0.

model

{

for (i in 1:N) { mu[i] <- inprod(X[i,],betall) }

for (i in 1:p) {beta[i] ~ dnorm(0.0, 0.0001)}

Y[1:N] ~ spatial.exp(mul], x[], y[], spat.prec, phi, 1)
phi~dgamma(0.1,0.1)

spat.prec ~ dgamma(0.10, 0.10)

sigmasq <- 1/spat.prec

# Predictions Joint
YO[1:M] ~ spatial.pred(muO(], x0[1, yo[l, Y[I)
for(j in 1:M) { muO[j] <- inprod(X0[j,], betall) }

}

In this code, the spatial.exp command fits the exponential kriging model directly to the
observed data Y, meaning that we are forgoing the nugget effect here. The final argu-
ment “1” in this command indicates an ordinary exponential model; another option is “2,”
corresponding to a powered exponential model where the power used is 2 (i.e., spatial de-
pendence between two observations varies as the square of the distance between them). The
spatial.pred command handles the joint prediction (kriging) at the new sites X0.

The following modification handles the modification where we add the nugget to the
spatial model in WinBUGS1.4:

model
{
for (i in 1:N) {
Y[i] “dnorm(muli], error.prec)
mul[i] <- inprod(X[i,],betal]l) + W[i]
muW[i] <- O

}

for (i in 1:p) {beta[i] ~dnorm(0.0, 0.0001)}

tausq <- 1/error.prec

W[1:N] ~ spatial.exp(muW[], x[], y[], spat.prec, phi, 1)
phi~dgamma(0.1,0.1)

spat.prec “dgamma(0.10, 0.10)

sigmasq <- 1/spat.prec

# Predictions Joint
WO[1:M] “spatial.pred(muwO[l, x0[1, yo[l, w[l)
for(j in 1:M) {
muWO[j] <- 0
YO[j] <- inprod(X0[j,], betal]l) + WO[j]

}

Here, the spatial.exp command is used not with the observed data Y, but with the random
effects vector W. Adding W into the mean structure and placing an ordinary normal error
structure on Y conditional on W produces the “spatial plus nugget” error total structure
we desire (see (6.3) above). m
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6.1.3 More general isotropic correlation functions, revisited

In Section 3.1.2.1 we noted the general characterization result for all valid isotropic corre-
lation functions in R". That is, from Khinchin’s Theorem (e.g., Yaglom, 1962, p. 106) as
well as (3.3), this class of functions p(d, ¢) in " can be expressed as

pld.0) = [ (G, (6.7

r—2
where Gy is nondecreasing integrable and Q.(z) = (2)2 I'(})J, ( )( ). Repeatlng,
x) = cos(x); for

Jv(-) is the Bessel function of the first kind of order v. For r = 1,;(
r = 2,Q(z) = Jo(x); for r = 3,Q3(x) = sin(z)/x; for r = 4 Q4( ) 2J 1(3:); and

for r = 00,00 () = exp(—2?). Specifically, Jo(z) = Y ey (k,lg) (5)2 and pld,¢) =
J5* Jo(2d)dG 4 (=) provides the class of all permissible correlation functions in ®2. Figure 3.1
provides a plot of Jy(z) versus x, revealing that it is not monotonic. (This must be the case
in order for p(d, ¢) above to capture all correlation functions in $2.)

In practice, a convenient simple choice for Gg(z) is a step function that assigns

positive mass (jumps or weights) wy at points (nodes) ¢y, £ = 1,...,p yielding, with
W = (w1;w27" .,’UJp),
P
= " w(¢rd) - (6.8)
=1

The forms in (6.8) are referred to as nonparametric variogram models in the literature
to distinguish them from standard or parametric forms for p(d, ¢), such as those given in
Table 2.2. This is a separate issue from selecting a parametric or nonparametric methodology
for parameter estimation. Sampson and Guttorp (1992), Shapiro and Botha (1991), and
Cherry, Banfield, and Quimby (1996) use a step function for Gg. Barry and Ver Hoef
(1996) employ a mixture of piecewise linear variograms in R! and piecewise-planar models
for sites in R2. Hall, Fisher, and Hoffmann (1994) transform the problem from choosing ¢’s
and wy’s in (6.8) to determining a kernel function and its associated bandwidth. Lele (1995)
proposes iterative spline smoothing of the variogram yielding a p which is not obviously of
the form (6.7). Most of these nonparametric models are fit to some version of the empirical
semivariogram (2.9).

Sampson and Guttorp (1992) fit their model, using Qoo () in (6.8), to the semivariogram
cloud rather than to the smoothed Matheron semivariogram estimate. Their example in-
volves a data set with 12 sites yielding only 66 points in the semivariogram cloud, making
this feasible. Application of their method to a much larger (hence “noisier”) data set would
be expected to produce a variogram mixing hundreds and perhaps thousands of Gaussian
forms. The resulting variogram will follow the semivariogram cloud too closely to be plau-
sible.

Working in R2, where again Qs(z) = Jo(x), under the Bayesian paradigm we can in-
troduce (6.8) directly into the likelihood but keep p small (at most 5), allowing random
wy or random ¢y. This offers a compromise between the rather limiting standard paramet-
ric forms (Table 2.1) that specify two or three parameters for the covariance structure,
and above nonparametric methods that are based upon a practically implausible (and po-
tentially overfitting) mixture of hundreds of components. Moreover, by working with the
likelihood, inference is conditioned upon the observed y, rather than on a summary such as
a smoothed version of the semivariogram cloud.

Returning to (6.7), when n = 2 we obtain

pld,6) = /0 Y F (7‘1) " i) (6.9)

k=0
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Only if z is bounded, i.e., if Gy places no mass on say z > @maz, can we interchange
summation and integration to obtain

X 1\k 2k
p(d,cb):Z(k!lZ) <§> 8ok » (6.10)

2
k=0

where o5, = fo%‘“ z2de¢(z). The simplest such choice for G4 puts discrete mass wy at a
finite set of values ¢y € (0, pmax), £ = 1,...,p resulting in a finite mixture of Bessels model
for p(d, ), which in turn yields

Ydij) = 7 + 0” (1 - ngJo(mdij)) : (6.11)

=1

Under a Bayesian framework for a given p, if the w,’s are each fixed to be % with ¢p’s
unknown (hence random), they are constrained by 0 < ¢1 < ¢2 < -+ < ¢p < Py for
identifiability. The result is an equally weighted mixture of random curves. If a random
mixture of fixed curves is desired, then the wy’s are random and the ¢,’s are systematically
#) Pmax- We examine p = 2, 3,4, 5 for fixed nodes and p=1,2,3,4,5
for fixed weights. Mixture models using random w,’s and random ¢;’s might be considered
but, in our limited experience, the posteriors have exhibited weak identifiability in the
parameters and thus are not recommended.

In choosing ¢.,qz, We essentially determine the maximum number of sign changes we
allow for the dampened sinusoidal Bessel correlation function over the range of d’s of interest.
For, say, 0 < d < d™® where d™** is the maximum of the d;; = ||s; —s;||, the larger ¢ is, the
more sign changes Jy(¢d) will have over this range. This suggests making ¢,,q. very large.
However, as noted earlier in this section, we seek to avoid practically implausible p and ~,
which would arise from an implausible Jy(¢d). For illustration, the plot in Figure 3.1 above
allows several sign changes, to show the longer term stability of its oscillation. Letting x be
the value of z where Jy(z) = 0 attains its kth sign change (completes its £52 period) we
set kK = Pmaxd™™, thus determining ¢max. We reduce the choice of ¢ ax to choosing the
maximum number of Bessel periods allowable. For a given p, when the ¢’s are random, the
posterior distribution for ¢, will reveal how close to ¢max the data encourages ¢, to be.

chosen to be ¢y = (

Example 6.2 We return to the 1990 log-transformed scallop data, originally presented in
Subsection 2.3.2. In 1990, 148 sites were sampled in the New York Bight region of the
Atlantic Ocean, which encompasses the area from the tip of Long Island to the mouth of
the Delaware River. These data have been analyzed by Ecker and Heltshe (1994), Ecker and
Gelfand (1997, 1999), Kaluzny et al. (1998), and others. Figure 6.1 shows the semivariogram
cloud (panel a) together with boxplots (panel b) formed from the cloud using the arbitrary
lag & = 0.05. The 10,731 pairs of points that produce the semivariogram cloud do not reveal
any distinct pattern. In a sense, this shows the folly of fitting a curve to this data: we have
a weak signal, and a great deal of noise.

However, the boxplots and the Matheron empirical semivariograms each based on lag
0 = 0.05 (Figure 6.2) clearly exhibit spatial dependence, in the sense that when separation
distances are small, the spatial variability tends to be less. Here the attempt is to remove
the noise to see whatever signal there may be. Of course, the severe skewness revealed by
the boxplots (and expected from squared differences) raises the question of whether the
bin averages are an appropriate summary (Expression (2.9)); see Ecker and Gelfand (1997)
in this regard. Clearly such displays and attempts to fit an empirical variogram must be
viewed as part of the exploratory phase of our data analysis.

For the choice of ¢4, in the nonparametric setup, we selected seven sign changes, or
three Bessel periods. With d;}** = 2.83 degrees, ¢mas becomes 7.5. A sensitivity analysis
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Figure 6.1 Semivariogram cloud (a) and boxplot produced from 0.05 lag (b), 1998 scallop data.

Figure 6.2 Matheron empirical semivariograms for lag § = 0.05.

with two Bessel mixtures (p = 2) having a fixed weight w; and random nodes was under-
taken. Two, four, and five Bessel periods revealed little difference in results as compared
with three. However, when one Bessel period was examined (¢4, = 3), the model fit poorly
and in fact ¢, was just smaller than 3. This is an indication that more flexibility (i.e., a
larger value of ¢4z ) is required.

Several of the parametric models from Tables 2.1 and 2.2 and several nonparametric
Bessel mixtures with different combinations of fixed and random parameters were fit to the
1990 scallop data. (Our analysis here parallels that of Ecker and Gelfand, 1997, although
our results are not identical to theirs since they worked with the 1993 version of the data
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Figure 6.3 Posterior means for various semivariogram models.

set.) Figure 6.3 shows the posterior mean of each respective semivariogram, while Table 6.1
provides the value of model choice criteria for each model along with the independence
model, Xy = (72 + 02)I. Here we use the Gelfand and Ghosh (1998) model selection
criterion (5.14), as described in Subsection 5.2.3. However, since we are fitting variograms,
we work somewhat less formally using Z;; ops = (Y (s;) — Y (s;))?/2. Since Z;; is distributed
as a multiple of a x? random variable, we use a loss associated with a gamma family of
distributions, obtaining a Dy, value of

A 4 ki ob log(/\(»m)) + klog(2ij.0ps)
17 17,008 i 17,0bs
(k“);{log( k1 - k1l

+ 3 (108" — Ellog(ziser) | v.m) (6.12)

for model m, where )\Z(-;n) = E(zijrep | y,m). The concavity of the log function ensures
that both summations on the right-hand side of (6.12) are positive. (As an aside, in theory
Zij,0bs > 0 almost surely, but in practice we may observe some z;; = 0 as, for example, with
the log counts in the scallop data example. A correction is needed and can be achieved by
adding € to z;j,0ps Where € is, say, one half of the smallest possible positive z;; ops-)

Setting k£ = 1 in (6.12), we note that of the Bessel mixtures, the five-component model
with fixed ¢’s and random weights is best according to the D, ,, statistic. Here, given
Omaz = 7.5, the nodes are fixed to be ¢ = 1.25,¢2 = 2.5,¢3 = 3.75,¢4 = 5.0, and
@5 = 6.25. One would expect that the fit measured by the G ,, criterion should improve
with increasing p. However, the models do not form a nested sequence in p, except in some
instances (e.g., the p = 2 model is a special case of the p = 5 model). Thus, the apparent
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Model Gl,m Pm Dl,m |
Parametric
exponential 10959 13898 24857
Gaussian 10861 13843 24704
Cauchy 10683 13811 24494
spherical 11447 13959 25406
Bessel 11044 14037 25081
independent 11578 16159 27737
Semiparametric
fixed ¢y, random wy:
two 11071 13968 25039
three 10588 13818 24406
four 10934 13872 24806
five 10567 13818 24385
random ¢y, fixed wy:
two 10673 13907 24580
three 10677 13959 24636
four 10636 13913 24549
five 10601 13891 24492

Table 6.1 Model choice for fitted variogram models, 1993 scallop data.

poorer fit of the four-component fixed ¢ model relative to the three-component model is
indeed possible. The random ¢ Bessel mixture models were all very close and, as a class,
these models fit as well or better than the best parametric model. Hence, modeling mixtures
of Bessel functions appears more sensitive to the choice of fixed ¢’s than to fixed weights. m

6.1.4 Modeling geometric anisotropy

Anistropy was introduced in Section 2.2, in the form of geometric, sill, and nugget anisotropy,
to refer to to particular cases of stationarity. In any event, we have Cov (Y (s +h),Y (s)) =
C (h; ¢). The most prominent, tractable, and interesting case in applications is geomnetric
anisotropy. This refers to the situation where the coordinate space can be linearly trans-
formed to an isotropic space. A linear transformation may correspond to rotation or stretch-
ing of the coordinate axes. Thus in general,

p (h; @) = po (|[Lhl|; ) ,

where [ is a d x d matrix describing the linear transformation. Of course, if L is the identity
matrix, this reduces to the isotropic case.

We assume a second-order stationary normal model for Y, arising from the customary
model, Y(s) = p+ w(s) + €(s) as in (6.1). This yields Y ~ N(pl, X(a)), where o =
(12,02,B)T, B=L"L, and

S(a) = 72T + 0>H((h'Bh)?) . (6.13)

In (6.13), the matrix H has (i,j)th entry p((hnghij)%) where p is a valid correlation
function and h;; = s; —s;. Common forms for p would be those in Table 2.2. In (6.13), 72 is

the semiovariogram nugget and 72 + o2 is the sill. The variogram is 2v(72, 02, (h/Bh)z) =
2(1% + 02(1 — p((h'Bh)?)).
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Turning to #2, B is 2 x 2 and the orientation of the associated ellipse, w, is related to
B by (see, e.g., Anton, 1984, p. 691)

b1 — b2z

cot(2w) = T

(6.14)

The range in the direction 7, where 7 is the angle h makes with the z-axis and which we
denote as 7, is determined by the relationship

p(ry(h,Bh,)%) = 0.05 (6.15)

where En = (cosm,sinn) is a unit vector in direction 7.

The ratio of anisotropy (Journel and Huijbregts, 1978, pp. 178-181), also called the ratio
of affinity (Journel and Froidevaux, 1982, p. 228), which here we denote as A, is the ratio
of the major axis of the ellipse to the minor axis, and is related to B by

- - 1

B Bho)\®

NPT o ) Gl (6.16)
T(r—w) hZuBhw

where again fln is the unit vector in direction 7. Since (6.14), (6.15), and (6.16) are functions
of B, posterior samples (hence inference) for them is straightforward given posterior samples
of a.

A customary prior distribution for a positive definite matrix such as B is Wishart(R, p),
where

() |B|1l77T7171 exp (—%tr(pBRl)) , (6.17)

so that F(B) = R and p > n is a precision parameter in the sense that Var(B) increases
Ri1 Rio
Ri2  Rao
but we choose the prior precision parameter, p, to be as small as possible, i.e., p = 2.

A priori, it is perhaps easiest to assume that the process is isotropic, so we set R = 61
and then treat § as fixed or random. For ¢ random, we model p(B, §) = p(B|d)p(d), where
p(B|d) is the Wishart density given by (6.17) and p(d) is an inverse gamma distribution
with mean obtained from a rough estimate of the range and infinite variance (i.e., shape
paramater equal to 2).

However, if we have prior evidence suggesting geometric anisotropy, we could attempt
to capture it using (6.14), (6.15), or (6.16) with h; Rh,, replacing h; Bh,,. For example, with
a prior guess for w, the angle of orientation of the major axis of the ellipse, a prior guess for
A, the ratio of major to minor axis (say, from a rose diagram), and a guess for the range in
a specific direction (say, from a directional semivariogram), then (6.14), (6.15), and (6.16)
provide a system of three linear equations in three unknowns to solve for Ryi1, Ri2, and Ras.
Alternatively, from three previous directional semivariograms, we might guess the range in
three given directions, say, 7y, , 7y,, and r,,. Now, using (6.15), we again arrive at three
linear equations with three unknowns in R11, Ri2, and Rss. One can also use an empirical
semivariogram in R? constructed from prior data to provide guesses for Ri1, Ri2, and Ras.
By computing a 0° and 90° directional semivariogram based on the ESC plot with rows
where hy =~ 0 for the former and columns where h, = 0 in the latter, we obtain guesses for
Rii1and Rag, respectively. Finally, Ri5 can be estimated by examining a bin where neither
hy =~ 0 nor h, ~ 0. Equating the empirical semivariogram to the theoretical semivariogram
at the associated (x;,y;), with R11 and Ry already determined, yields a single equation to
solve for Ris.

as p decreases. In 2, the matrix R = [ } . Prior knowledge is used to choose R,



STATIONARY SPATIAL PROCESS MODELS 135

Isotropic prior | Geometrically anisotropic prior

fixed ¢ = 0.0003 w, A and r500 three ranges  ESC plot

72 1.29 1.43 1.20 1.33
(1.00, 1.64) (1.03, 1.70) (1.01, 1.61) (0.97,1.73)

o2 2.43 2.35 2.67 2.58
(1.05, 5.94) (1.27, 5.47) (141, 5.37)  (1.26, 5.67)

sill 3.72 3.80 3.87 3.91
(2.32, 7.17) (2.62, 6.69) (2.66, 6.76)  (2.39, 7.09)

7 2.87 2.55 3.14 2.90
(2.16, 3.94) (1.73, 3.91) (2.24, 3.99) (2.14, 4.02)

w 55.3 64.4 57.2 60.7
(26.7, 80.7) (31.9, 77.6) (24.5, 70.7)  (46.7, 75.2)

A 2.92 3.09 3.47 3.85
(1.59, 4.31) (1.77, 4.69) (1.92, 4.73)  (2.37,4.93)

Table 6.2 Posterior means and 95% interval estimates for a stationary Gaussian model with Gaus-
sian correlation structure under various prior specifications.

Example 6.3 Here we return again to the log-transformed sea scallop data of Subsec-
tion 2.3.2, and reexamine it for geometric anisotropy. Previous analyses (e.g., Ecker and
Heltshe, 1994) have detected geometric anisotropy with the major axes of the ellipse ori-
ented parallel to the coastline (= 50° referenced counterclockwise from the x-axis). Kaluzny
et al. (1998, p. 90) suggest that A, the ratio of major axis to minor axis, is approximately 3.
The 1993 scallop catches with 147 sites were analyzed in Ecker and Gelfand (1997) under
isotropy. Referring back to the ESC plot in Figure 2.10, a geometrically anisotropic model
seems reasonable. Here we follow Ecker and Gelfand (1999) and illustrate with a Gaussian
correlation form, p((h/Bh)z) = exp(—h’/Bh).

We can use the 1990 scallop data to formulate isotropic and geometrically anisotropic
prior specifications for R, the prior mean for B. The first has R = 61 with fixed § = 0.0003,
i.e., a prior isotropic range of 100 km. Another has § = 0.000192, corresponding to a 125-
km isotropic prior range to assess the sensitivity of choice of §, and a third has § random.
Under prior geometric anisotropy, we can use w = 50°, A = 3, and 750 = 125 km to obtain
a guess for R. Solving (6.14), (6.15), and (6.16) gives Ry1 = 0.00047, R12 = —0.00023,
and Rss = 0.00039. Using the customary directional semivariograms with the 1990 data,
another prior guess for R can be built from the three prior ranges rgo = 50 km, 7450 = 125
km, and ri350 = 30 km. Via (6.15), we obtain Rj; = 0.012, R12 = —0.00157, and Rgs =
0.00233. Using the ESC plot for the 1990 data, we use all bins where h; = hjong = 0 (90°
semivariogram) to provide Rgp = 0.0012, and bins where hy = hjq: = 0 (0° semivariogram)
to provide Rq; = 0.00053. Finally, we pick three bins with large bin counts (328, 285,
262) and along with the results of the 0° and 90° ESC plot directional semivariograms, we
average the estimated Rps for each of these three bins to arrive at R12 = —0.00076. R

The mean and 95% interval estimates for the isotropic prior specification with § =
0.0003, and the three geometrically anisotropic specifications are presented in Table 6.2.
Little sensitivity to the prior specifications is observed as expected, given that we use the
smallest allowable prior precision. The posterior mean for the angle of orientation, w, is
about 60° and the ratio of the major ellipse axis to minor axis, A, has a posterior mean of
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Figure 6.4 Posterior distributions under the geometrically anisotropic prior formed from the ESC
plot.

about 3 to 3.5. Furthermore, the value 1 is not in any of the three 95% interval estimates
for A, indicating that isotropy is inappropriate.

We next present posterior inference associated with the ESC plot-based prior specifica-
tion. Figure 6.4 shows the posteriors for the nugget in panel (a), sill in panel (b), angle of
orientation in panel (c¢), and the ratio of major axis to minor axis in panel (d). Figure 6.5
shows the mean posterior range plotted as a function of angle with associated individual
95% intervals. This plot is much more informative in revealing departure from isotropy than
merely examining whether the 95% interval for A contains 1. Finally, Figure 6.6 is a plot of
the contours of the posterior mean surface of the semivariogram. Note that it agrees with
the contours of the ESC plot given in Figure 2.10 reasonably well.

6.2 Generalized linear spatial process modeling

In some point-referenced data sets we obtain measurements Y (s) that would not naturally
be modeled using a normal distribution; indeed, they need not even be continuous. For
instance, Y (s) might be a binary variable indicating whether or not measurable rain fell at
location s in the past 24 hours, or a count variable indicating the number of insurance claims
over the past five years by the residents of a single-family home at location s. In an aggregate
data context examining species range and richness, Y (s) might indicate presence or absence
of a particular species at s (although here, strictly speaking s is not a point, but really an
area that is sufficiently small to be thought of as a point within the overall study area).

Following Diggle, Tawn, and Moyeed (1998), we formulate a hierarchical model analo-
gous to those in Section 6.1, but with the Gaussian model for Y (s) replaced by another
suitable member of the class of exponential family models. Assume the observations Y (s;)
are conditionally independent given 8 and w(s;) with distribution,

F(y(s0)18, w(si), ) = hly(si),v) exp{rly(si)n(si) — ¥ (n(si))l} (6.18)
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Figure 6.5 Posterior range as a function of angle for the geometrically anisotropic prior formed
from the ESC plot.

where g(n(s;)) = xT (s;)B+w(s;) for some link function g, and v is a dispersion parameter.
We presume the w(s;) to be spatial random effects coming from a Gaussian process, as
in Section 6.1. The second-stage specification is W ~ N(0,0%H(¢)) as before. Were the
w(s;) 1.i.d., we would have a customary generalized linear mixed effects model (Breslow and
Clayton, 1993). Hence (6.18) is still a generalized linear mixed model, but now with spatial
structure in the random effects.

Note that, although we have defined a process for w(s) we have not created a process
for Y (s). That is, using conditional independence, what we have done is to create a joint

distribution f(y(s1), - ,y(sa)|B, 0% &,7), namely,

/ (H Fly(si)B,w(s)), 7)) p(Wlo?, §)dW . (6.19)
i=1

The class of distributions that can support a stochastic process is limited, characterized
through mixtures of elliptical distributions which, of course, includes Gaussian processes.
We have an opportunity to make another important point here. A frequent first stage
spatial specification is a binary response model. That is, at every location s, there is a binary
variable Y (s). The resulting surface is frequently referred to as a binary map (DeOliveira,
2000). In this case, we can usefully consider two hierarchical specifications to model the
binary map. The first sets Y (s) = 1 or 0 according whether Z(s) > 0 or < 0. Then, we
model Z(s) = x(s)T B4+ w(s) +¢€(s). That is Z(s) is our usual geostatistical model, (6.1). So,
Z(s) is a Gaussian process and determines Y'(s). In particular, P(Y(s) = 1) = P(Z(s) >
0) = &(x(s)T B + w(s)). As an alternative, resembling (6.18), let P(Y(s) = 1) = p(s). Now,
adopt a link function to take p(s) to R!, say ®~!(-) and set ®~(p(s)) = x(s)T B + w(s).
Though they appear different, these two models are equivalent; rather, now Y (s)|p(s) is
a random mechanism while Y'(s)|Z(s) is a deterministic mechanism. We have exchanged
the binary first stage stochastic specification for a pure error Gaussian specification. But,
this also clarifies why it is not sensible to add a pure error term to the specification for
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Figure 6.6 Contours of the posterior mean semivariogram surface for the geometrically anisotropic
prior formed from the ESC plot.

p(s). Such an error term would be redundant, as is immediately evident were we to add a
corresponding additional pure error term to the specification for Z(s). In fact, with such an
additional error term, we would obtain unidentified MCMC model fitting which we would
see with poorly behaved convergence. This point is evidently true for whatever first stage
generalized linear model specification is used in (6.18).

We also note an important consequence of modeling with spatial random effects (which
incidentally is relevant for Sections 6.4 and 6.5 as well). Introducing these effects in the
(transformed) mean, as below (6.18), encourages the means of the spatial variables at prox-
imate locations to be close to each other (adjusted for covariates). Though marginal spatial
dependence is induced between, say, Y (s) and Y (s’), the observed Y (s) and Y (s’) need not
be close to each other. This would be the case even if Y (s) and Y (s’) had the same mean. As
a result, second-stage spatial modeling is attractive when spatial explanation in the mean
is of interest. Direct (first-stage) spatial modeling is appropriate to encourage proximate
observations to be close.

Turning to computational issues, note that (6.19) cannot be integrated in closed form;
we cannot marginalize over W. Unlike the Gaussian case, a MCMC algorithm will have
to update W as well as 3, 02, ¢, and ~. This same difficulty occurs with simulation-based
model fitting of standard generalized linear mixed models (again see, e.g., Breslow and
Clayton, 1993). In fact, the w(s;) would likely be updated using a Metropolis step with
a Gaussian proposal, or through adaptive rejection sampling (since their full conditional
distributions will typically be log-concave); see Exercise 4:

Example 6.4 Non-Gaussian point-referenced spatial model. Here we consider a real
estate data set, with observations at 50 locations in Baton Rouge, LA. The response
Y(s) is a binary variable, with Y (s) = 1 indicating that the price of the property at
location s is “high” (above the median price for the region), and Y(s) = 0 indicat-
ing that the price is “low”. Observed covariates include the house’s age, total living
area, and other area in the property. We fit the model given in (6.18) where Y (s) ~
Bernoulli(p(s)) and g is the logit link. The WinBUGS code and data for this example are at
www.biostat.umn.edu/"brad/data2.html.
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Parameter 50% (2.5%, 97.5%)
intercept -1.096 (—4.198, 0.4305)
living area | 0.659 (-0.091, 2.254)

age 0.009615  (-0.8653, 0.7235)
¢ 5.79 (1.236, 9.765)
o2 1.38 (0.1821, 6.889)

Table 6.3 Parameter estimates (posterior medians and upper and lower .025 points) for the binary
spatial model.
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Figure 6.7 Image plot of the posterior median surface of the latent spatial process w(s), binary
spatial model.

Table 6.3 provides the parameter estimates and Figure 6.7 shows the image plot with
overlaid contour lines for the posterior mean surface of the latent w(s) process. These
are obtained by assuming vague priors for 3, a Uniform(0, 10) prior for ¢, and an inverse
gamma(0.1,0.1) prior for o2. The image plot reveals negative residuals (i.e., lower prices)
in the northern region, and generally positive residuals (higher prices) in the south-central
region, although the southeast shows some lower price zones. The distribution of the contour
lines indicate smooth flat stretches across the central parts, with downward slopes toward
the north and southeast. The covariate effects are generally uninteresting, though living
area seems to have a marginally significant effect on price class.

6.3 Fitting hierarchical models for point-referenced data in spBayes
6.3.1 Gaussian spatial regression models

We will use the forest inventory data from the U.S. Department of Agriculture Forest
Service, Bartlett Experimental Forest (BEF), Bartlett, NH. This dataset is a part of the
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spBayes package in R and holds 1991 and 2002 forest inventory data for 437 plots. In our
illustration below, we use log-transformed total tree biomass as the outcome and regress
it on five predictors: slope, elevation, and tasseled cap brightness (TC1), greenness (TC2),
and wetness (T'C3) components from spring, summer, and fall 2002 Landsat images. We use
these data to demonstrate some basics of univariate spatial regression analysis for Gaussian
outcomes. The regression model will subsequently be used to make prediction of biomass
for every image pixel across the BEF.
For the illustrations and graphics below, we will load the following packages

library(spBayes)
library(MBA)
library(geoR)
library(fields)
library(sp)
library(maptools)
library(rgdal)
library(classInt)
library(lattice)

V VV V V V V V.YV

We obtained estimates of the partial sill, 02, nugget, 72, and decay parameter ¢ based upon
some empirical semivariogram plots and used them as starting values in the spBayes uni-
variate spatial regression functions bayesGeostatExact and spLM. The bayesGeostatExact
function assumes that ¢ and the nugget to partial sill ratio 72/0? are fixed. Assuming a
normal prior on the regression coefficients 3 and an inverse gamma prior on o2 reduces the
spatial regression problem to a conjugate Bayesian linear regression model and carry out
exact inference by sampling directly from the posterior; no MCMC algorithm is needed.
The block of code below describes the above steps after invoking spBayes.

> data(BEF.dat)

> BEF.dat <- BEF.dat[BEF.dat$ALLBI0O02_KGH>O,]
> bio <- BEF.dat$ALLBIO02_KGH+*0.001;
> log.bio <- log(bio)

> coords <- as.matrix(BEF.dat[,c("XUTM","YUTM")])
>p<-6

> beta.prior.mean <- as.matrix(rep(O, times=p))
> beta.prior.precision <- matrix(0, nrow=p, ncol=p)
> phi <- 0.014

> alpha <- 0.016/0.08

> sigma.sq.prior.shape <- 2.0
> sigma.sq.prior.rate <- 0.08

> sp.exact <- bayesGeostatExact(

+ log.bio ELEV+SLOPE+SUM_02_TC1+SUM_02_TC2+SUM_02_TC3,

+ data=BEF.dat, coords=coords, n.samples=1000,

+ beta.prior.mean=beta.prior.mean,

+ beta.prior.precision=beta.prior.precision,

+ cov.model="exponential",

+ phi=phi, alpha=alpha,

+ sigma.sq.prior.shape=sigma.sq.prior.shape,

+ sigma.sq.prior.rate=sigma.sq.prior.rate,

+ sp.effects=FALSE)

In the above code, data specifies the data frame containing the variables, coords denotes
the objects containing the coordinates, nsamples specifies the number of posterior samples
to be drawn, the two beta.prior arguments set the mean and precision matrix for the
normal prior on the regression coefficients, cov.model specifies the covariance function,
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phi denotes the spatial decay parameter, and the two sigma.sq.prior arguments set the
inverse gamma prior on o2. The sp.effects argument indicates whether we want to sample
the spatial effects from their posterior distribution. Currently we set it to false.

The above code fits the spatial regression model with an exponential covariance function
415 observations and produces the following estimates based upon 1000 posterior samples.
Again, no burn-in is needed as this is exact sampling from the true posterior. A summary
of the results are presented below (rounded up to 3 significant digits).

> round (summary (sp.exact$p.samples)$quantiles,3)
2.5%  25%  50%  75% 97.5)%
(Intercept) -0.372 0.636 1.161 1.644 2.701

ELEV 0.000 0.000 0.000 0.001 0.001
SLOPE -0.016 -0.011 -0.009 -0.006 -0.002
SUM_02_TC1 -0.002 0.007 0.010 0.015 0.023
SUM_02_TC2 -0.002 0.003 0.006 0.008 0.013
SUM_02_TC3 0.010 0.017 0.021 0.025 0.032
sigma.sq 0.072 0.078 0.082 0.086 0.095
tau.sq 0.014 0.016 0.016 0.017 0.019

A more flexible alternative to bayesGeostatExact is the spLM function. The latter does
not assume that ¢ is fixed, nor is it assumed that the ratio 72/0? is fixed. Now, we can
assign individual priors on o2, 72 and ¢. In addition, we will now implement MCMC.
The spLM function fits the marginalized model, where the spatial effects as well as the
regression coefficients have been integrated out. We will see later how these spatial effects
can be recovered using the spRecover function. The regression coefficients are updated from
their normal full conditional distrbutions, while the ¢, ¢? and 72 will be updated using
Metropolis steps. We need starting values and tuning parameters for these parameters.
These are passed as two lists named starting and tuning respectively. A third list,
named priors, assigns prior distributions to the parameters. The rest of the arguments and
their specifications are similar to bayesGeostatExact. The chunk of code below illustrates
the use of spLM to draw 10,000 MCMC samples.

> n.samples <- 10000

> bef.sp <- spLM(log.bio ELEV+SLOPE+SUM_02_TC1+SUM_02_TC2

+ +SUM_02_TC3,

+ data=BEF.dat, coords=coords,

starting=1list("phi"=3/200,"sigma.sq"=0.08,

"tau.sq"=0.02),

tuning=list("phi"=0.1, "sigma.sq"=0.05,
"tau.sq"=0.05),

priors=list("phi.Unif"=c(3/1500, 3/50),
"sigma.sq.IG"=c(2, 0.08),
"tau.sq.IG"=c(2, 0.02)),

cov.model="exponential",n.samples=n.samples)

+ 4+ + + + + + o+

Note that we have not specified a prior distribution for the regression coefficients 3; a
flat prior is used by default. Their posterior estimates are not very different from those
obtained in bayesGeostatExact so we do not present them again. Below is a summary of
the estimates of o2, 72 and ¢:

> round (summary (mcmc (bef . sp$p.theta.samples))$quantiles,3)
2.5% 25%, 50%  75% 97.5%

sigma.sq 0.041 0.064 0.081 0.094 0.111

tau.sq 0.004 0.010 0.023 0.039 0.062

phi 0.005 0.008 0.010 0.012 0.017
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Figure 6.8 MCMC trace plots of 3

The spRecover function uses composition sampling to obtain the posterior samples of the
marginalized regression coefficients and the spatial effects. This is easily implemented by
passing the bef.sp object computed above to the spRecover function:

> burn.in <- floor(0.75%n.samples)
> bef.sp <- spRecover(bef.sp, start=burn.in)

The posterior samples of the regression coefficients and the spatial effects can then be
obtained as

> beta.samples = bef.sp$p.beta.recover.samples
> w.samples = bef.sp$p.w.recover.samples

respectively. The output from spLM is easily exported to the CODA package in R for con-
vergence diagnostics. For example, if we wish to generate trace plots of the six regression
coefficients (including the intercept), we execute
> par (mfrow=c(3,2))
> plot(beta.samples, auto.layout=TRUE, density=FALSE)
Figure 6.8 shows the resulting trace plots. We could also obtain the posterior mean and
standard deviation for the spatial effects as below. Using the apply function in R helps
avoid the undesirable programming practice of for loops.
> w.hat.mu <- apply(w.samples,1,mean)
> w.hat.sd <- apply(w.samples,1,sd)

These posterior means can then be interpolated across the domain to produce “maps”
of spatial variables. Assuming that we have already obtained the residuals from a simple
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Figure 6.9 Interpolated surface of the OLS model residuals and the mean of the random spatial
effects posterior distribution.

ordinary least squares (OLS) model, and stored them in the object bio.resid, we plot side
by side interpolated surfaces for residuals from the OLS model and for the posterior means
of the spatial effects from the spatial regression model. The code to do this supplied below.
par (mfrow=c(1,2))

surf <- mba.surf(cbind(coords, bio.resid),

no.X=x.res, no.Y=y.res,

extend=FALSE) $xyz.est

z.1lim <- range(surf[[3]], na.rm=TRUE)

image.plot (surf, xaxs = "r", yaxs = "r",

zlim=z.lim, main="LM residuals")

surf <- mba.surf(cbind(coords, w.hat.mu),

no.X=x.res, no.Y=y.res,

extend=FALSE) $xyz.est

image.plot(surf, xaxs = "r", yaxs = "r",

zlim=z.lim, main="Mean spatial effects")

+ v+ +V + VYV + + VYV

0.3.1.1 Prediction

Having obtained samples from the parameters’ posterior distribution, we now turn to predic-
tion or Bayesian kriging. Using the spLM object and predictor variables from new locations,
the function spPredict allows us to sample from the posterior predictive distribution of
every pixel across the BEF. We are only interested in predictions within the BEF; however,
the predictor variable grid extends well beyond the BEF bounds. Therefore, we would like
to clip the predictor grid to the BEF bounding polygon. The code block below makes use of
the readShapePoly function from the maptools package and readGDAL function from the
rgdal package to read the bounding polygon and predictor variable grid stack, respectively.

library(maptools)

library(rgdal)

BEF.shp <- readShapePoly("BEF-data/BEF_bound.shp")
shp2poly <- BEF.shp@polygons[[1]]@Polygons[[1]]@coords
BEF.poly <- as.matrix(shp2poly)

BEF.grids <- readGDAL("dem_slope_lolosptc_clip_60.img")

V V. V V Vv V
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We then construct the prediction design matrix for the entire grid extent. Then extract
the coordinates of the BEF bounding polygon vertices and use the pointsInPoly spBayes
function to obtain the desired subset of the prediction design matrix and associated pre-
diction coordinates (i.e., pixel centroids). Finally, the spPredict function is called and
posterior predictive samples are stored in bef .bio.pred. The code below implements these
steps.

> pred.covars <- cbind(BEF.grids[["band1"]],

+ BEF.grids[["band2"]],

+ BEF.grids[["band3"]],

+ BEF.grids[["band4"]],

+ BEF.grids[["band5"]])

> pred.covars <- cbind(rep(l, nrow(pred.covars)), pred.covars)
> pred.coords <- SpatialPoints(BEF.grids)@coords
> pointsInPolyQut <- pointsInPoly(BEF.poly, pred.coords)
> pred.covars <- pred.covars[pointsInPolyOut,]

> pred.coords <- pred.coords[pointsInPolyQut,]

> bef.bio.pred <- spPredict(bef.sp, start=burn.in,

+ pred.coords=pred.coords,

+ pred.covars=pred.covars)

With access to each pixel’s posterior predictive distribution we can map any summary
statistics of interest. In Figure 6.10 we compare the log metric tons of biomass interpolated
over the observed plots to that of the pixel-level prediction. The generation of this image
plot requires some additional code to clip the interpolation grid produced by mba.surf to
the BEF polygon. Here we also demonstrate the sp function overlay to subset the grid
(that is an alternative approach to using pointsInPoly). The code below demonstrates
this.

> bef.bio.pred.mu = apply(bef.bio.pred$p.y.predictive.samples,
1,mean)
bef .bio.pred.sd = apply(bef.bio.pred$p.y.predictive.samples,
1,sd)

surf <- mba.surf(cbind(coords, log.bio), no.X=x.res, no.Y=x.res,
extend=TRUE, sp=TRUE)$xyz.est

surf <- surf [!is.na(overlay(surf, BEF.shp)),]

surf <- as.image.SpatialGridDataFrame(surf)

z.lim <- range(surf[["z"]], na.rm=TRUE)

pred.grid <- as.data.frame(list(pred.coords,
pred.mu=bef.bio.pred.mu,
pred.sd=bef.bio.pred.sd))

coordinates(pred.grid) = c("x", "y")

gridded(pred.grid) <- TRUE

pred.mu.image <-

as.image.SpatialGridDataFrame (pred.grid["pred.mu"])

+ vVVV+ +VVYVYV + YV + vV +

This completes the construction of the prediction grid. The next block of code creates
the image plots.

> par (mfrow=c(1,2))

> image.plot(surf, axes=TRUE, zlim=z.lim, col=tim.colors(25),
+ xaxs = "r", yaxs = "r",

+ main="Log metric tons of biomass")

> plot (BEF.shp, add=TRUE)

> image.plot(pred.mu.image, zlim=z.lim, col=tim.colors(25),

+ xaxs = "r", yaxs = "r",
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Figure 6.10 Interpolated surface of observed log metric tons of biomass and the posterior predictive
mean of each pizels.

+ main="Mean predicted log metric tons of biomass")
> plot (BEF.shp, add=TRUE)

Finally, sp grid data objects can be exported using functions within rgdal as described
below.

> writeGDAL(pred.grid["pred.mu"], "BEF_Pred_mu_biomass.tif")
> writeGDAL(pred.grid["pred.sd"], "BEF_Pred_sd_biomass.tif")

This is helpful if we want to combine our prediction surface with other spatial data within
a full featured Geographic Information system (e.g., GRASS, QGIS, ArcGIS, etc.).

6.3.1.2 Model selection

To compare several alternative models with varying degrees of richness, we might use the

GPD criterion (Gelfand and Ghosh, 1998) or the Deviance Information Criterion (DIC)

(Spiegelhalter et al., 2002). Both these methods can be implemented in spBayes. The code

below estimates and computes these two criterion for the three models in Tables 6.4 and 6.5.
First, we store the output from spLM for the OLS model.

set.seed (1)

##Candidate model 1

1m.obj <- 1lm(log.bio”ELEV+SLOPE+SUM_02_TC1+
+SUM_02_TC2+SUM_02_TC3, data=BEF.dat)

cand.1 <- bayesLMRef (lm.obj, n.samples)

vV + V VvV VvV

The code below runs and stores the output for simple spatial model with only an inter-
cept.

> ##Candidate model 2

> cand.2 <- spLM(log.bio~1, data=BEF.dat, coords=coords,

+ starting=list("phi"=3/200, "sigma.sq"=0.08,

"tau.sq"=0.02),

tuning=list("phi"=0.1, "sigma.sq"=0.05,
"tau.sq"=0.05),

priors=list("phi.Unif"=c(3/1500, 3/50),
"sigma.sq.IG"=c(2, 0.08),
"tau.sq.IG"=c(2, 0.02)),

+ o+ + o+ o+ o+
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bar.D D.bar.Omega pD DIC

Non spatial ~ -538.50 -545.40 6.90 -531.60
Spatial intercept only -1202.50 -1416.80 214.30 -988.20
Spatial with predictors -1084.90 -1266.80 182.00 -902.90

Table 6.4 Candidate model comparison using DIC.

G P D

Non spatial 41.00 42.40 83.40

Spatial intercept only ~ 2.80 18.20 21.00
Spatial with predictors  5.00 22.30 27.30

Table 6.5 Candidate model comparison using GPD.

+ cov.model="exponential",
+ n.samples=n.samples)

Next, we store the output from spLM for a spatial model with the intercept and the five
predictors included.

> ##Candidate model 3
> cand.3 <- spLM(log.bio”ELEV+SLOPE+SUM_02_TC1+SUM_02_TC2
+ +SUM_02_TC3, data=BEF.dat, coords=coords,
starting=1ist("phi"=3/200,"sigma.sq"=0.08,
"tau.sq"=0.02),
tuning=1list("phi"=0.1, "sigma.sq"=0.05,
"tau.sq"=0.05),
priors=list("phi.Unif"=c(3/1500, 3/50),
"sigma.sq.IG"=c(2, 0.08),
"tau.sq.IG"=c(2, 0.02)),
cov.model="exponential",
n.samples=n.samples)

+ o+ o+ o+ A+ A+ A+ o+

Finally, we compute the DIC and GPD scores for the three models using the spDiag
function. Note that for both the second and third model, DIC computes the likelihood with
the estimated spatial effects included. Therefore, we use the spRecover function to recover
the spatial effects for these two models.

> cand.1.DIC <- spDiag(cand.l, start=burn.in, verbose=FALSE)
cand.2 <- spRecover(cand.2, start=burn.in, verbose=FALSE)
cand.2.DIC <- spDiag(cand.2, verbose=FALSE)

cand.3 <- spRecover(cand.3, start=burn.in, verbose=FALSE)
cand.3.DIC <- spDiag(cand.3, start=burn.in, verbose=FALSE)

vV V V V

The results from this code are displayed in Tables 6.4 and 6.5.

6.3.2 Non-Gaussian spatial GLM

The function spGLM fits the Poisson and binomial model using the log and logit link function,
respectively. Here we illustrate the use of spGLM to fit a Poisson generalized linear mixed
model with spatially dependent random effects. We consider a simulated dataset with 50
locations inside the unit square. We generate a latent Gaussian spatial random field w(s)
using an exponential covariance function with o2 = 2 and ¢ = 3/0.5 (so the spatial range
is 0.5). Finally, the outcome in each location is generated from a Poisson distribution with
intensity exp(Bo + w(s;)). The dataset is generated in the code block below.
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> n <- 50
> coords <- cbind(runif(n, 0, 1), runif(n, 0, 1))
> phi <- 3/0.5
> sigma.sq <- 2
> R <- exp(-phi * iDist(coords))
> w <- mvrnorm(l, rep(0, n), sigma.sq * R)
> beta.0 <- 0.1
> y <- rpois(n, exp(beta.0 + w))

Assuming there is no spatial dependence we might fit a simple non-spatial GLM using

\4

pois.nonsp <- glm(y ~ 1, family = "poisson")
beta.starting <- coefficients(pois.nonsp)
> beta.tuning <- t(chol(vcov(pois.nonsp)))

\4

These coefficients and the Cholesky square root of the parameters’ estimated covariances
will be used as starting values and Metropolis sampler tuning values in the subsequent call
to spGLM. In addition to the regression coefficients we specify starting values for the spatial
range phi and variance sigma.sq as well as the random spatial effects w.

Here posterior inference is based on three MCMC chains each of length 15,000. The code
to generate the first of these chains is given below.
> n.batch <- 300
> batch.length <- 50
> n.samples <- n.batch * batch.length
> pois.sp.chain.1 <-

+ spGLM(y ~ 1,family = "poisson",coords = coords,
+ starting = list(beta = beta.starting,

+ phi = 3/0.5,

+ sigma.sq = 1,w = 0),

+ tuning = list(beta = 0.1, phi = 0.5,

+ sigma.sq = 0.1,w = 0.1),
+ priors = list("beta.Flat",

+ phi.Unif = c(3/1, 3/0.1),
+ sigma.sq.IG = c(2, 1)),

+ amcmc = list(n.batch = n.batch,

+ batch.length=batch.length,
+ accept.rate = 0.43),

+ cov.model = "exponential")

The coda package’s plot function can be used to plot chain trace plots using the code
below.

> samps <- mcmc.list(pois.sp.chain.1$p.beta.theta.samples,
+ pois.sp.chain.2$p.beta.theta.samples,
+ pois.sp.chain.3$p.beta.theta.samples)
> plot(samps)

The convergence of multiple chains can be assessed using diagnostics detailed in Gelman
and Rubin (1992). The gelman.diag function in the coda package calculates the “potential
scale reduction factor” for each each parameter, along with the associated upper and lower
confidence limits. Approximate convergence is diagnosed when the upper confidence limit
is close to 1. We can also plot the Gelman and Rubin’s shrink factor versus the number
of MCMC samples; here again convergence is diagnosed when the upper confidence limit
remains close to 1. Figure 6.11 suggests we should discard the first ~10,000 samples as
burn-in prior to summarizing the parameters’ posterior distributions.

> print(gelman.diag(samps))
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Figure 6.11 MCMC chain convergence diagnostics.

Potential scale reduction factors:

Point est. Upper C.I.

(Intercept) 1.09 1.20
sigma.sq 1.02 1.05
phi 1.01 1.02

Multivariate psrf

.03
gelman.plot (samps)
burn.in <- 10000

+ V. V V

c(3, 1, 51, 2))
50% 2.5% 97.5%
(Intercept) 0.18 -1.44 0.82
sigma.sq 1.58 0.87 3.41
phi 9.89 3.69 23.98

print (round (summary(window(samps, start = burn.in))$quantiles][,
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Observed counts Fitted counts

Figure 6.12 Observed and estimated counts.

Given the post burn-in samples, we can also generate surfaces of the estimated counts.
The code below produces Figure 6.12.

> samps <- as.matrix(window(samps, start = burn.in))

> w <~ cbind(pois.sp.chain.1$p.w.samples[, burn.in:n.samples],
+ pois.sp.chain.2$p.w.samples[, burn.in:n.samples],
+ pois.sp.chain.3$p.w.samples[, burn.in:n.samples])
> beta.0.hat <- mean(samps[, "(Intercept)"])

> w.hat <- apply(w, 1, mean)

> y.hat <- exp(beta.0.hat + w.hat)

> par(mfrow = c(1, 2))

> surf <- mba.surf(cbind(coords, y), no.X = 100, no.Y = 100,

+ extend = TRUE)$xyz.est

> image.plot(surf, main = "Observed counts")

> points(coords)

> surf <- mba.surf(cbind(coords, y.hat), no.X = 100, no.Y = 100,
+ extend = TRUE)$xyz.est

> image.plot(surf, main = "Fitted counts")

> points(coords)

Given the posterior samples of the model parameters, we use composition sampling to
draw from the posterior predictive distribution of any new location. The code block below
constructs a grid to define the prediction locations then calls spPredict. For each new
location’s posterior predictive samples we can draw a corresponding vector of realizations
from rpois.

> pred.coords <- as.matrix(expand.grid(seq(0.01, 0.99,
+ length.out = 20),
seq(0.01, 0.99,
length.out = 20)))
pred.covars <- as.matrix(rep(l, nrow(pred.coords)))
pois.pred <- spPredict(pois.sp.chain.1,
start = 10000,
thin = 10,
pred.coords = pred.coords,
pred.covars = pred.covars)

+ + + + VvV V + +
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Observed counts Pradicted counts

Figure 6.13 Observed and predicted counts.

> y.pred <- apply(pois.pred$p.y.predictive.samples,1,median)

These realization can then be summarized to assess predictive performance. For example,
Figure 6.13 illustrates the median prediction over the domain.

> par(mfrow = c(1, 2))

> surf <- mba.surf(cbind(coords, y), no.X = 100, no.Y = 100,
+ extend = TRUE)$xyz.est

> image.plot(surf, main = "Observed counts")

> points(coords)

> surf <- mba.surf(cbind(pred.coords, y.pred),
+ no.X = 100, no.Y = 100,

+ extend = TRUE) $xyz.est

> image.plot(surf, main = "Predicted counts")
> points(pred.coords, pch = "x", cex = 1)

>

points(coords, pch = 19, cex = 1)

6.4 Areal data models
6.4.1 Disease mapping

An area of strong biostatistical and epidemiological interest is that of disease mapping. Here
we typically have count data of the following sort:

Y; = observed number of cases of disease in county i, i =1,...,1
E;

expected number of cases of disease in county i, 1 =1,...,1

The Y; are thought of as random variables, while the E; are thought of as fixed and known
functions of n;, the number of persons at risk for the disease in county i. As a simple starting
point, we might assume that

E; =n;7

i.e., 7 is the overall disease rate in the entire study region. The second equivalence interprets
FE; as scaling the total number of cases by the proportion of the population at risk in county
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i. These E; thus correspond to a kind of “null hypothesis,” where we expect a constant
disease rate in every county. This process is called internal standardization, since it centers
the data (some counties will have observed rates higher than expected, and some less) but
uses only the observed data to do so.

Internal standardization is “cheating” (or at least “empirical Bayes”) in some sense,
since, evidently, the E; are not fixed but are functions of the data. A better approach might
be to make reference to an existing standard table of age-adjusted rates for the disease (as
might be available for many types of cancer). Then, after stratifying the population by age

group, the E; emerge as
Ei = Z nijrj 5
J

where n;; is the person-years at risk in area ¢ for age group j (i.e., the number of persons
in age group j who live in area ¢ times the number of years in the study), and r; is the
disease rate in age group j (taken from the standard table). This process is called external
standardization. In either case, in its simplest form a disease map is just a display (in color
or greyscale) of the raw disease rates overlaid on the areal units.

6.4.2 Traditional models and frequentist methods

If E; is not too large (i.e, the disease is rare or the regions i are sufficiently small), the usual
model for the Y; is the Poisson model,

Yi|ni ~ Po(Em;) ,

where 7); is the true relative risk of disease in region i. The maximum likelihood estimate
(MLE) of ; is readily shown to be

| =

the standardized morbidity (or mortality) ratio (SMR), i.e., the ratio of observed to ex-
pected disease cases (or deaths). Note that Var(SMR;) = Var(Y;)/E? = n;/E;, and so we
might take @“(S MR;) = 7;/E; = Y;/E?. This in turn permits calculation of traditional
confidence intervals for 7); (although this is a bit awkward since the data are discrete), as
well as hypothesis tests.

Example 6.5 To find a confidence interval for n;, arguably, it would be preferable to work
on the log scale, i.e., to assume that log SM R; is roughly normally distributed. Using the
delta method (Taylor series expansion), one can find that

L E} Y, 1
Var[log(SMR;)] ~ WV@T(SMRQ = e X =y

An approximate 95% CI for logn; is thus log SM R; +-1.96/+/Y;, and so (transforming back)
an approximate 95% CI for n; is

(SMRiexp(—l.%/\/?i), SMR; exp(1.96/\/§7i)) .
| ]

Example 6.6 Suppose we wish to test whether the true relative risk in county i is elevated
or not, i.e.,
Hy:n;=1 versus Hyq:m; > 1.
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Under the null hypothesis, Y; ~ Po(E;), so the p-value for this test is

! ex (—FE;)E?
p=Pr(X >Yi|E)=1-Pr(X <Yi|E)=1- ) SXP\TEi) B
= x!

This is the (one-sided) p-value; if it is less than 0.05 we would typically reject Hy and
conclude that there is a statistically significant excess risk in county 7. m

6.4.3 Hierarchical Bayesian methods

The methods of the previous section are fine for detecting extra-Poisson variability (overdis-
persion) in the observed rates, but what if we seek to estimate and map the underlying
relative risk surface {n;,% = 1,...,I}? In this case we might naturally think of a random
effects model for the 7;, since we would likely want to assume that all the true risks come
from a common underlying distribution. Random effects models also allow the procedure
to “borrow strength” across the various counties in order to come up with an improved
estimate for the relative risk in each.

The random effects here, however, can be high dimensional, and are couched in a nonnor-
mal (Poisson) likelihood. Thus, as in the previous sections of this chapter, the most natural
way of handling this more complex model is through hierarchical Bayesian modeling, as we
now describe.

6.4.3.1 Poisson-gamma model

As a simple initial model, consider

Yilne % Po(Em),i=1,...,1,

and 7; w G(a,b),
where G(a, b) denotes the gamma distribution with mean p = a/b and variance o2 = a/b?;
note that this is the gamma parametrization used by the WinBUGS package. Solving these
two equations for a and b we get a = p?/0? and b = /0%, Suppose we set 4 = 1 (the “null”
value) and 02 = (0.5)? (a fairly large variance for this scale). Figure 6.14(a) shows a sample
of size 1000 from the resulting G(4,4) prior; note the vertical reference line at n; = p = 1.

Inference about n = (n1,...,nr) is now based on the resulting posterior distribution,

which in the Poisson-gamma emerges in closed form (thanks to the conjugacy of the gamma
prior with the Poisson likelihood) as [], p(ni|yi), where p(n;|y;) is G(y; + a, E; +b). Thus a
suitable point estimate of 7; might be the posterior mean,

Yi +a yi + 5
Emly) = Bmily) = 55 = 5 Z (6.20)
(3 K3 0-2
_B(E) | @)
- E+L E+ 5
= w; SMR; + (1 —w;)u, (6.21)

where w; = E;/[E; + (11/0?)], so that 0 < w; < 1. Thus the Bayesian point estimate (6.21)
is a weighted average of the the data-based SMR for region ¢, and the prior mean p. This
estimate is approximately equal to SM R; when w; is close to 1 (i.e., when F; is big, so the
data are strongly informative, or when o? is big, so the prior is weakly informative). On the
other hand, (6.21) will be approximately equal to u when w; is close to 0 (i.e., when F; is
small, so the data are sparse, or when o2 is small, so that the prior is highly informative).
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Figure 6.14 Samples of size 1000 from a gamma(4,4) prior (a) and a gamma(27+4, 21+4) posterior
(b) for n;.

As an example, suppose in county i we observe y; = 27 disease cases, when only F; = 21
were expected. Under our G(4,4) prior we obtain a G(27 + 4,21 + 4) = G(31, 25) posterior
distribution; Figure 6.14(b) shows a sample of size 1000 drawn from this distribution. From
(6.20) this distribution has mean 31/25 = 1.24 (consistent with the figure), indicating
slightly elevated risk (24%). However, the posterior probability that the true risk is bigger
than 1is P(n; > 1]y;) = .863, which we can derive exactly (say, using 1 - pgamma(25,31)
in R), or estimate empirically as the proportion of samples in Figure 6.14(b) that are greater
than 1. In either case, we see substantial but not overwhelming evidence of risk elevation
in this county.

If we desired a 100 x (1 — a)% confidence interval for 7);, the easiest approach would be
to simply take the upper and lower a;/2-points of the G(31, 25) posterior, since the resulting
interval (ngL),nl(U)» would be such that P [m € (nEL)

i ,nl(U)> | yl} = 1 — a, by definition
of the posterior distribution. This is the so-called equal-tail credible interval mentioned in
Subsection 5.2.2. In our case, taking o = .05 we obtain (nEL),nfU)) = (.842,1.713), again
indicating no “significant” elevation in risk for this county. (In R the appropriate commands
here are qgamma (.025, 31)/25 and qgamma(.975, 31)/25.)

Finally, in a “real” data setting we would obtain not 1 but I point estimates, interval
estimates, and posterior distributions, one for each county. Such estimates would often
be summarized in a choropleth map, say, in R or ArcView. Full posteriors are obviously
difficult to summarize spatially, but posterior means, variances, or confidence limits are

easily mapped in this way. We shall explore this issue in the next subsection.

6.4.3.2 Poisson-lognormal models

The gamma prior of the preceding section is very convenient computationally, but suffers

from a serious defect: it fails to allow for spatial correlation among the ;. To do this we

would need a multivariate version of the gamma distribution; such structures exist but are

awkward both conceptually and computationally. Instead, the usual approach is to place

some sort of multivariate normal distribution on the ¢; = logn;, the log-relative risks.
Thus, consider the following augmentation of our basic Poisson model:

ind )
Yi|v; = Po(Bie™) | (6.22)
where ¢; = X[B+6;+ ¢; .
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The x; are explanatory spatial covariates, having parameter coefficients 3. The covariates
are ecological, or county (not individual) level, which may lead to problems of ecological
bias (to be discussed later). However, the hope is that they will explain some (perhaps all)
of the spatial patterns in the Y;.

Before, we discuss modeling for the 6; and ¢;, we digress to return to the internal
standardization problem mentioned at the beginning of this section. It is evident in (6.22)
that, with internal standardization, we do not have a valid model. That is, the data appears
on both sides of the Poisson specification. This issue is generally ignored in the literature
but the reader might appreciate the potential benefit of an alternative parametrization
which writes E(Y;) = n;p;. Here, again, n; is the number of people at risk in, say, county
1 and p; is the incidence rate in county ¢. Now, we would model p; and avoid the internal
standardization problem. In fact, this is the customary Poisson parametrization where we
expect large n; and small p;. And, if interest is in the n;’s, the SMR’s, after posterior
inference on p;, we get posterior inference for eta; for free since, given the data, 7; = n;p;/E;.
Why isn’t this model more widely used? We suspect it is the fact that, in principle, we
would have to introduce, say, a logit or probit link to model the p; which makes the model
more difficult to fit. (The difficulty with the log link is that, upon inversion, we might find
probabilities greater than 1. However, when the p; are small this need not be a problem.) In
the sequel we stay with the customary parametrization but encourage the more ambitious
reader to consider the alternative.

Returning to (6.22), the 6; capture region-wide heterogeneity via an ordinary, exchange-
able normal prior,

0, “ N0, 1/7) (6.23)
where 7, is a precision (reciprocal of the variance) term that controls the magnitude of
the 6;. These random effects capture extra-Poisson variability in the log-relative risks that
varies “globally,” i.e., over the entire study region.

Finally, the ¢; are the parameters that make this a spatial model by capturing regional
clustering. That is, they model extra-Poisson variability in the log-relative risks that varies
“locally,” so that nearby regions will have more similar rates. A plausible way to attempt
this might be to try a point-referenced model on the parameters ¢;. For instance, writing
¢ = (¢1,...,6r)", we might assume that

¢|:U“7ANNI(:U“7H(A))7

where Ny denotes the I-dimensional normal distribution, p is the (stationary) mean level,
and (H(X));r gives the covariance between ¢; and ¢, as a function of some hyperparameters
A. The standard forms given in Table 2.1 remain natural candidates for this purpose. The
issue here is that it is not clear what are appropriate inter-areal unit distances. Should
we use centroid to centroid? Does this make sense with units of quite differing sizes and
irregular shapes? A further challenge arises when we have many areal units. Then, the
so-called big N problem emerges (see Chapter 11) with regard to high-dimensional matrix
inversion. Moreover, with areal unit data, we are not interested in interpolation, that is,
kriging is the usual benefit for introducing a covariance function. As a result, it is customary
in hierarchical analyses of areal data to return to neighbor-based notions of proximity, and
ultimately, to return to CAR specifications for ¢ (Section 4.3). In the present context (with
the CAR model placed on the elements of ¢ rather than the elements of Y), we will write

¢ ~ CAR(r,) , (6.24)

where by this notation we mean the improper CAR (IAR) model in (4.16) with y; replaced
by ¢;, 72 replaced by 1/7., and using the 0-1 (adjacency) weights w;;. Thus 7. is a precision
(not variance) parameter in the CAR prior (6.24), just as 7, is a precision parameter in the
heterogeneity prior (6.23).
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6.4.3.83 CAR models and their difficulties

Compared to point-level (geostatistical) models, CAR models are very convenient com-
putationally, since our method of finding the posterior of 8 and ¢ is itself a conditional
algorithm, the Gibbs sampler. Recall from Subsection 5.3.1 that this algorithm operates
by successively sampling from the full conditional distribution of each parameter (i.e., the
distribution of each parameter given the data and every other parameter in the model). So
for example, the full conditional of ¢; is

p(¢z|¢j#’m 07/67Y) X Po(yl | E’Lex;ﬂ+ei+¢i) X N(¢Z | QE’L ) 1/(Tcml)) ’ (625)

meaning that we do not need to work with the joint distribution of ¢ at all. The conditional
approach also eliminates the need for any matrix inversion.

While computationally convenient, CAR models have various theoretical and computa-
tional challenges, some of which have already been noted in Section 4.3, and others of which
emerge now that we are using the CAR as a distribution for the random effects ¢, rather
than the data Y itself. We consider two of these.

1. Impropriety: Recall from the discussion surrounding (4.15) that the TAR prior we selected
in (6.24) above is improper, meaning that it does not determine a legitimate probability
distribution (one that integrates to 1). That is, the matrix ¥~! = (D,, — W) is singular,
and thus its inverse does not exist.

As mentioned in that earlier discussion, one possible fix for this situation is to in-
clude a “propriety parameter” p in the precision matrix, i.e., ¥=! = (D,, — pW). Tak-
ing p € (1/)\(1), 1/)\(n)), where A1) and A(,) are the smallest and largest eigenvalues of

el ZWDl_Ul/ 2, respectively, ensures the existence of X,. Alternatively, using the scaled

adjacency matrix W = Diag(1/w;+)W, £~1 can be written as M~(I — aW) where M is
diagonal. One can then show (Carlin and Banerjee, 2003; Gelfand and Vounatsou, 2002)
that if || < 1, then (I — on) will be positive definite, resolving the impropriety problem
without eigenvalue calculation.

This immediately raises the question of whether or not to include a propriety parameter
in the CAR model. On the one hand, adding, say, p, in addition to supplying propriety,
enriches the spatial model. Moreover, it provides a natural interpretation and, when p = 0.
we obtain an independence model. So, why would we not include p? One reason is that
the interpretation is not quite what we want. Recognizing that the inclusion of p makes
E(¢p; = szwi wi; ¢, we see that it isn’t necessarily sensible that we expect ¢; to be only
a portion of the average of its neighbors. Why is that an appropriate smoother? A further
difficulty with this fix (discussed in more detail near the end of Subsection 4.3.1) is that
this new prior typically does not deliver enough spatial similarity unless p is quite close to
1, thus getting us very close to the same problem again! Indeed in model fitting, p always is
very close to 1; it is as though, as a spatial random effects model, the data wants p to be 1.
Some authors (e.g., Carlin and Banerjee, 2003) recommend an informative prior that insists
on larger p’s or a’s (say, a beta(18,2)), but this is controversial since there will typically be
little true prior information available regarding the magnitude of a.

Our recommendation is to work with the intrinsic CAR specification, i.e., ignore the
impropriety of the standard CAR model (6.24) and continue! After all, we are only using
the CAR model as a prior; the posterior will generally still emerge as proper, so Bayesian
inference may still proceed. This is the usual approach, but it also requires some care, as
follows: this improper CAR prior is a pairwise difference prior (Besag et al., 1995) that
is identified only up to an additive constant. Thus to identify an intercept term [y in the
log-relative risk, we must add the constraint Zle ¢; = 0. Note that, in implementing a
Gibbs sampler to fit (6.22), this constraint can be imposed numerically by recentering each
sampled ¢ vector around its own mean following each Gibbs iteration, so-called centering
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on the fly. Note that we will prefer to implement this centering during the course of model
fitting rather than transforming to the lower dimensional proper distribution, in order to
retain the convenient conditional distributions associated with the pairwise difference CAR.

As a brief digression here, we note that the simple model, Y; = ¢; + 6; where, again,
the 6; are i.i.d. error terms and the ¢’s are an intrinsic CAR is a legitimate data model.
That is, Yi|¢; ~ N(¢;,07). (This setting is analogous to placing an improper prior on u
in the model, Y; = p + 6;.) In fact, we do not need an intercept in this model. If we were
to include one, we would have to center the ¢’s at each model fitting iteration. Contrast
this specification with ¥; = X7 3 + ¢; which cannot be a data model as we see from the
conditional distribution of Y;|3.

2. Selection of 7. and 73,: Clearly the values of these two prior precision parameters will
control the amount of extra-Poisson variability allocated to “heterogeneity” (the 6;) and
“clustering” (the ¢;). But they cannot simply be chosen to be arbitrarily large, since then
the ¢; and #; would be unidentifiable: note that we see only a single Y; in each county,
yet we are attempting to estimate two random effects for each ! Eberly and Carlin (2000)
investigate convergence and Bayesian learning for this data set and model, using fixed values
for 7, and 7.

Suppose we decide to introduce third-stage priors (hyperpriors) on 7. and 7,. Under
the intrinsic CAR specification, the distribution for the ¢;’s is improper. What power of
T. should be introduced into the multivariate “Gaussian distribution” for the ¢’s to yield,
with the hyperprior, the full conditional distribution for 7.7 Evidently, with an improper
distribution, there is no correct answer; the power is not determined. This problem has
been considered in the literature; see, e.g., Hodges, Carlin and Fan (2003). A natural way
to think about this issue is to recognize the effective dimension of the intrinsic CAR model.
For instance, with a connected set of areal units, we have one more ¢ than we need; the
intrinsic CAR is proper in the n — 1 dimensional space where we set one of the ¢’s equal
to the sum of the remainder. Thus, the centering on the fly constraint makes the distribu-
tion proper so the suggestion is to use the power (n — 1/2 for 7.. However, in some areal
unit settings, we have singleton units, units with no neighbors (perhaps, say, two units
not connected to the rest). Here, the recommendation is to deduce from n the number of
“islands” in the data. With no singletons, we have one island, hence n — 1, with one sin-
gleton, we have two islands, hence, n — 2, etc. Of course, with a proper CAR, this problem
disappears.

These hyperpriors cannot be arbitrarily vague due to the identifiability challenge above.
Still, the gamma offers a conjugate family here, so we might simply take

Th ~ G(ap,by) and 7. ~ G(ac,be) .

To make this prior “fair” (i.e., equal prior emphasis on heterogeneity and clustering), it is
tempting to simply set ap = a. and b, = b, but this would be incorrect for two reasons.
First, the 73, prior (6.23) uses the usual marginal specification, while the 7. prior (6.24)
is specified conditionally. Second, 7. is multiplied by the number of neighbors m; before
playing the role of the (conditional) prior precision. Bernardinelli et al. (1995) note that the
prior marginal standard deviation of ¢; is roughly equal to the prior conditional standard
deviation divided by 0.7. Thus a scale that delivers

1 1
NN
where m is the average number of neighbors may offer a reasonably “fair” specification. Of

course, it is fundamentally unclear how to relate the marginal variance of a proper joint
distribution with the conditional variance of an improper joint distribution.

sd(0;) = sd(¢i) (6.26)
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Figure 6.15 Scotland lip cancer data: (a) crude standardized mortality ratios (observed/expected x
100); (b) AFF covariate values.

Example 6.7 As an illustration of the Poisson-lognormal model (6.22), consider the data
displayed in Figure 6.15. These data from Clayton and Kaldor (1987) are the observed
(Y;) and expected (E;) cases of lip cancer for the I = 56 districts of Scotland during the
period 1975-1980. One county-level covariate x;, the percentage of the population engaged
in agriculture, fishing or forestry (AFF), is also available (and also mapped in Figure 6.15).
Modeling the log-relative risk as

Y = Bo + Prxi + 0 + i, (6.27)

we wish to investigate a variety of vague, proper, and arguably “fair” priors for 7. and 7,
find the estimated posterior of 51 (the AFF effect), and find and map the fitted relative

risks E(¢;]y).
Recall that Y; cannot inform about 6; or ¢;, but only about their sum & = 6; + ¢;.
Making the reparameterization from (8, @) to (0, &), we have the joint posterior,

p(0,€ly) < L(&;y)p(0)p(§—6).

This means that
p(0i | 05, &, y) o p(0:) p(§i— 0 [ {&5—0;} ) -

Since this distribution is free of the data y, the 6; are Bayesianly unidentified (and so are
the ¢;). But this does not preclude Bayesian learning (i.e., prior to posterior movement)
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model
{
for (i in 1 : regions) {
0[i] ~ dpois(mulil)
log(mu[il) <- log(E[i]) + betaO + betalxaff[i]/10
+ phil[i] + thetali]
thetal[i] ~ dnorm(0.0,tau.h)
xi[i] <- thetal[i] + phil[il
SMRhat [i] <- 100 * mu[i]/E[i]
SMRraw[i] <- 100 * 0[il/E[i]
}

phill:regions] ~ car.normal(adj[], weights[], num[], tau.c)

beta0 ~ dnorm(0.0, 1.0E-5) # vague prior on grand intercept
betal ~ dnorm(0.0, 1.0E-5) # vague prior on AFF effect

tau.h ~ dgamma(1.0E-3,1.0E-3) # ¢‘fair’’ prior from
tau.c 7 dgamma(1.0E-1,1.0E-1) # Best et al. (1999)

sd.h <- sd(theta[]) # marginal SD of heterogeneity effects
sd.c <- sd(phi[]) # marginal SD of clustering effects
alpha <- sd.c / (sd.h + sd.c)

Figure 6.16 WinBUGS code to fit the Poisson-normal-CAR model to the Scottish lip cancer data.

about #;. No Bayesian learning would instead require

p(0ily) = p(b:) , (6.28)

in the case where both sides are proper (a condition not satisfied by the CAR prior). Note
that (6.28) is a much stronger condition than Bayesian unidentifiability, since the data have
no impact on the marginal (not merely the conditional) posterior distribution.

Recall that, though they are unidentified, the 6; and ¢; are interesting in their own right,

as is
L sde)
sd(0) + sd(¢) ’

where sd(-) is the empirical marginal standard deviation function. That is, « is the propor-
tion of the variability in the random effects that is due to clustering (hence 1 — « is the
proportion due to unstructured heterogeneity). Recall we need to specify vague but proper
prior values 7, and 7. that lead to acceptable convergence behavior, yet still allow Bayesian
learning. This prior should also be “fair,” i.e., lead to o = 1/2 a priori.

Figure 6.16 contains the WinBUGS code for this problem, which is also available at
http://www.biostat.umn.edu/ brad/data2.html. Note the use of vague priors for 7. and
71, as suggested by Best et al. (1999), and the use of the sd function in WinBUGS to greatly
facilitate computation of «. In fact, WinBUGS permits the user to edit the adjacency matrix
— for example, to permit the three island counties (the Shetland, Hebrides, and Ornkey)
to be considered neighbors of the nearest mainland counties, or not.

Posterior moments (mean, sd) and convergence (lag 1 autocorrelation) summaries for
a, B1,&1, and &6 are given in Table 6.6. Besides the Best et al. (1999) prior, two priors in-
spired by equation (6.26) are also reported; see Carlin and Pérez (2000). The AFF covariate
appears significantly different from 0 under all 3 priors, although convergence is very slow
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Posterior for a Posterior for
Priors for 7., 7, mean sd  llacf | mean sd llacf
G(1.0, 1.0), G(3.2761, 1.81) .57 .058 .80 .43 A7 .94
G(.1, .1), G(.32761, .181) .65 .073 .89 41 14 .92
G(.1, .1), G(.001, .001) .82 .10 .98 .38 A3 91
Posterior for & Posterior for &5
Priors for 7., 7, mean sd llacf | mean sd llacf
G(1.0, 1.0), G(3.2761, 1.81) .92 .40 .33 -96 .52 .12
G(.1, .1), G(.32761, .181) .89 .36 .28 -79 41 17
G(.1, .1), G(.001, .001) .90 .34 31 -70 .35 .21

Table 6.6 Posterior summaries for the spatial model with Gamma hyperpriors for 7. and T, Scot-
land lip cancer data; “sd” demotes standard deviation while “ll1acf” denotes lag 1 sample autocor-
relation.

(very high values for 11acf). The excess variability in the data seems mostly due to clustering
(E(aly) > .50), but the posterior distribution for o does not seem robust to changes in the
prior. Finally, convergence for the ¢; (reasonably well identified) is rapid; convergence for
the 1; (not shown) is virtually immediate.

Of course, a full analysis of these data would also involve a map of the posterior means
of the raw and estimated SMR’s, which we can do directly in GeoBUGS, the spatial statistics
module supplied with WinBUGS Versions 1.4 and later. While this spatial module comes with
its own database of maps, it is possible to export maps in R to WinBUGS using the sp2WB
function. We investigate this in the context of the homework assignment in Exercise 12.

6.4.4 Extending the CAR model

From the above, the reader may glean the idea that it might be easier to just work with
the CAR model in (6.22), discarding the heterogeneity component. In a sense, this merely
asserts that we are interested in a spatial model, we are interested in implementing spatial
smoothing, and since we cannot separate the spatial structure from the heterogeneity, we
adopt an appropriate spatial specification. In fact, we see the connection here with the
discussion of the redundant pure error term in Section 6.2. With conditionally independent
first stage Poisson counts, adding a heterogeneity model is redundant.

Instead, we might extend the CAR model to include two variance components to attempt
to capture both heterogeneity and spatial dependence. A version was presented in the
work of Leroux and Breslow (1999) and developed further in MacNab and Dean (2000).
The key point is that the precision parameter in the intrinsic CAR model represents both
overdispersion and spatial association. Letting Q = Dy — W, to parallel the architecture
in a geostatistical model, we would like a covariance form, ¥ = 02Q~! 4 721. Of course,
Q! doesn’t exist. So, instead, define ¥ = w2A~! where A = A\Q + (1 — \)I where X € (0,1)
so that A~! exists and, in the likelihood, ¥~! = w—)‘QQ + 1(;—;‘[, resembling the covariance
matrix components associated with (6.22). The key difference is that, now, we introduce
just a single set of random effects with covariance matrix X rather than two sets of random
effects, separating the dependence structure.

For this new multivariate normal prior for, say, the set {xi}, we can immediately calculate
the conditional normal distributions. In fact, E(&[{¢;,j # i}) = ﬁ > ji & and

2

Var(&{&;,7 # i}) = 17>\i7>\wb+ When A\ = 1, we have just an intrinsic CAr prior; when
A = 0, we have an independence model. And, as with the proper CAR, we see that the
expected value of &; is only a portion of the average of its neighbors if A # 1.
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6.5 General linear areal data modeling

By analogy with Section 6.2, the areal unit measurements Y; that we model need not be
restricted to counts, as in our disease mapping setting. They may also be binary events (say,
presence or absense of a particular facility in region i), or continuous measurements (say,
population density, i.e., a region’s total population divided by its area).

Again formulating a hierarchical model, Y¥; may be described using a suitable first-stage
member of the exponential family. Now given B and ¢;, analogous to (6.18) the Y; are
conditionally independent with density,

FWilB, di,v) = Wy, v) exp{y[yini — v ()]}, (6.29)

where g(n;) = xI'3 + ¢; for some link function g with v a dispersion parameter. The ¢;
will be spatial random effects coming from a CAR model; the pairwise difference, intrinsic
(IAR) form is most commonly used. As a result, we have a generalized linear mixed model
with spatial structure in the random effects. Paralleling previous sections, it makes no sense
to introduce independent heterogeneity effects, 6;. Again, we are in a situation where the
stochastic mechanism in f replaces these independent errors. Again, we recommend fitting
models of the form (6.29) having only a spatial random effect. Computation is more stable
and a “balanced” (or “fair”) prior specification (as mentioned in connection with (6.26)
above) is not an issue.

6.6 Comparison of point-referenced and areal data models

We conclude this chapter with a brief summary and comparison between point-referenced
data models and areal unit data models. First, the former are defined with regard to
an uncountable number of random variables. The process specification determines the n-
dimensional joint distribution for the Y (s;), ¢ = 1,...,n. For areal units, we envision only
a single, finite, n-dimensional distribution for the Y;, ¢ = 1,...,n, which we write down to
begin with.

Next, with point-referenced data, we model association directly. For example, if Y =
(Y(s1),...,Y(sn)) we specify Xy using isotropy (or anisotropy), stationarity (or nonsta-
tionarity), and so on. With areal data Y = (Y3,...,Y,,) and CAR (or SAR) specifications,
we instead model E{(l directly. For instance, with CAR models, Brook’s Lemma enables us
to reconstruct Z;l from the conditional specifications; E;l provides conditional associa-
tion structure (as in Section 4.3) but says nothing about unconditional association structure.
When E}l is full rank, the transformation to ¥y is very complicated, and very nonlinear.
Positive conditional association can become negative unconditional association. If the CAR
is defined through distance-based w;;’s there need not be any corresponding distance-based
order to the unconditional associations. See Besag and Kooperberg (1995), Conlon and
Waller (1999), Hrafnkelsson and Cressie (2003), and Wall (2004) for further discussion.

With regard to formal specification, in the most commonly employed point-level Gaus-
sian case, the process is specified through a valid covariance function. With CAR modeling,
the specification is instead done through Markov random fields (Section 4.2) employing the
Hammersley-Clifford Theorem to ensure a unique joint distribution.

Explanation is a common goal of point-referenced data modeling, but often an even
more important goal is spatial prediction or interpolation (i.e., kriging). This may be done
at new points, or for block averages (see Section 7.1). With areal units, again a goal is
explanation, but now often is supplemented by smoothing. Here the interpolation problem
is infrequent and, in any event, is to new areal units, the so-called modifiable areal unit
problem (MAUP) as discussed in Sections 7.2 and 7.3.

Finally, with spatial processes, likelihood evaluation requires computation of a quadratic
form involving E{{l and the determinant of ¥y. (With spatial random effects, this evalua-
tion is deferred to the second stage of the model, but is still present.) With an increasing
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number of locations, such computation becomes very expensive (computing time is greater
than order n?), and may also become unstable, due to the enormous number of floating point
operations required. We refer to this situation as a “big N” problem (and devote Chapter
11 to it). On the other hand, with CAR modeling the likelihood (or the second-stage model
for the random effects, as the case may be) is written down immediately, since this model
parametrizes 3! (rather than Yy )). Full conditional distributions needed for MCMC sam-
pling are immediate, and there is no big n problem. Also, for SAR models (though not
of much interest in the context of hierarchical modeling because of the fact that the local
conditional distributions are not available in simple, closed forms) the quadratic form is di-
rectly evaluated, while the determinant is usually evaluated efficiently (even for very large
n) using sparse matrix methods; see, e.g., Pace and Barry (1997a,b).

6.7 Exercises

1. Derive the forms of the full conditionals for 3, 02,72, ¢, and W in the exponential kriging
model (6.1) and (6.3).

2. Assuming the likelihood in (6.3), suppose that ¢ is fixed and we adopt the prior
p(B,0%,7%) o« 1/(0%7?), a rather standard noninformative prior often chosen in non-
spatial analysis settings. Show that the resulting posterior p(3, 02, 72|y) is improper.

3. Derive the form of p(yoly, 8,%o) in (6.5) via the usual conditional normal formulae; i.e.,
following Guttman (1982, pp. 69-72), if Y = (Y, YI)T ~ N(u,X) where

Ky Y X2
= d 2 = 5
# (Hz) " < Y1 N )
then Yo|Y1 ~ N(pg 1, X2.1), where

oy = o+ L2137 (Y1 — py) and 3aq = oy — U1 B S1a

4. In Expression (6.18), if g(f) = 6 and the prior on 3 is a proper normal distribution,

(a) Show that the full conditional distributions for the components of 3 are log-concave.
(b) Show that the full conditional distributions for the w(s;) are log-concave.
)

5. (a) Derive the variance and covariance relationships given in (3.11).
(b) Derive the variance and covariance relationships given in (3.13).

6. The lithology data set (see www.biostat.umn.edu/ brad/data2.html) consists of mea-
surements taken at 118 sample sites in the Radioactive Waste Management Complex
region of the Idaho National Engineering and Environmental Laboratory. At each site,
bore holes were drilled and measurements taken to determine the elevation and thickness
of the various underground layers of soil and basalt. Understanding the spatial distribu-
tion of variables like these is critical to predicting fate and transport of groundwater and
the (possibly harmful) constituents carried therein; see Leecaster (2002) for full details.
For this problem, consider only the variables Northing, Easting, Surf Elevation,
Thickness, and A-B Elevation, and only those records for which full information is
available (i.e., extract only those data rows without an “NA” for any variable).

(a) Produce image plots of the variables Thickness, Surf Elevation, and A-B
Elevation. Add contour lines to each plot and comment on the descriptive topog-
raphy of the region.

(b) Taking log(Thickness) as the response and Surf Elevation and A-B Elevation
as covariates, fit a univariate Gaussian spatial model with a nugget effect, using the
exponential and Matérn covariance functions. You may start with flat priors for the
covariate slopes, Inverse Gamma(0.1,0.1) priors for the spatial and nugget variances,
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and a Gamma(0.1,0.1) prior for the spatial range parameter. Modify the priors and
check for their sensitivity to the analysis. (Hint: You can use WinBUGS to fit the expo-
nential model, but you must use spBayes for the Matérn.)

Perform Bayesian kriging on a suitable grid of values and create image plots of the
posterior mean residual surfaces for the spatial effects. Overlay the plots with contour
lines and comment on the consistency with the plots from the raw data in part (a).

Repeat the above for a purely spatial model (without a nugget) and compare this
model with the spatial+nugget model using a model choice criterion (say, DIC).

7. The real estate data set (www.biostat.umn.edu/ brad/data2.html) consists of infor-
mation regarding 70 sales of single-family homes in Baton Rouge, LA, during the month
of June 1989. It is customary to model log-selling price.

(a)
(b)

Obtain the empirical variogram of the raw log-selling prices.

Fit an ordinary least squares regression to log-selling price using living area, age, other
area, and number of bathrooms as explanatory variables. Such a model is usually
referred to as a hedonic model.

Obtain the empirical variogram of the residuals to the least squares fit.

Using an exponential spatial correlation function, attempt to fit the model Y (s) =
xT(s)B+W (s)+e(s) as in Equation (6.1) to the log-selling prices, obtaining estimates
using geoR.

Predict the actual selling price for a home at location (longitude, latitude) = (-91.1174,
30.506) that has characteristics LivingArea = 938 sqft, OtherArea = 332sqft, Age =
25yrs, Bedrooms = 3, Baths = 1, and HalfBaths = 0. (Reasonability check: The actual
log-selling price for this location turned out to be 10.448.)

Use geoR (grid-based integration routines) or WinBUGS (MCMC) to fit the above model
in a Bayesian framework. Begin with the following prior specification: a flat prior for 3,
1G(0.1,0.1) (WinBUGS parametrization) priors for 1/0? and 1/72, and a Uniform(0,10)
prior for ¢. Also investigate prior robustness by experimenting with other choices.
Obtain samples from the predictive distribution for log-selling price and selling price
for the particular location mentioned above. Summarize this predictive distribution.
Compare the classical and Bayesian inferences.

) (advanced): Hold out the first 20 observations in the data file, and fit the nonspatial

(i.e., without the W (s) term) and spatial models to the observations that remain. For
both models, compute

20 5
o > _1(Y(s0;) — Y(s05))?

20
o Zj:l Var(Y (so;)|y)
e the proportion of predictive intervals for Y (sg) that are correct
e the proportion of predictions that are within 10% of the true value
e the proportion of predictions that are within 20% of the true value

Discuss the differences in predictive performance.

8. Suppose Z; = Y;/n; is the observed disease rate in each county, and we adopt the model

ind

Z; '~ N(ni,0?) and n; i N(u,7%), i = 1,...,1. Find E(n;|y;), and express it as a
weighted average of Z; and p. Interpret your result as the weights vary.

9. In fitting model (6.22) with priors for the 6; and ¢; given in (6.23) and (6.24), suppose
we adopt the hyperpriors 7, ~ G(ay,by) and 7. ~ G(ac, b.). Find closed form expressions
for the full conditional distributions for these two parameters.
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10

11.

12.

. The full conditional (6.25) does not emerge in closed form, since the CAR (normal) prior

is not conjugate with the Poisson likelihood. However, prove that this full conditional
1s log-concave, meaning that the necessary samples can be generated using the adaptive
rejection sampling (ARS) algorithm of Gilks and Wild (1992).

Confirm algebraically that, taken together, the expressions
Gildjpi ~ N(¢i | i, 1/ (remy)) , i=1,...,1

are equivalent to the (improper) joint specification

p(¢17"')¢1)o<exp _% Z (¢l_¢])2 ’

iadjj

i.e., the version of (4.16) corresponding to the usual, adjacency-based CAR model (6.24).

The Minnesota Department of Health is charged with investigating the possibility of
geographical clustering of the rates for the late detection of colorectal cancer in the
state’s 87 counties. For each county, the late detection rate is simply the number of
regional or distant case detections divided by the total cases observed in that county.

Information on several potentially helpful covariates is also available. The most helpful is
the county-level estimated proportions of persons who have been screened for colorectal
cancer, as estimated from telephone interviews available biannually between 1993 and
1999 as part of the nationwide Behavioral Risk Factor Surveillance System (BRFSS).

(a) Use the poly.R function in R available at www.biostat.umn.edu/~brad/data2.html
to obtain a boundary file for the counties of Minnesota by executing

> source(‘ ‘poly.R’’)
> mkpoly(‘‘minnesota’’)

The result should be a file called minnesota.txt. Now open this file in WinBUGS, and
pull down to Import Splus on the Map menu. Kill and restart WinBUGS, and then pull
down to Adjacency Tool again from the Map menu; “minnesota” should now be one
of the options! Click on adj map to see the adjacency map, adj matrix to print out
the adjacency matrix, and show region to find any given region of interest.

(b) It is also possible to export a map from R to WinBUGS using the sp2WB() function in
the spdep package. Create a spatial polygon object (e.g., mn.poly in Section 4.5.1)
and pass it to sp2WB() as

> sp2WB(mn.poly, "mn_bugs.txt", Xscale = 1, plotorder = FALSE)

The file "mn_bugs.txt" can now be imported into WinBUGS as described in the part (a)

(c) Use WinBUGS to model the log-relative risk using (6.27), fitting the heterogeneity plus
clustering (CAR) model to these data. You will find the observed late detections Y;,
expected late detections F; and screening covariates x; in WinBUGS format in the file
colorecbugs.dat on the webpage www.biostat.umn.edu/~brad/data2.html/. Find
and summarize the posterior distributions of «a (the proportion of excess variability
due to clustering) and 5y (the screening effect). Does MCMC convergence appear
adequate in this problem?

(d) To use GeoBUGS to map the raw and fitted SMR’s, pull down to Mapping Tool on
the Map menu. Customize your maps by playing with cuts and colors. (Remember you
will have to have saved those Gibbs samples during your WinBUGS run in order to
summarize them!)

(e) Since the screening covariate was estimated from the BRFSS survey, we should really
account for survey measurement error, since this may be substantial for rural counties
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having few respondents. Replace the observed covariate x; in the log-relative risk
model (6.27) by T;, the true (unobserved) rate of colorectal screening in county 4.
Following Xia and Carlin (1998), we further augment our hierarchical model with

Ti % N(uo,1/N)  and  24|T; "™ N (T3, 1/6) |
That is, x; is acknowledged as an imperfect (albeit unbiased) measure of the true
screening rate T;. Treat the measurement error precision A and prior precision § either
as known “tuning parameters,” or else assign them gamma hyperprior distributions,
and recompute the posterior for 8. Observe and interpret any changes.
A more realistic errors-in-covariates model might assume that the precision of x; given
T; should be proportional to the survey sample size r; in each county. Write down (but
do not fit) a hierarchical model that would address this problem.



Chapter 7

Spatial misalignment

In this chapter we tackle the problem of spatial misalignment. That is, with the explosion
in spatial data collection, it is more and more the case that different spatial data layers are
collected at different scales. For example, we may have one layer at point level, another at
point level but at different locations, yet another for one set of areal units and a last over a
different set of areal units. Standard GIS software can routinely create overlays and themes
with such layers but this is primarily descriptive. Here we seek a formal inferential frame-
work to deal with such misalignment. As a canonical example, consider an environmental
justice setting where we seek to assess whether one group is adversely affected by, say, an
environmental contaminant, compared with another. So, we might record exposure levels
at monitoring stations, we might collect adverse health outcomes at the scale of zip or post
codes, and we might learn about population groups at risk through census data at census
tract scale. How might we assemble these layers to assess inequities?

As a result, two types of problems arise with such data settings. For the first, we seek an
analysis of the spatial data at a different scale of spatial resolution than they were originally
collected. For the second, we would be interested in a regression setting where we seek to
use some set of spatially referenced variables to explain another where the variables have
been collected at different spatial scales. For example, we might wish to obtain the spatial
distribution of some variable at the county level, even though it was originally collected at
the census tract level. We might have a very low-resolution global climate model for weather
prediction, and seek a regional model or even more locally (i.e., at higher resolution). For
areal unit data, our purpose might be simply to understand the distribution of a variable at
a new level of spatial aggregation (the so-called modifiable areal unit problem, or MAUP).
For data modeled at point level through a spatial process we would envision block averaging
at different spatial scales (the so-called change of support problem, or COSP), again possibly
for connection with another variable observed at a particular scale. For either type of data,
our goal in the first case is typically one of spatial interpolation, while in the second it is
one of spatial regression.

In addition to our presentation here, we also encourage the reader to look at the excellent
review paper by Gotway and Young (2002). These authors give good discussions of (as well
as both traditional and Bayesian approaches for) the MAUP and COSP, spatial regression,
and the ecological fallacy. This last term refers to the fact that relationships observed
between variables measured at the ecological (aggregate) level may not accurately reflect
(and will often overstate) the relationship between these same variables measured at the
individual level. Discussion of this problem dates at least to Robinson (1950); see Wakefield
(2001, 2003, 2004) for more modern treatments of this difficult subject. As a simple graphical
illustration, Figure 7.1 shows the incidence of low birth weight at three spatial scales, county,
zipcode, and census tract, for the State of North Carolina. Visually, the nature of the spatial
structure changes substantially according to scale.

As in previous sections, we group our discussion according to whether the data is suit-
ably modeled using a spatial process as opposed to a CAR or SAR model. Here the former
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Figure 7.1 Incidence of low birth weight at three spatial scales, county, zipcode, and census tract,
for the state of North Carolina.

assumption leads to more general modeling, since point-level data may be naturally aggre-
gated to block level, but the reverse procedure may or may not be possible; e.g., if the areal
data are counts or proportions, what would the point-level variables be? However, since
block-level summary data are quite frequent in practice (often due to confidentiality restric-
tions), methods associated with such data are also of great importance. We thus consider
point-level and block-level modeling.

7.1 Point-level modeling
7.1.1 Gaussian process models

Consider a univariate variable that is modeled through a spatial process. In particular,
assume that it is observed either at points in space, or over areal units (e.g., counties or
zip codes), which we will refer to as block data. The change of support problem is concerned
with inference about the values of the variable at points or blocks different from those at
which it has been observed.

7.1.1.1 Motivating data set

A solution to the change of support problem is required in many health science applications,
particularly spatial and environmental epidemiology. To illustrate, consider again the data
set of ozone levels in the Atlanta, GA metropolitan area, originally reported by Tolbert et
al. (2000). Ozone measures are available at between 8 and 10 fixed monitoring sites during
the 92 summer days (June 1 through August 31) of 1995. Similar to Figure 1.3 (which
shows 8-hour maximum ozone levels), Figure 7.2 shows the 1-hour daily maximum ozone
measures at the 10 monitoring sites on July 15, 1995, along with the boundaries of the 162
zip codes in the Atlanta metropolitan area. Here we might be interested in predicting the
ozone level at different points on the map (say, the two points marked A and B, which lie
on opposite sides of a single city zip), or the average ozone level over a particular zip (say,
one of the 36 zips falling within the city of Atlanta, the collection of which are encircled by
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Figure 7.2 Zip code boundaries in the Atlanta metropolitan area and 1-hour daily mazimum ozone
levels at the 10 monitoring sites for July 15, 1995.

the dark boundary on the map). The latter problem is of special interest, since, in this case,
relevant health outcome data are available only at the zip level. In particular, for each day
and zip, we have the number of pediatric ER visits for asthma, as well as the total number
of pediatric ER visits. Thus an investigation of the relationship between ozone exposure
and pediatric asthma cannot be undertaken until the mismatch in the support of the two
variables is resolved. Situations like this are relatively common in health outcome settings,
since personal privacy concerns often limit statisticians’ access to data other than at the
areal or block level.

In many earth science and population ecology contexts, presence/absence is typically
recorded at essentially point-referenced sites while relevant climate layers are often down-
scaled to grid cells at some resolution. A previous study of the Atlanta ozone data by Carlin
et al. (1999) realigned the point-level ozone measures to the zip level by using an ARC/INFO
universal kriging procedure to fit a smooth ozone exposure surface, and subsequently took
the kriged value at each zip centroid as the ozone value for that zip. But this approach uses
a single centroid value to represent the ozone level in the entire zip, and fails to properly
capture variability and spatial association by treating these kriged estimates as observed
values.

7.1.1.2 Model assumptions and analytic goals

Let Y (s) denote the spatial process (e.g., ozone level) measured at location s, for s in some
region of interest D. In our applications D C R? but our development works in arbitrary
dimensions. A realization of the process is a surface over D. For point-referenced data the
realization is observed at a finite set of sites, say, s;,7 = 1,2, ..., I. For block data we assume
the observations arise as block averages. That is, for a block B C D,

Y(B) = |B|* /B Y (s)ds, (7.1)



168 SPATTIAL MISALIGNMENT

where |B| denotes the area of B (see, e.g., Cressie, 1993). The integration in (7.1) is not the
usual integration of a function. Rather, it is an average of random variables, a realization
of a stochastic process, hence a random or stochastic integral. Thus, the assumption of an
underlying spatial process is only appropriate for block data that can be sensibly viewed
as an averaging over point data; examples of this would include rainfall, pollutant level,
temperature, and elevation. It would be inappropriate for, say, population, since there is
no “population” at a particular point. It would also be inappropriate for most proportions.
For instance, if Y (B) is the proportion of college-educated persons in B, then Y (B) is
continuous but even were we to conceptualize an individual at every point, Y'(s) would be
binary.

In general, we envision four possibilities. First, starting with point data Y'(s1),...,Y (sy),
we seek to predict at new locations, i.e., to infer about Y(s}),...,Y(s%) (points to
points). Second, starting with point data, we seek to predict at blocks, i.e., to infer about
Y(B1),...,Y(Bg) (points to blocks). Third, starting with block data Y (By), ..., Y (By), we
seek to predict at a set of locations, i.e., to infer about Y (s}),...,Y (s’ ) (blocks to points).
Finally, starting with block data, we seek to predict at new blocks, i.e., to infer about
Y (BY),...,Y(B%) (blocks to blocks).

All of these predictions may be collected under the umbrella of kriging, as in Sections 2.4
and 6.1. Our kriging here will be implemented within the Bayesian framework enabling full
inference (a posterior predictive distribution for every prediction of interest, joint distri-
butions for all pairs of predictions, etc.) and avoiding asymptotics. We will however use
rather noninformative priors, so that our results will roughly resemble those of a likelihood
analysis.

Inference about blocks through averages as in (7.1) is not only formally attractive but
demonstrably preferable to ad hoc approaches. One such approach would be to average over
the observed Y (s;) in B. But this presumes there is at least one observation in any B, and
ignores the information about the spatial process in the observations outside of B. Another
ad hoc approach would be to simply predict the value at some central point of B. But this
value has larger variability than (and may be biased for) the block average.

In the next section, we develop the methodology for spatial data at a single time point;
the general spatiotemporal case is similar and described in Section 11.2. Example 7.1 then
applies our approaches to the Atlanta ozone data pictured in Figure 7.2.

7.1.2  Methodology for the point-level realignment

We start with a stationary Gaussian process specification for Y'(s) having mean function
p(s; B) and covariance function C(s — s';0) = 02p(s — s'; ¢), so that 8 = (02, ¢). Here p
is a trend surface with coefficient vector 3, while o2 is the process variance and ¢ denotes
the parameters associated with the stationary correlation function p. Beginning with point
data observed at sites si,...,s7, let Y = (Y (s1),...,Y(s7)). Then

Y |B.0 ~ N(p,(B),0*Hs(8)) , (7.2)

where p (8)i = p(si; B) and (Hs(@))ir = p(si — si; @).

Given a prior on 3,02, and ¢, models such as (7.2) are straightforwardly fit using
simulation methods as described in Section 6.1, yielding posterior samples (3, 8}), g =
1,...,G from (83,0 |Ys).

Then prediction at a set of new locations Y7, = (Y (s}), ..., Y (s )) is really just multiple
kriging; we require only the predictive distribution,

F(Yo | Y, = / F(Yu | Y. 8.6)£(8.0| Y.)dBd6 (7.3)
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By drawing Y3, , ~ f(Ys | Ys,B8;,0;) we obtain a sample from (7.3) via composition

which provides any desired inference about Y and its components.
Under a Gaussian process,

(v )lpo) = (@) = (il @) oo
with entries defined as in (7.2). Hence, Yy [Ys, 3,8 is distributed as
N (e 8)  HEAD )Y, () -

o?[Hy (¢) — H/ ($)H (¢)Hs s (D)]) -

Sampling from (7.5) requires the inversion of H, (¢> ), which will already have been done in
sampling ¢, and then the square root of the K x K covariance matrix in (7.5).
For a single set B, it is straightforward to show (see Exercise 6.2) that

Y(B) simN (1z(8), 0%(8)) where jup(8) =tk [, (s, B)ds and 0%,(0) = o2 ks [, [ s
s’; ¢)dsds’. Since p < 1, we immediately see that var(Y(B)) < var(Y (s)) for any s € B (and,
in fact, this holds for the average of any finite set of points in B).

Now, turning to prediction for Y5 = (Y(By),...,Y(Bk)), the vector of averages over
blocks By, ..., Bg, we again require the predictive distribution, which is now

f(Y5 | Y. = / F(Y5 | Y 8,0)£(8.0| Y.)dBd6 . (7.6)

Under a Gaussian process, we now have
((3a)]0) =~ ((1B) - (st o)) @
E(Y(B) | 8) = 1Bl / (s B)ds

|Bi| ™" B | /Bk/B (s—s';¢)ds'ds ,
and (Hop(@)u = |Bil™ / psi — /s )ds .
By,

where

(1p(B))k

(Hp(9))kr

Analogously to (7.5), YB|YS, 3,0 is distributed as

N (15 (8) + HIp(@)H (@)Y, — 1,(8)) -
2[HB(¢>> HIp(¢)H (¢ Ho(8)]) - :

The major difference between (7.5) and (7.8) is that in (7.5), given (B,,0;), numerical
values for all of the entries in p, (3), Hy (¢), and Hs o (¢) are immediately obtained. In
(7.8) every analogous entry requires an integration as above. Anticipating irregularly shaped
By’s, Riemann approximation to integrate over these regions may be awkward. Instead,
noting that each such integration is an expectation with respect to a uniform distribution,
we propose Monte Carlo integration. In particular, for each By we propose to draw a set
of locations si ¢, £ = 1,2, ..., Ly, distributed independently and uniformly over By. Here Ly,
can vary with k to allow for very unequal | B|.
Hence, we replace (t5(8))k, (Hp(®))ki, and (Hs p(¢@))ir with

(3(8) = 12# Sk, 3) 5
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~

(Hp(@)iwr = Li'Lp' > Y plske —swes @) (7.9)
e v
and (H,p(9)iw = Ly’ plsi— sk ) -
J4

In our notation, the “hat” denotes a Monte Carlo integration that can be made arbitrarily
accurate and has nothing to do with the data Y. Note also that the same set of sg’s
can be used for each integration and with each (ﬁ;, 0;); we need only obtain this set once.
In obvious notation we replace (7.7) with the (I + K)-dimensional multivariate normal
distribution f((YS, Ygp)? ‘ B, 0) with entries using (7.9).

It is important to note that we can observe Y (B) but we cannot sample Y (B). However,
if we define Y'(By) = Ly' 3, Y (ske), then Y(By) is a Monte Carlo integration for Y (By,)

~

as given in (7.1). With an obvious definition for Y g, it is apparent that

F((YoYR)18.0) = £ ((Ye, Y2)" | B,0) (7.10)

where (7.10) is interpreted to mean that the approximate joint distribution of (Y, Ypg)
is the exact joint distribution of YS,?B. In practice, we will work with f, converting to
f(YB | Ys,8,0) to sample Y rather than sampling the ?(Bk)’s through the Y (ske)’s.
But, evidently, we are sampling ?B rather than Yg.

As a technical point, we might ask when ?B it Y 5. An obvious sufficient condition is
that realizations of the Y(s) process are almost surely continuous. In the stationary case,
Kent (1989) provides sufficient conditions on C(s — t; 0) to ensure this. Alternatively, Stein
(19992) defines Y (s) to be mean square continuous if limy o E(Y (s +h) — Y (s))? = 0 for

all s. But then Y (s+h) £t Y (s) as h — 0, which is sufficient to guarantee that Y5 Ys.
Stein notes that if Y'(s) is stationary, we only require ¢(-; 8) continuous at 0 for mean square
continuity. (See Subsection 3.1.4 and Section 13.2 for further discussion of smoothness of
process realizations.)

This leads us to an opportunity to make an important distinction between estimation
and prediction in the spatial context. Suppose we assume a constant mean surface over
the bounded set B, say, at height p. Then we could consider Y (B) as an estimator of u
as well as a predictor of Y(B). We note that Y(B) — Y (B) in probability and, in fact, if
the process covariance function is continuous at 0, we have mean square convergence, as
we argued above. However, Y(B) need not converge in probability to p. It suffices to look
at var(Y (B)) which, for a sample of size L, from (7.6), is 0?3, > p(se — sy ). In this
double sum, the “diagonal” terms contribute 02 /L and so will tend to 0 as £ — oco. However,
the remaining L(L — 1) terms in the double sum, when divided by L? need not tend to 0.
For instance, with an isotropic covariance function that reaches 0 only when distance goes
to oo, we will have every entry in the remaining double sum bigger than p(dpq.), where
dmaz 18 the largest pairwise distance between the locations. Therefore, the remaining sum
is greater than L(ﬁz_l)p(dmam). And, as L — oo, this term will not tend to 0 since d,,qz
is bounded because B is bounded. The result holds more generally, even with covariance
functions having bounded support since, as L. — oo, the proportion of points that will
stay within a subset such that the maximum distance over the subset will be less than the
upper support bound for the covariance function will also tend to co. In summary, we have
consistent prediction but need not have consistency for estimation.

A related block averaging is associated with a binary process. Binary processes are
routinely created from continuous processes using indicator functions. In any event, suppose
Z(s) is either 1 or 0. For instance, with presence/absence data, we observe an indicator of
whether a particular species is present at location s. Now, let Z(B) = |T£\ I Z(s)ds. How
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shall we interpret Z(B)? If we think of Z(s) as a light bulb that is either on (1) or off
(0) at each location, then Z(B) is the proportion of light bulbs that are on in areal unit
B. Evidently, while every Z(s) is either 1 or 0, Z(B) will be in (0,1). This reminds us of
the foregoing issue of scaling from blocks to points. However, suppose we define the binary
variable U(B) as the result of choosing a location at random in B and taking the value of
the binary variable at that location. Then, we see that P(U(B) = 1) = E(Z(B)). These
issues, in the context of modeling presence/absence data are considered in detail in Gelfand
et al. (2005).

Returning to the prediction problem, starting with block data Y5 = (Y (B1),...,Y(By)),
analogous to (7.2) the likelihood is well defined as

f(Y5|B,0)=N(pp(B), o°Hp(4)). (7.11)

Hence, given a prior on 3 and 6, the Bayesian model is completely specified. As above,
evaluation of the likelihood requires integrations. So, we replace (7.11) with

~

f(Yp|B.0) = N(fp(B), o°Hp(9)). (7.12)

Simulation-based fitting is now straightforward, as below (7.2), albeit somewhat more time
consuming due to the need to calculate fiz(3) and Hp (o).

To predict for Yy we require f(Ys | Yg). As above, we only require f(Yg,Ys | 3,0),
which has been given in (7.7). Using (7.10) we now obtain f(YSI | Yi,3,0) to sample
Y, . Note that f is used in (7.12) to obtain the posterior samples and again to obtain the
predictive samples. Equivalently, the foregoing discussion shows that we can replace Yp
with Y throughout. To predict for new blocks BY, ..., By, let Y5, = (Y(B}),...,Y/(B%))-
Now we require f(Yp/ | Yp), which in turn requires f (Yp,Yp: | 3,0). The approximate
distribution f(YB,YB/|ﬁ,0) employs Monte Carlo integrations over the Bj}’s as well as
the B;’s, and yields f(YB/ | Yi,8,0) to sample Y. Again fis used to obtain both the
posterior and predictive samples.

Note that in all four prediction cases, we can confine ourselves to an (I + K )-dimensional
multivariate normal. Moreover, we have only an I x I matrix to invert repeatedly in the
model fitting, and a K x K matrix whose square root is required for the predictive sampling.

For the modifiable areal unit problem (i.e., prediction at new blocks using data for a
given set of blocks), suppose we take as our point estimate for a generic new set By the
posterior mean,

E(Y (Bo) | Yp) = E{u(Bo; B) + Hp 5, ($)Hp ' (¢)(Y5 — pp(B) | Y5},

where Hp g, (¢) is I x 1 with i entry equal to cov(Y (B;), Y (By) | 8)/0?. If u(s; B) = pi for
s € B;, then pu(Bo; 8) = |Bo| ™" > |Bi N Bo| pi. But E(u; | Yg) = Y(B;) to a first-order
approximation, so in this case E(Y(Bo) | Yg) ~ |Bo| ™" > 1BiN Bo| Y (B;), the areally
weighted estimate.

Example 7.1 We now use the foregoing approach to perform point-point and point-block
inference for the Atlanta ozone data pictured in Figure 7.2. Recall that the target points
are those marked A and B on the map, while the target blocks are the 36 Atlanta city
zips. The differing block sizes suggest use of a different L for each k in equation (7.9).
Conveniently, our GIS (ARC/INFO) can generate random points over the whole study area,
and then allocate them to each zip. Thus Ly is proportional to the area of the zip, |By|.
Tllustratively, our procedure produced 3743 randomly chosen locations distributed over the
36 city zips, an average Ly of nearly 104.

Suppose that log-ozone exposure Y (s) follows a second-order stationary spatial Gaus-
sian process, using the exponential covariance function c(s; — s;/;0) = o2e®lsi=sull A
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Figure 7.3 Posterior point-point and point-block summaries, static spatial model, Atlanta ozone
data for July 15, 1995.

preliminary exploratory analysis of our data set suggested that a constant mean function
p(si; B) = uis adequate for our data set. We place the customary flat prior on p, and assume
that 02 ~ IG(a,b) and ¢ ~ G(c,d). We chose a = 3, b = 0.5, ¢ = 0.03, and d = 100, cor-
responding to fairly vague priors. We then fit this three-parameter model using an MCMC
implementation, which ran 3 parallel sampling chains for 1000 iterations each, sampling u
and o2 via Gibbs steps and ¢ through Metropolis-Hastings steps with a G(3,1) candidate
density. Convergence of the sampling chains was virtually immediate. We obtained the fol-
lowing posterior medians and 95% equal-tail credible intervals for the three parameters: for
p, 0.111 and (0.072, 0.167); for 02, 1.37 and (1.18, 2.11); and for ¢, 1.62 and (0.28, 4.13).
Figure 7.3 maps summaries of the posterior samples for the 36 target blocks (city zips)
and the 2 target points (A and B); specifically, the posterior medians, ¢s50, upper and
lower .025 points, ¢.975 and .95, and the lengths of the 95% equal-tail credible intervals,
q.975 — q.025. The zip-level medians show a clear spatial pattern, with the highest predicted
block averages occurring in the southeastern part of the city near the two high observed
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readings (0.144 and 0.136), and the lower predictions in the north apparently the result
of smoothing toward the low observed value in this direction (0.076). The interval lengths
reflect spatial variability, with lower values occurring in larger areas (which require more
averaging) or in areas nearer to observed monitoring stations (e.g., those near the south-
eastern, northeastern, and western city boundaries). Finally, note that our approach allows
sensibly differing predicted medians for points A and B, with A being higher due to the
slope of the fitted surface. Previous centroid-based analyses (like that of Carlin et al., 1999)
would instead implausibly impute the same fitted value to both points, since both lie within
the same zip.

7.2 Nested block-level modeling

We now turn to the case of variables available (and easily definable) only as block-level
summaries. For example, it might be that disease data are known at the county level, but
hypotheses of interest pertain to sociodemographically depressed census tracts. We refer to
regions on which data are available as “source” zones and regions for which data are needed
as “target” zones.

As mentioned earlier, the block-block interpolation problem has a rich literature and is
often referred to as the modifiable areal unit problem (see, e.g., Cressie, 1996). In the case of
an eztensive variable (i.e., one whose value for a block can be viewed as a sum of sub-block
values, as in the case of population, disease counts, productivity, or wealth), areal weighting
offers a simple imputation strategy. While rather naive, such allocation proportional to area
has a long history and is routinely available in GIS software.

The validity of simple areal interpolation obviously depends on the spatial variable in
question being more or less evenly distributed across each region. For instance, Tobler
(1979) introduced the so-called pycnophylactic approach. He assumed population density
to be a continuous function of location, and proposed a simple “volume preserving” (with
regard to the observed areal data) estimator of that function. This method is appropriate
for continuous outcome variables but is harder to justify for count data, especially counts
of human populations, since people do not generally spread out continuously over an areal
unit; they tend to cluster.

Flowerdew and Green (1989) presented an approach wherein the variable of interest is
count data and which uses information about the distribution of a binary covariate in the
target zone to help estimate the counts. Their approach applies Poisson regression itera-
tively, using the EM algorithm, to estimate target zone characteristics. While subsequent
work (Flowerdew and Green, 1992) extended this EM approach to continuous (typically
normally distributed) outcome variables, neither of these papers reflects a fully inferential
approach to the population interpolation problem.

In this section we follow Mugglin and Carlin (1998), and focus on the setting where the
target zonation of the spatial domain D is a refinement of the source zonation, a situation we
term nested misalignment. In the data setting we describe below, the source zones are U.S.
census tracts, while the target zones (and the zones on which covariate data are available)
are U.S. census block groups.

7.2.1 Methodology for nested block-level realignment

Consider the diagram in Figure 7.4. Assume that a particular rectangular tract of land is
divided into two regions (I and IT), and spatial variables (say, disease counts) y; and yo are
known for these regions (the source zones). But suppose that the quantity of interest is Y3,
the unknown corresponding count in Region III (the target zone), which is comprised of
subsections (IITa and IIIb) of Regions I and II.
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Figure 7.4 Regional map for motivating example.

As already mentioned, a crude way to approach the problem is to assume that disease
counts are distributed evenly throughout Regions I and II, and so the number of affected
individuals in Region III is just

. [area([[[a)] " [area([[[b)}

area(I) area(IT) (7.13)

This simple areal interpolation approach is available within many GIS’s. However, (7.13) is
based on an assumption that is likely to be unviable, and also offers no associated estimate
of uncertainty.

Let us now assume that the entire tract can be partitioned into smaller subsections,
where on each subsection we can measure some other variable that is correlated with the
disease count for that region. For instance, if we are looking at a particular tract of land, in
each subsection we might record whether the land is predominantly rural or urban in char-
acter. We do this in the belief that this variable affects the likelihood of disease. Continuous
covariates could also be used (say, the median household income in the subsection). Note
that the subsections could arise simply as a refinement of the original scale of aggregation
(e.g., if disease counts were available only by census tract, but covariate information arose
at the census block group level), or as the result of overlaying a completely new set of
boundaries (say, a zip code map) onto our original map. The statistical model is easier to
formulate in the former case, but the latter case is of course more general, and is the one
motivated by modern GIS technology (and to which we return in Section 7.3).

To facilitate our discussion in the former case, we consider a data set on the incidence of
leukemia in Tompkins County, NY, that was originally presented and analyzed by Waller et
al. (1994), and available on the web at www.biostat.umn.edu/ brad/data/tompkins.dat.
As seen in Figure 7.5, Tompkins County, located in west-central New York state, is roughly
centered around the city of Ithaca, NY. The county is divided into 23 census tracts, with
each tract further subdivided into between 1 and 5 block groups, for a total of 51 such
subregions. We have leukemia counts available at the tract level, and we wish to predict
them at the block group level with the help of population counts and covariate information
available on this more refined scale. In this illustration, the two covariates we consider are
whether the block group is coded as “rural” or “urban,” and whether or not the block
group centroid is located within 2 kilometers of a hazardous chemical waste site. There
are two waste sites in the county, one in the northeast corner and the other in downtown
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Figure 7.5 Map of Tompkins County, NY.

Ithaca, near the county’s center. (For this data set, we in fact have leukemia counts at the
block group level, but we use only the tract totals in the model-fitting process, reserving
the refined information to assess the accuracy of our results.) In this example, the unequal
population totals in the block groups will play the weighting role that unequal areas would
have played in (7.13).

Figure 7.6 shows a census tract-level disease map produced by the GIS MapInfo. The
data record the block group-level population counts n;; and covariate values u;; and wyj,
where u;; is 1 if block group j of census tract 7 is classified as urban, 0 if rural, and wj;
is 1 if the block group centroid is within 2 km of a waste site, 0 if not. Typical of GIS
software, MapInfo permits allocation of the census tract totals to the various block groups
proportional to block group area or population. We use our hierarchical Bayesian method to
incorporate the covariate information, as well as to obtain variance estimates to accompany
the block group-level point estimates.

As in our earlier disease mapping discussion (Subsection 6.4.1), we introduce a first-stage
Poisson model for the disease counts,

ind . .
Yijlmu) ~ Po(Egjymya ), i=1,...,1, j=1,...,J;,

where I = 23, J; varies from 1 to 5, Y;; is the disease count in block group j of census
tract 4, and E;; is the corresponding “expected” disease count, computed as E;; = n;;\
where n;; is the population count in the cell and A is the overall probability of contracting
the disease. This “background” probability could be estimated from our data; here we take
A = 5.597 x 104, the crude leukemia rate for the eight-county region studied by Waller
et al. (1994), an area that includes Tompkins County. Hence, my; ;) is the relative risk of
contracting leukemia in block group (4, 7), and k = k(i,5) = 1,2,3, or 4 depending on the
covariate status of the block group. Specifically, we let

i, 7) is rural, not near a waste site
is urban, not near a waste site
is rural, near a waste site

is urban, near a waste site

1, if (
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Figure 7.6 GIS map of disease counts by census tract, Tompkins County, NY.

Defining m = (my,ma, m3, my) and again adopting independent and minimally infor-
mative gamma priors for these four parameters, we seek estimates of p(myg|y), where
y=(w, . .,ur), and y; = Z;h:l Yi;, the census tract disease count totals. We also wish
to obtain block group-specific mean and variance estimates E[Y;;|y] and Var[Y;;ly], to be
plotted in a disease map at the block group (rather than census tract) level. Finally, we may
also wish to estimate the distribution of the total disease count in some conglomeration of

block groups (say, corresponding to some village or city).

By the conditional independence of the block group counts we have Y; |m ind
Po(Zi:1 spmg), i =1,...,I, where s = Zj:k(ij):k E;j, the sum of the expected cases in

block groups j of region ¢ corresponding to covariate pattern k, k = 1,...,4. The likelihood
L(m;y) is then the product of the resulting I = 23 Poisson kernels. After multiplying this
by the prior distribution term Hi:l p(myg), we can obtain forms proportional to the four
tull conditional distributions p(mg|mixk,y), and sample these sequentially via univariate
Metropolis steps.

Once again it is helpful to reparameterize to o = log(my), k = 1,...,4, and perform the
Metropolis sampling on the log scale. We specify reasonably vague Gamma(a, b) priors for
the my, by taking a = 2 and b = 10 (similar results were obtained with even less informative
gamma priors unless a was quite close to 0, in which case convergence was unacceptably
poor). For this “base prior,” convergence obtains after 200 iterations, and the remaining
1800 iterations in 5 parallel MCMC chains are retained as posterior samples from p(mly).

A second reparametrization aids in interpreting our results. Suppose we write

5k(i,j) =0y + ﬁluij + szij + eguij’wij R (7.14)

so that 6y is an intercept, #; is the effect of living in an urban area, 65 is the effect of
living near a waste site, and 65 is the urban/waste site interaction. This reparametrization
expresses the log-relative risk of disease as a linear model, a common approach in spatial
disease mapping (Besag et al., 1991; Waller et al., 1997). A simple 1-1 transformation
converts our (mgg),még),mgg),mflg)) samples to (959),9§g>,9§g>,9§9>) samples on the new
scale, which in turn allows direct investigation of the main effects of urban area and waste
site proximity, as well as the effect of interaction between these two. Figure 7.7 shows the
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Figure 7.7 Posterior histograms of sampled log-relative risk parameters, Tompkins County, NY,
data set.

histograms of the posterior samples for ;, i = 0, 1, 2, 3. We note that 6y, 61, and 63 are not
significantly different from 0 as judged by the 95% BCI, while 05 is “marginally significant”
(in a Bayesian sense) at this level. This suggests a moderately harmful effect of residing
within 2 km of a waste site, but no effect of merely residing in an urban area (in this case,
the city of Ithaca). The preponderance of negative Hég ) samples is somewhat surprising; we
might have expected living near an urban waste site to be associated with an increased
(rather than decreased) risk of leukemia. This is apparently the result of the high leukemia
rate in a few rural block groups not near a waste site (block groups 1 and 2 of tract 7, and
block group 2 of tract 20), forcing 03 to adjust for the relatively lower overall rate near the
Ithaca waste site.

7.2.2  Individual block group estimation

To create the block group-level estimated disease map, for those census tracts having J; > 1,
we obtain a conditional binomial distribution for Y;; given the parameters m and the census
tract totals y, so that

G
Yi.
E(Yyly) = E[E(Yijlm, y)] = '= > pY (7.15)
g=1

where p;; is the appropriate binomial probability arising from conditioning a Poisson random
variable on the sum of itself and a second, independent Poisson variable. For example, for

P we have

S0 1617m "
N 1617 + 702)m?) + (1526 + 1368)mY)
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Figure 7.8 GIS maps of interpolated (a) and actual (b) block group disease counts, Tompkins
County, NY.

as determined by the covariate patterns in the first four rows of the data set. Note that
when J; = 1 the block group total equals the known census tract total, hence no estimation
is necessary.

The resulting collection of estimated block group means E(Y;;|y) are included in the
data set on our webpage, along with the actual case counts y;;. (The occasional noninteger
values of y;; in the data are not errors, but arise from a few cases in which the precise block
group of occurrence is unknown, resulting in fractional counts being allocated to several
block groups.) Note that, like other interpolation methods, the sum of the estimated cases
in each census tract is the same as the corresponding sum for the actual case counts. The
GIS maps of the E(Y;;|y) and the actual y;; shown in Figure 7.8 reveal two pockets of
elevated disease counts (in the villages of Cayuga Heights and Groton).

To get an idea of the variability inherent in the posterior surface, we might consider
mapping the estimated posterior variances of our interpolated counts. Since the block
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group-level variances do not involve aggregation across census tracts, these variances may
be easily estimated as Var(Yi;ly) = E(Y|y) — [E(Yi;ly)]?, where the E(Yi;|y) are the
estimated means (already calculated), and

E(Y3ly) = EIEYjm,y)] = Elyipi(1l—pij) + v (pij)°]

Q

G
Z [y 221 p) + 2 ()2 (7.16)

where p;; is again the appropriate binomial probability for block group (4, j); see Mugglin
and Carlin (1998) for more details.

We remark that most of the census tracts are composed of homogeneous block groups
(e.g., all rural with no waste site nearby); in these instances the resulting binomial prob-
ability for each block group is free of m. In such cases, posterior means and variances are
readily available without any need for mixing over the Metropolis samples, as in Equations
(7.15) and (7.16).

7.2.8 Aggregate estimation: Block groups near the Ithaca, NY, waste site

In order to assess the number of leukemia cases we expect in those block groups within 2
km of the Ithaca waste site, we can sample the predictive distributions for these blocks, sum
the results, and draw a histogram of these sums. Twelve block groups in five census tracts
fall within these 2-km radii: all of the block groups in census tracts 11, 12, and 13, plus two
of the three (block groups 2 and 3) in tract 6 and three of the four (block groups 2, 3, and
4) in tract 10. Since the totals in census tracts 11, 12, and 13 are known to our analysis,
we need only sample from two binomial distributions, one each for the conglomerations of
near-waste site block groups within tracts 6 and 10. Defining the sum over the 12 block
groups as Z, we have

z9) = YG()“? 3+ Y(O )(2 ) Ty Y2, +ys,

A histogram of these values is shown in Figure 7.9. The estimated median value of 10
happens to be exactly equal to the true value of 10 cases in this area. The sample mean, 9.43,
is also an excellent estimate. Note that the minimum and maximum values in Figure 7.9,
Z =Tand Z = 11, are imposed by the data structure: there must be at least as many cases
as the total known to have occurred in census tracts 11, 12, and 13 (which is 7), and there
can be no more than the total number known to have occurred in tracts 6, 10, 11, 12, and
13 (which is 11).

Finally, we may again compare our results to those produced by a GIS under either
area-based or population-based interpolation. The former produces a mean estimate of
9.28, while the latter gives 9.59. These are close to the Bayesian mean 9.43, but neither
approach produces an associated confidence interval, much less a full graphical display of
the sort given in Figure 7.9.

7.3 Nonnested block-level modeling

The approach of the previous section (see also Mugglin and Carlin, 1998, and Mugglin et
al., 1999) offered a hierarchical Bayesian method for interpolation and smoothing of Poisson
responses with covariates in the nested case. In the remainder of this section we develop a
framework for hierarchical Bayesian interpolation, estimation, and spatial smoothing over
nonnested misaligned data grids. In Subsection 7.3.1 we summarize a data set collected in
response to possible contamination resulting from the former Feed Materials Production
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Figure 7.9 Histogram of sampled disease counts, total of all block groups having centroid within 2
km of the Ithaca, NY, waste site.

Center (FMPC) in southwestern Ohio with the foregoing analytic goals. In Subsection 7.3.2
we develop the theory of our modeling approach in a general framework, as well as our
MCMC approach and a particular challenge that arises in its implementation for the FMPC
data. Finally in Example 7.2 we set forth the conclusions resulting from our analysis of the
FMPC data.

7.8.1 Motivating data set

Risk-based decision making is often used for prioritizing cleanup efforts at U.S. Superfund
sites. Often these decisions will be based on estimates of the past, present, and future
potential health impacts. These impact assessments usually rely on estimation of the number
of outcomes, and the accuracy of these estimates will depend heavily on the ability to
estimate the number of individuals at risk. Our motivating data set is connected with just
this sort of risk assessment.

In the years 1951-1988 near the town of Ross in southwestern Ohio, the former Feed
Materials Production Center (FMPC) processed uranium for weapons production. Draft
results of the Fernald Dosimetry Reconstruction Project, sponsored by the Centers for Dis-
ease Control and Prevention (CDC), indicated that during production years the FMPC
released radioactive materials (primarily radon and its decay products and, to a lesser ex-
tent, uranium and thorium) from the site. Although radioactive liquid wastes were released,
the primary exposure to residents of the surrounding community resulted from breathing
radon decay products. The potential for increased risk of lung cancer is thus the focus of
intense local public interest and ongoing public health studies (see Devine et al., 1998).

Estimating the number of adverse health outcomes in the population (or in subsets
thereof) requires estimation of the number of individuals at risk. Population counts, broken
down by age and sex, are available from the U.S. Census Bureau according to federal census
block groups, while the areas of exposure interest are dictated by both direction and dis-
tance from the plant. Rogers and Killough (1997) construct an exposure “windrose,” which
consists of 10 concentric circular bands at 1-kilometer radial increments divided into 16
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Figure 7.10 Census block groups and 10-km windrose near the FMPC site, with 1990 population
density by block group and 1980 structure density by cell (both in counts per km? ).

compass sectors (N, NNW, NW, WNW, W, etc.). Through the overlay of such a windrose
onto U.S. Geological Survey (USGS) maps, they provide counts of the numbers of “struc-
tures” (residential buildings, office buildings, industrial building complexes, warehouses,
barns, and garages) within each subdivision (cell) of the windrose.

Figure 7.10 shows the windrose centered at the FMPC. We assign numbers to the win-
drose cells, with 1 to 10 indexing the cells starting at the plant and running due north, then
11 to 20 running from the plant to the north-northwest, and so on. Structure counts are
known for each cell; the hatching pattern in the figure indicates the areal density (structures
per square kilometer) in each cell.

Also shown in Figure 7.10 are the boundaries of 39 Census Bureau block groups, for
which 1990 population counts are known. These are the source zones for our interpolation
problem. Shading intensity indicates the population density (persons per square kilometer)
for each block group. The intersection of the two (nonnested) zonation systems results in
389 regions we call atoms, which can be aggregated appropriately to form either cells or
block groups.

The plant was in operation for 38 years, raising concern about the potential health risks
it has caused, a question that has been under active investigation by the CDC for some time.
Present efforts to assess the impact of the FMPC on cancer morbidity and mortality require
the analysis of this misaligned data set; in particular, it is necessary to interpolate gender-
and age group-specific population counts to the windrose exposure cells. These numbers
of persons at risk could then be combined with cell-specific dose estimates obtained by
Killough et al. (1996) and estimates of the cancer risk per unit dose to obtain expected
numbers of excess cancer cases by cell.

In fact, such an expected death calculation was made by Devine et al. (1998), using
traditional life table methods operating on the Rogers and Killough (1997) cell-level popu-
lation estimates (which were in turn derived simply as proportional to the structure counts).
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Figure 7.11 Illustrative representation of areal data misalignment.

However, these estimates were only for the total population in each cell; sex and age group-
specific counts were obtained by “breaking out” the totals into subcategories using a stan-
dard table (i.e., the same table in each cell, regardless of its true demographic makeup). In
addition, the uncertainty associated with the cell-specific population estimates was quanti-
fied in a rather ad hoc way.

7.3.2  Methodology for nonnested block-level realignment

We confine our model development to the case of two misaligned spatial grids. Given this
development, the extension to more than two grids will be conceptually apparent. The
additional computational complexity and bookkeeping detail will also be evident.

Let the first grid have regions indexed by ¢ = 1, ..., I, denoted by B;, and let Sg = |J; B;.
Similarly, for the second grid we have regions Cj, 7 = 1,...,J with S¢ = Uj C;. In some
applications Sg = S¢, i.e., the B-cells and the C-cells offer different partitions of a common
region. Nested misalignment (e.g., where each Cj; is contained entirely in one and only one
B,) is evidently a special case. Another possibility is that one data grid contains the other;
say, Sp C Sc. In this case, there will exist some C' cells for which a portion lies outside of
Sp. In the most general case, there is no containment and there will exist B-cells for which
a portion lies outside of S¢ and C-cells for which a portion lies outside of Sp. Figure 7.11
illustrates this most general situation.

Atoms are created by intersecting the two grids. For a given B;, each C-cell which
intersects B; creates an atom (which possibly could be a union of disjoint regions). There
may also be a portion of B; which does not intersect with any C;. We refer to this portion
as the edge atom associated with By, i.e., a B-edge atom. In Figure 7.11, atoms By and Bg
are B-edge atoms. Similarly, for a given C}, each B-cell which intersects with C; creates an
atom, and we analogously determine C-edge atoms (atoms C11 and Ca in Figure 7.11). It is
crucial to note that each nonedge atom can be referenced relative to an appropriate B-cell,
say, B;, and denoted as Bj. It also can be referenced relative to an appropriate C cell, say
C;, and denoted by Cj,. Hence, there is a one-to-one mapping within Sp (] Sc between the
set of ik’s and the set of j£’s, as shown in Figure 7.11 (which also illustrates our convention
of indexing atoms by area, in descending order). Formally we can define the function ¢ on
nonedge B-atoms such that ¢(B;;) = Cj¢, and the inverse function b on C-atoms such that
b(Cj¢) = Bji. For computational purposes we suggest creation of “look-up” tables to specify
these functions. (Note that the possible presence of both types of edge cell precludes a single
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“45” atom numbering system, since such a system could index cells on either S or S¢, but
not their union.)

Without loss of generality we refer to the first grid as the response grid, that is, at each
B; we observe a response Y;. We seek to explain Y; using a variety of covariates. Some of
these covariates may, in fact, be observed on the response grid; we denote the value of this
vector for B; by W;. But also, some covariates are observed on the second or explanatory
grid. We denote the value of this vector for C; by X;.

We seek to explain the observed Y'’s through both X and W. The misalignment between
the X’s and Y'’s is the obstacle to standard regression methods. What levels of X should
be assigned to Y;? We propose a fully model-based approach in the case where the Y’s and
X’s are aggregated measurements. The advantage of a model-based approach implemented
within a Bayesian framework is full inference both with regard to estimation of model
parameters and prediction using the model.

The assumption that the Y’s are aggregated measurements means Y; can be envisioned
as Zk Y, where the Y;; are unobserved or latent and the summation is over all atoms
(including perhaps an edge atom) associated with B;. To simplify, we assume that the X’s
are also scalar aggregated measurements, i.e., X; = Y, Xj; where the summation is over
all atoms associated with C;. As for the W’s, we assume that each component is either an
aggregated measurement or an inheritable measurement. For component r, in the former
case W =32, W as with ¥;; in the latter case WS = W,

In addition to (or perhaps in place of) the W; we will introduce B-cell random effects
iy © = 1,...,I. These effects are employed to capture spatial association among the Y;’s.
The u; can be given a spatial prior specification. A Markov random field form (Besag, 1974;
Bernardinelli and Montomoli, 1992), as described below, is convenient. Similarly we will
introduce C-cell random effects w;, j = 1,...,J to capture spatial association among the
X;’s. It is assumed that the latent Yj; inherit the effect y; and that the latent X, inherit
the effect w;.

For aggregated measurements that are counts, we assume the latent variables are con-
ditionally independent Poissons. As a result, the observed measurements are Poissons as
well and the conditional distribution of the latent variables given the observed is a product
multinomial. We note that it is not required that the Y’s be count data. For instance, with
aggregated measurements that are continuous, a convenient distributional assumption is
conditionally independent gammas, in which case the latent variables would be rescaled to
product Dirichlet. An alternative choice is the normal, whereupon the latent variables would
have a distribution that is a product of conditional multivariate normals. In this section we
detail the Poisson case.

As mentioned above, area naturally plays an important role in allocation of spatial
measurements. Letting |A| denote the area of region A, if we apply the standard assumption
of allocation proportional to area to the X, in a stochastic fashion, we would obtain

Xje | wj ~ Po(e*?[Cje]) , (7.17)

assumed independent for ¢ = 1,2,..,L;. Then X; | w; ~ Po(e¥s|C;|) and
(le,ng, ~'7Xj7Lj | Xj,wj) ~ Mult(Xj; q51, "'7qj7Lj) where qjt = |ng|/|Cj|

Such strictly area-based modeling cannot be applied to the Y;;’s since it fails to connect
the Y’s with the X’s (as well as the W’s). To do so we again begin at the atom level. For
nonedge atoms we use the previously mentioned look-up table to find the X, to associate
with a given Y. It is convenient to denote this X, as X {k. Ignoring the W for the moment,
we assume

Yik | i, O, ~ Po(e?

Bik| M(Xii/|Bik|; Oi)) (7.18)

independent for K =1,..., K;. Here h is a preselected parametric function, the part of the
model specification that adjusts an expected proportional-to-area allocation according to
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X/.. Since (7.17) models expectation for X, proportional to |Cj|, it is natural to use the
standardized form X/, /|Bjx| in (7.18). Particular choices of h include h(z; ;) = z yielding
Yir | pi ~ Po(et X/,.), which would be appropriate if we choose not to use | B;j| explicitly in
modeling E(Y;;). In our FMPC implementation, we actually select h(z; 0;;) = z+ 60, where
0. = 0/(K;|B;x|) and 6 > 0; see Equation (7.23) below and the associated discussion.

If B; has no associated edge atom, then

Y| i, 0, {ng} ~ Po (e’“ Z | Bix| h(Xz{k/|Bik| ; sz)> . (7.19)
k

If B; has an edge atom, say B;g, since there is no corresponding C¢, there is no corre-
sponding X/.. Hence, we introduce a latent X/, whose distribution is determined by the
nonedge atoms that are neighbors of B;g. Paralleling Equation (7.17), we model X/, as

X!y | wf ~ Po(e¥ |Bg)|) (7.20)

thus adding a new set of random effects {w}} to the existing set {w;}. These two sets
together are assumed to have a single CAR specification. An alternative is to model X/ ~
Po (|BzE| (ZN(BiE) X4/ XN (Biw) |Bt|)), where N (B;g) is the set of neighbors of B;r and
t indexes this set. Effectively, we multiply |B;g| by the overall count per unit area in the
neighboring nonedge atoms. While this model is somewhat more data-dependent than the
(more model-dependent) one given in (7.20), we remark that it can actually lead to better
MCMC convergence due to the improved identifiability in its parameter space: the spatial
similarity of the structures in the edge zones is being modeled directly, rather than indirectly
via the similarity of the w; and the w;.

Now, with an X/, for all ik, (7.18) is extended to all B-atoms and the conditional dis-
tribution of Y; is determined for all i asin (7.19). But also Y;1, ..., Yik, |Yi, s, 0ix is distributed
Multinomial(Y;; gi1, .., Gk, ), where i = |Bir| (XJy/ | Bkl 0ir) / 32 | Bie| (X, / | Bik| 5 Oin)-

To capture the spatial nature of the B; we may adopt an IAR model for the p;, i.e.,

p(pa | pirirzs) = N (Z Wyir pir /Wi 1/(A#wi_)> (7.21)

where w;; = 0, wiy = wir; and w;. = Y, w;ir. Below, we set w;y = 1 for By a neighbor of
B; and w;;; = 0 otherwise, the standard “0-1 adjacency” form.
Similarly we assume that

Flwj lwjrjrzs) = N > viwe /vs 5 1/(Awvy)
j/

We adopt a proper Gamma prior for A, and also for A,. When @ is present we require a
prior that we denote by f(€). The choice of f(6) will likely be vague but its form depends
upon the adopted parametric form of h.

The entire specification can be given a representation as a graphical model, as in Fig-
ure 7.12. In this model the arrow from {Xj,} — {X/,} indicates the inversion of the {X;;}
to {X/, }, augmented by any required edge atom values X/,. The {w}} would be generated
if the X/ are modeled using (7.20). Since the {Y;} are not observed, but are distributed as
multinomial given the fixed block group totals {Y;}, this is a predictive step in our model,
as indicated by the arrow from {Y;} to {Yix} in the figure. In fact, as mentioned above the
further predictive step to impute Yj’ , the Y total associated with X; in the jth target zone,
is of key interest. If there are edge atoms Cjg, this will require a model for the associated
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Y/ Since there is no corresponding B-atom for C;jp a specification such as (7.18) is not
appropriate. Rather, we can imitate the above modeling for X/, using (7.20) by introducing
{#;}, which along with the y; follow the prior in (7.21). The {u}} and {Y/g} would add
two consecutive nodes to the right side of Figure 7.12, connecting from A, to {Y;}.

The entire distributional specification overlaid on this graphical model has been supplied
in the foregoing discussion and (in the absence of Cjr edge atoms, as in Figure 7.10) takes
the form

[T f (Y, oo, Yig, | Vi, 0) T1 £ (Vi | s, 0,AX0 ) FUXGS | wi {XGe})
x [T f( X1, X, | X5) T1; F(XG | wj) (7.22)
X ik [ AL) FAL) fwid {wi} [ Aw) f(Aw) f(O) .

Bringing in the W; merely revises the exponential term in (7.18) from exp(u;) to exp(u; +
W1 3). Again, for an inherited component of W, say, Wi(r), the resulting Wi(,: ) = Wi(r). For
an aggregated component of W;, again, say, W.") | we imitate (7.17) assuming Wi(,:) | )~
(r)

3

Po(e“gr) | Bi|), independent for k = 1, ..., K;. A spatial prior on the
perhaps flat) prior on 3 completes the model specification.

Finally, on the response grid, for each B; rather than observing a single Y; we may
observe Y;,,, where m = 1,2, ..., M indexes levels of factors such as sex, race, or age group.
Here we seek to use these factors, in an ANOVA fashion, along with the X; (and W;) to
explain the Y;,,. Ignoring W,, the resultant change in (7.18) is that Yjk,, will be Poisson
with p; replaced by p;m, where p;,, has an appropriate ANOVA form. For example, in
the case of sex and age classes, we might have a sex main effect, an age main effect, and a
sex-age interaction effect. In our application these effects are not nested within ¢; we include
only a spatial overall mean effect indexed by 1.

Regarding the MCMC implementation of our model, besides the usual concerns about
appropriate choice of Metropolis-Hastings candidate densities and acceptability of the re-
sulting convergence rate, one issue deserves special attention. Adopting the identity func-
tion for h in (7.18) produces the model Yy ~ Po (e’ (X/,)), which in turn implies
Y ~ Po (et (X])). Suppose however that ¥;. > 0 for a particular block group 4, but in
some MCMC iteration no structures are allocated to any of the atoms of the block group.
The result is a flawed probabilistic specification. To ensure h > 0 even when z = 0, we
revised our model to h(z; 0;;) = z + 0, where 0;, = 0/(K;|B;x|) with 6 > 0, resulting in

6
Yir ~ Po (e’” <X{k + F)) . (7.23)

and a Gaussian (or
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This adjustment eliminates the possibility of a zero-valued Poisson parameter, but does al-
low for the possibility of a nonzero population count in a region where there are no structures
observed. When conditioned on Y;., we find (Y;1,...,Yik, | Yi) ~ Mult(Ys. ; pi1, ..., Dik;),

where ,
X +O/K;

Pik = X/ 10
Our basic model then consists of (7.23) to (7.24) together with

and Y;. ~ Po(e' (X[ +0)) . (7.24)

iid w; wj
pi ~ N (1, /1) s Xji ~ Po(e7|Cii|) = Xj. ~ Po(e*?|Cy])

(le,...,Xij |Xj) ~ li/hllt(Xj. 3 qjl,..., ij), where qjl = |le|/|Cj|, (725)
X/p ~ Po(e*"|Big|) , and (wj,w]) ~ CAR(\,) ,

K2

where X/, and w; refer to edge atom structure counts and log relative risk parameters,
respectively. While 6 could be estimated from the data, in our implementation we simply
set 8 = 1; Mugglin et al. (2000, Sec. 6) discuss the impact of alternate selections.

Example 7.2 (FMPC data analysis). We turn now to the particulars of the FMPC data
analysis, examining two different models in the context of the misaligned data as described
in Section 7.3.1. In the first case we take up the problem of total population interpolation,
while in the second we consider age- and sex-specific population interpolation.

7.8.2.1 Total population interpolation model

We begin by taking 1, = 1.1 and 7, = 0.5 in (7.25). The choice of mean value reflects the
work of Rogers and Killough (1997), who found population per household (PPH) estimates
for four of the seven townships in which the windrose lies. Their estimates ranged in value
from 2.9 to 3.2, hence our choice of 7, = 1.1 ~ log(3). The value 7, = 0.5 is sufficiently
small to make the prior for y; large enough to support all feasible values of u; (two prior
standard deviations in either direction would enable PPH values of 0.18 to 50.8).

For w = {w;,w}} we adopted a CAR prior and fixed A, = 10. We did not impose
any centering of the elements of w around 0, allowing them to determine their own mean
level in the MCMC algorithm. Since most cells have four neighbors, the value A, = 10
translates into a conditional prior standard deviation for the w’s of 1/1/(10-4) = .158,
hence a marginal prior standard deviation of roughly .158/.7 ~ .23 (Bernardinelli et al.,
1995). In any case, we found A, < 10 too vague to allow MCMC convergence. Typical
posterior medians for the w’s ranged from 2.2 to 3.3 for the windrose w;’s and from 3.3 to
4.5 for the edge w;'s.

Running 5 parallel sampling chains, acceptable convergence obtains for all parameters
within 1,500 iterations. We discarded this initial sample and then continued the chains for an
additional 5,000 iterations each, obtaining a final posterior sample of size 25,000. From the
resulting samples, we can examine the posterior distributions of any parameters we wish.
It is instructive first to examine the distributions of the imputed structure counts Xj;.
For example, consider Figure 7.13, which shows the posterior distributions of the structure
counts in cell 106 (the sixth one from the windrose center in the SE direction), for which
L; = 4. The known cell total X106, is 55. Note that the structure values indicated in the
histograms are integers. The vertical bars in each histogram indicate how the 55 structures
would be allocated if imputed proportionally to area. In this cell we observe good general
agreement between these naively imputed values and our histograms, but the advantage of
assessing variability from the full distributional estimates is immediately apparent.

Population estimates per cell for cells 105 through 110 (again in the SE direction, from
the middle to outer edge of the windrose) are indicated in Figure 7.14. Vertical bars here
represent estimates calculated by multiplying the number of structures in the cell by a
fixed (map-wide) constant representing population per household (PPH), a method roughly
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Figure 7.13 Posterior distributions of structure estimates for the four atoms of cell 106 (SE6).
Vertical bars represent structure values if imputed proportionally to area. Here and in the next figure,
“median” denotes posterior median, and “95% BCI” denotes the equal-tail Bayesian confidence
interval.

equivalent to that employed by Rogers and Killough (1997), who as mentioned above ac-
tually used four different PPH values. Our reference lines use a constant value of 3 (the
analogue of our prior mean). While cells 105 and 106 indicate good general agreement
in these estimates, cells 107 through 110 display markedly different population estimates,
where our estimates are substantially higher than the constant-PPH estimates. This is typi-
cal of cells toward the outer edge of the southeast portion of the windrose, since the suburbs
of Cincinnati encroach on this region. We have population data only (no structures) in the
southeastern edge atoms, so our model must estimate both the structures and the popula-
tion in these regions. The resulting PPH is higher than a mapwide value of 3 (one would
expect suburban PPH to be greater than rural PPH) and so the CAR model placed on the
{wj,w;} parameters induces a spatial similarity that can be observed in Figure 7.14.

We next implement the {Y;.} — {Yix} step. From the resulting {Yx} come the {Y/}
cell totals by appropriate reaggregation. Figure 7.15 shows the population densities by
atom (Y;x/|Bix|), calculated by taking the posterior medians of the population distributions
for each atom and dividing by atom area in square kilometers. This figure clearly shows
the encroachment by suburban Cincinnati on the southeast side of our map, with some
spatial smoothing between the edge cells and the outer windrose cells. Finally, Figure 7.16
shows population densities by cell (Y] /|C;[), where the atom-level populations have been
aggregated to cells before calculating densities. Posterior standard deviations, though not
shown, are also available for each cell. While this figure, by definition, provides less detail
than Figure 7.15, it provides information at the scale appropriate for combination with the
exposure values of Killough et al. (1996). Moreover, the scale of aggregation is still fine
enough to permit identification of the locations of Cincinnati suburban sprawl, as well as
the communities of Ross (contained in cells ENE 4-5 and NE 4), Shandon (NW 4-5), New
Haven (WSW 5-6), and New Baltimore (SSE 4-5).
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Figure 7.14 Posterior distributions of populations in cells 105 to 110. Vertical bars represent esti-
mates formed by multiplying structures per cell by a constant population per household (PPH) of
3.0.

7.8.2.2  Age and sex effects

Recall from Section 7.3.1 that we seek population counts not only by cell but also by sex
and age group. This is because the dose resulting from a given exposure will likely differ
depending on gender and age, and because the risk resulting from that dose can also be
affected by these factors. Again we provide results only for the year 1990; the extension to
other timepoints would of course be similar. Population counts at the block group level by
sex and age group are provided by the U.S. Census Bureau. Specifically, age is recorded as
counts in 18 quinquennial (5-year) intervals: 0-4, 5-9, ..., 80-84, and 85+. We consider an
additive extension of our basic model (7.23)—(7.25) to the sex and age group-specific case;
see Mugglin et al. (2000) for results from a slightly more complex additive-plus-interaction
model.

We start with the assumption that the population counts in atom k of block group ¢ for
gender ¢ at age group a is Poisson-distributed as

17

}/ikga ~ Po (e(siga <Xz/k + %)) ,  Where 5iga = Ui +go+ az:lﬁala s
g=0 for males and 1 for females, and I, is a 0-1 indicator for age group a (a = 1 for ages
5-9, a = 2 for 10-14, etc.). The p; are block group-specific baselines (in our parametrization,
they are the logs of the fitted numbers of males in the 04 age bracket), and a and the {8,}
function as main effects for sex and age group, respectively. Note the « and {3, } parameters
are not specific to any one block group, but rather apply to all 39 block groups in the map.

With each p; now corresponding only to the number of baby boys (not the whole popu-
lation) in block group 4, we expect its value to be decreased accordingly. Because there are
36 age-sex divisions, we modified the prior mean 7, to —2.5 ~ log (3/36). We placed vague
independent N (0,102) priors on a and the 8s, and kept all other prior values the same as
in Section 7.3.2.1. Convergence of the MCMC algorithm obtains in about 1,500 iterations.
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Figure 7.15 Imputed population densities (persons/km?) by atom for the FMPC region.

(The slowest parameters to converge are those pertaining to the edge atoms, where we have
no structure data. Some parameters converge much faster: the a and 3, parameters, for ex-
ample, converge by about 500 iterations.) We then ran 5,000 iterations for each of 5 chains,
resulting in a final sample of 25,000.

Population interpolation results are quite similar to those outlined in Section 7.3.2.1,
except that population distributions are available for each cell at any combination of age and
sex. While we do not show these results here, we do include a summary of the main effects
for age and sex. Table 7.1 shows the posterior medians and 2.5% and 97.5% quantiles for the
«a and f, parameters. Among the 3, parameters, we see a significant negative value of (4
(ages 20-24), reflecting a relatively small group of college-aged residents in this area. After
a slight increase in the age distribution for ages 30-44, we observe increasingly negative
values as a increases, indicating the expected decrease in population with advancing age.

7.4 A data assimilation example

Here, we offer a brief discussion of an example from Wikle and Berliner (2005) regarding
wind vector data. The data consists of monitoring observations at one areal scale along with
computer model output at a different areal scale. The objective is to fuse the data to provide
inference at a third spatial scale. So, this is a misalignment or change of support problem.
However, this problem also falls under the classification of data assimilation which is the
topic of Section 15.1. In particular, the two sources of data are daily wind satellite data and
computer model output from a weather center over the period 15 September 1996-29 June
1997. There are satellite-based wind estimates from a NASA Scatterometer (NSCAT) at
0.5 degree spatial resolution, not on a regular grid, along with National Center for Environ-
mental Prediction (NCEP) analysis of wind direction at 2.5 degree resolution on a regular
grid. The goal is to predict surface streamfunction at a resolution of 1.0 degree. Adopt-
ing our usual paradigm, [Data | Process, Parameters|[Process | Parameters|[Parameters] we
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Figure 7.16 Imputed population densities (persons/km?) by cell for the FMPC windrose.

have measurement data, Z, from the two sources and we let Y denote the true underlying
process which operates at point level.

Let A;,i =1,2,..,n, denote the .5 degree resolution grid, B;,j = 1,2, ...,n; the grid at
1.0 degree resolution and Cy,k = 1,2,...,n., the sets at 2.5 degree resolution. Though
the scales are nested the sets need not be. We let Zy = (Z(A1),...,Z(A,,))T denote
the,observations on the subgrid and Z¢ = (Z(Ch), ..., Z(Cy,))T denote the observations
on the supergrid.

Next, denote by Yp = {Y(s) : s € D} the true spatial process and employ block averag-
ing to obtain the true process values at the three spatial scales. That is, in general Y (S) =
JsY(s)ds. Hence, Y5 = (Y(A1),...,Y(A,,))" is the true subgrid wind vector process,
Yc = (Y(Cy),...,Y(Cp,))T is the true supergrid process and Y = (Y(Bi), ..., Y(Bn, )T
is the true process on the desired prediction grid. A simple measurement error model is
introduced for the data, i.e., Z4 = Y4 + e, where e4 ~ N(0, UZI%) and Zc = Y¢ + ec,
where ec ~ N(0,021,,). Wikle and Berliner (2005) treat the two measurement error models
as independent.

The remaining challenge is to align the Y (4;)’s and, Y (C)) with the Y(B;)’s. This
requires creating a highest resolution partition (in the spirit of the previous section) by
intersecting all of the sets in A, B, and C'. We omit the details and encourage the reader to
consult the Wikle and Berliner paper for full details.

7.5 Misaligned regression modeling

The methods of the preceding sections allow us to realign spatially misaligned data. The
results of such methods may be interesting in and of themselves, but in many cases our real
interest in data realignment will be as a precursor to fitting regression models relating the
(newly realigned) variables.

For instance, Agarwal, Gelfand, and Silander (2002) apply the ideas of Section 7.2 in
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Effect Parameter | Median 2.5%  97.5%
Gender « 0.005 -0.012 0.021
Ages 59 B, 0.073  0.033  0.116
Ages 10-14 By 0.062  0.021  0.106
Ages 1519 By 10003 0.043  0.041
Ages 20-24 B4 -0.223 -0.268 -0.177
Ages 25-29 b5 -0.021 -0.063 0.024
Ages 30 34 Be 0.137  0.095 0.178
Ages 3539 i 0.118  0.077  0.160
Ages 4044 Bs 0.044 0.001 0.088
Ages 45-49 Bo -0.224 -0.270 -0.180
Ages 50-54 Bio -0.404 -0.448 -0.357
Ages 55-59 B11 -0.558 -0.609 -0.507
Ages 60—64 B2 -0.627 -0.677 -0.576
Ages 65—69 B3 -0.896 —0.951 -0.839
Ages 70-74 B4 -1.320 -1.386 -1.255
Ages 75-79 Bi1s -1.720 -1.797 -1.643
Ages 80-84 Bies -2.320 -2.424 -2.224
Ages 85+ Bi7 —2.836 —2.969 -2.714

Table 7.1 Quantiles and significance of gender and age effects for the age-sex additive model.

a rasterized data setting. Such data are common in remote sensing, where satellites can
collect data (say, land use) over a pixelized surface, which is often fine enough so that town
or other geopolitical boundaries can be (approximately) taken as the union of a collection
of pixels.

The focal area for the Agarwal et al. (2002) study is the tropical rainforest biome within
Toamasina (or Tamatave) Province of Madagascar. This province is located along the east
coast of Madagascar, and includes the greatest extent of tropical rainforest in the island
nation. The aerial extent of Toamasina Province is roughly 75,000 square km. Four georef-
erenced GIS coverages were constructed for the province: town boundaries with associated
1993 population census data, elevation, slope, and land cover. Ultimately, the total num-
ber of towns was 159, and the total number of pixels was 74,607. For analysis at a lower
resolution, the above 1-km raster layers are aggregated into 4-km pixels.

Figure 7.17 shows the town-level map for the 159 towns in the Madagascar study region.
In fact, there is an escarpment in the western portion where the climate differs from the rest
of the region. It is a seasonally dry grassland/savanna mosaic. Also, the northern part is
expected to differ from the southern part, since the north has fewer population areas with
large forest patches, while the south has more villages with many smaller forest patches
and more extensive road development, including commercial routes to the national capital
west of the study region. The north and south regions with a transition zone were created
as shown in Figure 7.17.

The joint distribution of land use and population count is modeled at the pixel level.
Let L;; denote the land use value for the jth pixel in the ith town and let F;; denote the
population count for the jth pixel in the ith town. Again, the L;; are observed but only
P =3 y P;; are observed at the town level. Collect the L;; and P;; into town-level vectors
L; and P;, and overall vectors L and P.

Covariates observed at each pixel include an elevation, F;;, and a slope, S;;. To capture
spatial association between the L;;, pixel-level spatial effects ¢;; are introduced; to capture
spatial association between the P; , town-level spatial effects §; are introduced. That is, the
spatial process governing land use may differ from that for population.
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Figure 7.17 Northern and southern regions within the Madagascar study region, with population
overlaid.

The joint distribution, p(L, P|{Es;},{Si;},{®i;},{d:}) is specified by factoring it as

p(P [ {Ei},{Si},{0:}) p(L | P {E:;}, {Sis} {wij}) - (7.26)

Conditioning is done in this fashion in order to explain the effect of population on land use.
Causality is not asserted; the conditioning could be reversed. (Also, implicit in (7.26) is a
marginal specification for L and a conditional specification for P | L.)

Turning to the first term in (7.26), the P;; are assumed conditionally independent given
the E’s, S’s, and §’s. In fact, we assume P;; ~Poisson()\;;), where

log \ij = Bo + B1Eij + 255 + 0; (7.27)

Thus P; ~ Poisson()\;.), where log \;. = log Zj Aij = log Zj exp(Bo + L1 Eij + 525i5 + 6;).
In other words, the P;; inherit the spatial effect associated with P; . Also, {P;;}|P;. ~
Multinomial(P; ; {7i;}), where v;; = Aij /..

In the second term in (7.26), conditional independence of the L;; given the P’s, E’s, S’s,
and ¢’s is assumed. To facilitate computation, we aggregate to 4 km x 4 km resolution. (The
discussion regarding Figure 4.2 in Subsection 4.1.1 supports this.) Since L;; lies between 0
and 16, it is assumed that L;; ~Binomial(16, g;;), i.e., that the sixteen 1 km x 1 km pixels
that comprise a given 4 km x 4 km pixel are i.i.d. Bernoulli random variables with ¢;; such
that

IOg (1(];2) = Qg + OélEij + OéQS@j + Ongij + @55 - (728)
i

For the town-level spatial effects, a conditionally autoregressive (CAR) prior is assumed
using only the adjacent towns for the mean structure, with variance 72, and similarly for
the pixel effects using only adjacent pixels, with variance 7'3.
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Figure 7.18 Graphical representation of the land use-population model.

To complete the hierarchical model specification, priors for a, 3,72, and 7'3, (when the
@i are included) are required. Under a binomial, with proper priors for 75 and 72, a flat
prior for a and 3 will yield a proper posterior. For 78 and Tf,, inverse Gamma priors may
be adopted. Figure 7.18 offers a graphical representation of the full model.

We now present a brief summary of the data analysis. At the 4 km x 4 km pixel scale, two
versions of the model in (7.28) were fit, one with the ¢;; (Model 2) and one without them
(Model 1). Models 1 and 2 were fitted separately for the northern and southern regions.
The results are summarized in Table 7.2, point (posterior median) and interval (95% equal
tail) estimate. The population-count model results are little affected by the inclusion of
the ;5. For the land-use model this is not the case. Interval estimates for the fixed effects
coefficients are much wider when the ¢;; are included. This is not surprising from the form
in (7.28). Though the P;; are modeled and are constrained by summation over j and though
the ¢;; are modeled dependently through the CAR specification, since neither is observed,
strong collinearity between the P;; and ¢;; is expected, inflating the variability of the a’s.

Specifically, for the population count model in (7.27), in all cases the elevation coefficient
is significantly negative; higher elevation yields smaller expected population. Interestingly,
the elevation coefficient is more negative in the north. The slope variable is intended to
provide a measure of the differential in elevation between a pixel and its neighbors. However,
a crude algorithm is used within the ARC/INFO software for its calculation, diminishing
its value as a covariate. Indeed, higher slope would typically encourage lower expected
population. While this is roughly true for the south under either model, the opposite emerges
for the north. The inference for the town-level spatial variance component 752 is consistent
across all models. Homogeneity of spatial variance for the population model is acceptable.

Turning to (7.28), in all cases the coefficient for population is significantly negative.
There is a strong relationship between land use and population size; increased population
increases the chance of deforestation, in support of the primary hypothesis for this analysis.
The elevation coefficients are mixed with regard to significance. However, for both Models
1 and 2, the coefficient is always at least .46 larger in the north. Elevation more strongly
encourages forest cover in the north than in the south. This is consistent with the discussion
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Model: Ml MQ
Region: North | South North | South
Population model parameters:

b1 -.577 —.245 -.592 —-.176

(elev) | (-.663,-.498) | (~.419,-.061) | (—.679,-.500) | (-.341,.019)

8o 125 —.061 127 ~.096
(slope) | (.027,209) | (-.212,.095) | (.014,.220) | (-.270,.050)

Ts2 1.32 1.67 1.33 1.71
(.910,2.04) (1.23,2.36) (.906,1.94) (1.22,2.41)
Land use model parameters:

a1 .406 —-.081 490 130
(elev) (.373,.440) (-.109,-.053) | (.160,.857) (—.327,.610)

s 015 157 040 —011
(slope) | (~013,047) | (.129,.187) | (-.085,.178) | (~.152,.117)

as -5.10 ~3.60 ~4.12 -8.11
(x107%) | (-5.76,-4.43) | (-4.27,-2.80) | (~7.90,-.329) | (-14.2,-3.69)

T — — 6.84 5.85
(6.15,7.65) | (5.23,6.54)

Table 7.2 Parameter estimation (point and interval estimates) for Models 1 and 2 for the northern
and southern regions.

of the preceding paragraph but, apparently, the effect is weaker in the presence of the
population effect. Again, the slope covariate provides inconsistent results; but is insignificant
in the presence of spatial effects. Inference for the pixel-level spatial variance component
does not criticize homogeneity across regions. Note that Tf, is significantly larger than 72.
Again, this is expected. With a model having four population parameters to explain 3186
qz’.js as opposed to a model having three population parameters to explain 115 \}s, we would
expect much more variability in the gpgjs than in the d/s . Finally, Figure 7.19 shows the
imputed population at the 4 km x 4 km pixel level.

The approach of Section 7.3 will be difficult to implement with more than two mutually
misaligned areal data layers, due mostly to the multiple labeling of atoms and the needed
higher-way look-up table. However, the approach of this section suggests a simpler strategy
for handling this situation. First, rasterize all data layers to a common scale of resolution.
Then, build a suitable latent regression model at that scale, with conditional distributions
for the response and explanatory variables constrained by the observed aggregated mea-
surements for the respective layers.

Zhu, Carlin, and Gelfand (2003) consider regression in the point-block misalignment
setting, illustrating with the Atlanta ozone data pictured in Figure 7.2. Recall that in this
setting the problem is to relate several air quality indicators (ozone, particulate matter,
nitrogen oxides, etc.) and a range of sociodemographic variables (age, gender, race, and
a socioeconomic status surrogate) to the response, pediatric emergency room (ER) visit
counts for asthma in Atlanta, GA. Here the air quality data is collected at fixed monitoring
stations (point locations) while the sociodemographic covariates and response variable is
collected by zip code (areal summaries). In fact, the air quality data is available as daily
averages at each monitoring station, and the response is available as daily counts of visits
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Figure 7.19 Imputed population (on the square root scale) at the pizel level for north and south
TEGLONS.

in each zip code. Zhu et al. (2003) use the methods of Section 7.1 to realign the data, and
then fit a Poisson regression model on this scale. Since the data also involves a temporal
component, we defer further details until Subsection 11.7.4.

7.6 Exercises

1.

Suppose we estimate the average value of some areal variable Y (B) over a block B by the
predicted value Y (s*), where s* is some central point of B (say, the population-weighted
centroid). Prove that Var(Y (s*)) > Var(Y (B)) for any s* in B. Is this result still true
if Y (s) is nonstationary?

. Derive the form for Hp(¢) given below (7.7). (Hint: This may be easiest to do by gridding

the By’s, or through a limiting Monte Carlo integration argument.)

Suppose g is a differentiable function on R*, and suppose Y (s) is a mean-zero stationary
process. Let Z(s) = g(Y(s)) and Z(B) = ITi\ |5 Z(s)ds. Approximate Var(Z(B)) and
Cov(Z(B), Z(B")). (Hint: Try the delta method here.)

. Define a process (for convenience, on R') such that Y (B) defined as above (7.10) does

not converge almost surely to Y (B).

. Consider the scallop data sites formed by the rectangle having opposite vertices (73.0W,

39.5N) and (72.5W, 40.0N) (refer to Figure 7.20). This rectangle includes 20 locations; the
full scallop data are provided in www.biostat.umn.edu/ brad/data/myscallops.dat,
which includes our transformed variable, log(tcatch+1).
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Figure 7.20 1993 scallop data, with rectangle over which a block average is desired.

(a) Krige the block average of log(tcatch+1) for this region by simulating from the
posterior predictive distribution given all of the 1993 data. Adopt the model and prior
structure in Example 7.1, and use Equation (7.6) implemented through (7.12) to carry
out the generation.

(b) Noting the caveats regarding vague priors mentioned just below Equation (6.3), change
to a more informative prior specification on the spatial variance components. Are your
findings robust to this change?

6. Suppose that Figure 7.21 gives a (nested) subdivision of the region in Figure 7.4, where
we assume the disease count in each subsection is Poisson-distributed with parameter m,
or mg, depending on which value (1 or 2) a subregional binary measurement assumes.
Suppose further that these Poisson variables are independent given the covariate. Let the
observed disease counts in Region I and Region II be y; = 632 and y» = 311, respectively,
and adopt independent Gamma(a,b) priors for m; and mq with @ = 0.5 and b = 100,
so that the priors have mean 50 (roughly the average observed count per subregion) and
variance 5000.

(a) Derive the full conditional distributions for m; and ms, and obtain estimates of their
marginal posterior densities using MCMC or some other approach. (Hint: To improve
the numerical stability of your algorithm, you may wish to transform to the log scale.
That is, reparametrize to d; = log(mq) and do = log(ms), remembering to multiply
by the Jacobian (exp(d;),7 = 1,2) for each transformation.)

(b) Find an estimate of E(Y3|y), the predictive mean of Y3, the total disease count in the
shaded region. (Hint: First estimate E(Y3,|y) and E(Y3p|y), where Y3, and Y3, are
the subtotals in the left (Region I) and right (Region II) portions of Region III.)
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(c) Obtain a sample from the posterior predictive distribution of Y3, p(ysly). Is your

answer consistent with the naive one obtained from equation (7.13)?

7. For the Tompkins County data, available on our website at address www.biostat.umn.
edu/~brad/data/tompkins.dat and with supporting information on StatLib at
lib.stat.cmu.edu/datasets/csb/, obtain smoothed estimates of the underlying block

group-level relative risks of disease by modifying the log-relative risk model (7.14) to

where we assume
iid

(a) ¢k ~ N(0,1/7) (global smoothing), and

(b) ¢ ~ CAR(N), ie., ¢r | g ~ N (q@k , %Lk) (local smoothing).
Do your estimates significantly differ?” How do they change as you change A?
8. For the FMPC data and model in Section 7.3,

Ok(i,g) = Oo + Oru; + Oawij + Osusjwi; + di

(a) Write an explicit expression for the full Bayesian model, given in shorthand notation

in Equation (7.22).

(b) For the full conditionals for p;, Xj;, and X/, show that the Gaussian, multinomial,
and Poisson (respectively) are sensible choices as Metropolis-Hastings proposal densi-

ties, and give the rejection ratio (5.21) in each case.






Chapter 8

Modeling and Analysis for Point Patterns

8.1 Introduction

As we noted in Chapter 1, point patterns form the third type of spatial data that we
collect. Of the three data types, in our view, spatial and space-time point patterns are the
least developed in terms of Bayesian development and application. There is a consequential
formal theoretical literature and there is by now a substantial body of exploratory tools.
We shall explore both of these parts in Sections 8.2 and 8.3. In Section 8.4 we look at
basic modeling specifications. Here, it is evident that in the modeling side, in particular,
the hierarchical approach through fully Bayesian modeling has received much less attention.
In Section 8.5 we take up the problem of generating point patterns, potentially useful for
simulation-based model fitting. In Section 8.6 we extend the class of models to Neyman-
Scott and Gibbs processes, again, with an eye toward Bayesian model fitting. In Section 8.7
we consider marked point processes. Section 8.8 will look at space-time point patterns, i.e.,
how can we learn about the evolution of point patterns in time? We conclude in Section 8.9
with a few special topics, arguably, areas which need more development for the practitioner.
Several exercises are presented at the end. Also, we believe that the inferential aspects of
this chapter will be best appreciated after absorbing Chapters 5 and 6.

Examples of spatial point patterns arise in various contexts. For instance, in looking at
ecological processes, we may be interested in the pattern of occurrences of species, e.g., the
pattern of trees in a forest, say junipers and pinions. What sort of pattern do the species
reveal? Do the two species present different patterns? Are there environmental/habitat
features which explain the observed patterns? Do the species respond differently to the
available environment? In epidemiology, in particular so-called spatial epidemiology, we seek
to find pattern in disease cases, perhaps different pattern for cases vs. controls. With breast
cancer cases where a woman may elect one of say, two treatment options — mastectomy or
radiation — do point patterns differ according to option? In syndromic surveillance we seek to
identify disease outbreaks. Here, we would be looking for clustering of cases. Additionally, we
might be looking at the evolution of a pattern over time. Examples include recent outbreaks
involving e-coli, HIN1, swine flu, bird flu, and bovine tuberculosis. Another variant is to
investigate the point pattern of invasive species. Here, we see a picture of locations that is not
yet in equilibrium. We might be able to gather subsequent time-slices of the pattern but our
primary inferential objective might be to anticipate where the species will eventually appear
given where it is now. Again, environmental /habitat features that explain where it currently
resides can help to address this question. Finally, we might look at the evolution/growth
of a city, i.e., urban development. We could look at the pattern of development of single
family homes or of commercial property over time.

Again, point patterns consider the setting where the randomness is associated with the
locations of the points themselves. We are immediately led to attempt to clarify what we
mean by “no spatial pattern.” What do we mean by a uniform distribution of points? This is
referred to as complete spatial randomness and will be developed in Section 8.2. Moreover,
it is at the heart of several of the tools in Section 8.3. We can further imagine a collection
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of point patterns, each indexed by a level of a variable, a so-called “mark,” resulting in a
marked point pattern. Conceptually, marks may be discrete or continuous. With discrete
marks, natural interest would be in comparing point patterns across marks. With continuous
marks, we may be more interested in the joint distribution of marks and locations. In a
sense, this is the reverse of our earlier specifications where we have a measurement variable
(e.g., a mark) at a given location. That is, geostatistical analysis typically seeks to infer
about spatially continuous phenomena given observation at a fixed finite set of locations. In
marked point pattern analysis, the randomness in locations, along with associated marks,
is analyzed. We shall illuminate this point further in Section 8.7.

For a specified, bounded region D, we will denote the realization as s;,7 = 1,2....,n
where, again, both n and the s; are random. Below, we will consider the role of D more
carefully. Are we seeing a finite realization of an infinite point pattern as a result of imposing
D (in which case, we might need to worry about edge effects and the shape of D might
matter). Or, are we seeing a finite point pattern associated with a specified D (conceptually,
perhaps an island or a forest or the limits of a city)? The modeling for these two settings
will not be the same and, it may be argued that, in practice, the choice between these
two settings is arbitrary. In fact, we will focus more on the second case since, arguably, it is
better suited to application as it allows more flexible modeling with easier model fitting and
analysis.

Again, we need not have variables at locations, just the pattern of points provided by
the locations. We seek to extract relatively crude features of the patterns. Evidently, com-
plete randomness or spatial homogeneity is a place to start, an assumption which we hope
to criticize on several accounts. The first is because, realistically, it cannever be operating
in practice. A second is because we seek to shed light on where there is departure from
randomness and what its nature might be. Third, such departure can result from environ-
mental features in which case we would like to develop regression models to explain why
we observe the pattern that we do. Fourth, alternatively, the pattern may reveal a form of
clustering or attraction, possibly of inhibition or repulsion, perhaps regular or systematic
behavior which, again, we would seek to explain.

Figure 8.1 shows displays of spatial homogeneity for six samples each of 30 points.
The plots reveal that the eye cannot easily assess complete randomness; it tends to “see”
structure. Here, the analogy is with seeing functional relationship in a scatterplot. The eye
will tend to respond to artifacts in the randomness. By contrast Figure 8.2 shows clustering
and systematic pattern. Now, still with a small number of points, we can see real structure,
real departure from homogeneity.

We can take this a bit further in Figure 8.3 where we show an intensity surface which
is used to generate point patterns. The surface is supplied in both a perspective plot and a
contour plot. We formalize the notion of an intensity in the next section but, for now, we
merely conceptualize it as a surface which is such that in regions where it is high we expect
to see more points and in regions where it is low we expect to see fewer points.

Realizations of point patterns from this intensity surface are shown in Figure 8.4, with
some contours overlaid (dashed lines) to reveal the nature of resultant point patterns and
their inherent variability.

A noteworthy remark with regard to point patterns is that often we are prevented from
seeing them. Particularly with regard to public health data, points may be aggregated to
geographic units, e.g., census units, zip/post codes, counties, for confidentiality /privacy
reasons. That is, we may be denied the opportunity to analyze the data at point level
resolution. Such aggregation returns us to counts associated with areal units which may be
analyzed using the disease mapping methodology presented in Chapter 4. In this regard,
we will again confront the ecological fallacy, offered in Section 8.4.3.1. Aggregating points
with covariate marks to counts over units, with an associated explanatory variable for the
units, typically does not arise through simple scaling as we elaborate in Section 8.4.
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Figure 8.1 The panels depict spatial homogeneity for siz samples each of 80 points. The plots reveal
that the eye cannot easily assess complete randommness and tends to look for structure.
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Figure 8.2 Clustering and systematic (regular) pattern.
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There are various books that devote all or a portion of their space to point patterns. In
particular, Cressie (1993) presents a fairly detailed, formal discussion at a fairly high techni-
cal level. Peter Diggle has made substantial contributions through his website and his book
(2003), which is accessible and now a classic but is not broad. Mgller and Waagepetersen
(2004) offer a model driven perspective that is likelihood based and fairly technical. Waller
and Gotway (2004) provide an easy read, focusing primarily on what we view as exploratory
tools, little on modeling.
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Figure 8.3 Intensity surface used to generate point patterns.

Figure 8.4 Realizations from the intensity surface in Figure 8.3 with overlaid contours shown as
dashed lines.

We recommend the recent book by Illian, Penttinen, Stoyan, and Stoyan (2008). It
offers a fair bit of technical development along with a data analytic perspective, paying
attention to modeling. It has a fresh and engaging feel but, by its own admission, emphasizes
descriptive (summary) statistics for features of the process model in order to reveal the
nature of departures from complete spatial randomness. In fairness, they note that many
processes for point patterns are described constructively (in terms of such features), avoiding
likelihood specification or making it infeasible. They also indicate that they would prefer to
go beyond the exploratory stage when possible. Evidently, consistent with the fully model-
based character of this book, leading to posterior inference, we will focus on specifications
where this is possible. Finally, we note the recent Handbook of Spatial Statistics (Gelfand et
al., 2010) which presents a very current review of the field and devotes 161 pages spanning
7 chapters to theory and inference for point patterns.
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8.2 Theoretical development

We focus on point patterns over D C R2. Much theoretical work is over a subregion of R?
since many of the features of interest are geometric in nature, e.g., distance between points
or number of points in a sphere, and these can be formulated for general d dimensional
locations. Of course, there is a substantial literature for point patterns over an interval
on R! (usually specified as (0,7]). These are sometimes referred to as counting processes,
emphasizing the number of events as well as their locations (see, e.g., Andersen et al., 1995;
Fleming and Harrington, 2005). Working in R! offers the advantage of a well-defined “his-
tory.” We can build models to capture what we expect in the future, given what we have
seen thus far. That is, we can view the points as arriving sequentially and model them
accordingly. Alternatively, we might view the entire pattern retrospectively, once we have
reached time T'. If so, we might consider the event times as conditionally independent given
some distribution over (0, T]. This latter approach is widely adopted for point patterns over
R? since we have no ordering of the points. It is the approach below through nonhomoge-
neous Poisson processes, more generally, Cox processes. However, in Section 8.6 we clarify
that, in order to achieve inhibition or clustering behavior, we might work with pairwise
interaction specifications which remove this assumption.

There are settings in R' where the scale is not time but, rather, some other continuous
classification such as size. For instance, in population demography with regard to trees, we
can consider a point pattern of tree diameters (usually referred to as diameter at breast
height — DBH) or of basal areas, observed in some region of interest. In fact, over time,
we may see several censuses of such diameters. This could enable assessment of forest dy-
namics, for example, whether the number of individuals is changing as well as whether the
distribution of size is changing. See, the recent work of Ghosh, Gelfand, and Clark (2012)
in this regard.

Returning to R?, we consider a bounded, connected subset D. We denote a random
realization of a point pattern by S with elements si,...,s,. Here, S is random and so are
any features we calculate from it. A probabilistic model for S € D must place a distribution
over all possible realizations in D. Evidently, this is where the modeling challenge emerges.
In practice, it will be easier to specify features/functionals of this distribution than it will
be to specify the distribution. Perhaps, this is not surprising since the required distribution
must be over a countable set in order to provide the number of points and then, jointly over
the continuous domain, D, in order to locate the set of points.

However, if we continue, in a formal sense, then, in order to specify a probabilistic model
for S, we can identify two ingredients. One is the distribution for N (D), the number of points
in D. Evidently, this is a distribution over the set n € {0,1,..,00}. The second is, for any
n, a multivariate density over D", for any n, say, f(s1,S2,...,8,). We will call f a location
density and, since points are unordered/unlabeled, f must be symmetric in its arguments.
The implication is that, with ds denoting an arbitrarily small circular neighborhood around
S,

P(N(ds1) =1,N(ds3) =1,...,N(ds,) = 1| N(D) = n)
~ f(sl,SQ,...,sn)H|asi| , (8.1)

where |0s| denotes the area of ds. An additional implication is that the likelihood will take
the form:
L(S) = P(N(D) =n)n!f(s1,82,...,8n). (8.2)

The first term on the right side of (8.2) appears because the number of points is random.
The n! appears in (8.2) because the unordered points can be assigned to the n locations in
n! ways. A further thought at this point is that, according to the above, we need to specify
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f consistently over all S. This sort of consistency condition reminds us of the requirements
for providing a model for point-referenced data back in Chapter 2. If we think of N(D)
fixed at n, then we only need to provide a finite n-dimensional distribution for f, as with
the discrete spatial data models in Chapter 4. In fact, both paths will be discussed below
in attempting to supply stochastic models for S.

We can now define a stationary point pattern model. If f(s1,89,...,8,) = f(s1+h,so+
h,...,s,+h) for all n, s;, and h, we say that the point process is stationary. This condition
would naturally be proposed over R?, in which case it would hold, suitably, over D. Note
again, that stationarity is a model property, not a model specification.

8.2.1 Counting measure

Given a point pattern, arguably the simplest feature to think about is the number of points
in a specified set. To this end, analogous to the definition of N (D), we introduce count
variables, N(B) where, for set B, N(B) is number of points in set B. That is, N(B) =
> s,es 1(si € B). Note that N(B) is computed by looking at the points in S individually,
which we will call a first order property. This is opposed to looking at objects based upon
say, pairs of points, which we will call a second order property below. Since the number of
sets B is uncountable, formally, we will need to specify a counting measure over a oc—algebra
of measurable sets. Moreover, since the point pattern is random, so are the N(B). We need
a random counting measure in order to specify a joint model for an uncountable number
of random counts. We formalize this through finite dimensional distributions, i.e., the joint
distribution for a finite set of count variables. Initially, we do this through Poisson processes,
as is customarily done due to the convenient distribution theory but in Section 8.6 we
consider more general cluster /mixture and Gibbs process models. We also briefly digress to
consider first and second order moment measures.

We recall the definition of a Poisson process over a set D, driven by the intensity function
A(s). For B C D, N(B) ~ Po(\(B)) where A\(B) = [ A(s)ds.! In addition, if B; and B are
disjoint, then N(Bp) and N(B3) are independent (see Cressie, 1993, p. 620 or Illian et al.,
2008 p. 118). This definition clarifies the need for a bounded set; otherwise, for some B’s the
integral could be co. We also note that we can define the random Poisson measure induced
by A(s). We may view this as limaSHO% = N(s) or equivalently, N(B) = [, N(s)ds

Evidently, E(N(B)) = var(N(B)) = A(B). The independence of disjoint sets immedi-
ately implies that f(si,s2,...,8,) = IL; f(s;) = II;A(s;)/A(D) where A(D) = [, A(s)ds. In
fact, P(N(0s) = 1) = E(N(0s)) = A(9s) =~ A(s)|0s| which is usually written as A(s)ds.

This formalization allows us to specify the notion of complete spatial randomness, equiv-
alently, spatial homogeneity. This arises when A(s) = A, i.e., we have a constant surface over
D and we refer to this as a homogeneous Poisson process (HPP). Evidently, A(B) = A|B|
where |B| is the area of B, that is, the expected number of points in set B is proportional
to the area of B. The total number of points expected over D is A|D|.

From a different perspective, we note that stationarity of the process implies that A(s) =
A for all s and thus, \(B) = A|B| for all B C D. This is evident since stationarity implies
that f(s) = f(s+ h) for all s and h. In different terms, if A\(B) = A(B + h) for all
B C D and h, then standard real analysis shows that A(s) is constant, i.e., the unique
measure satisfying this condition is proportional to Lebesgue measure. It is also clear that
f(s1,82,...,8,) = 1/|D|™

It is important to emphasize that the HPP is only one (arguably, the simplest, nontrivial)
stationary process specification. It is the one that specifies a constant intensity with condi-
tionally independent locations. More general models include the stationary Gibbs processes

1Tt is worth noting that this is a double integral over two-dimensional locations and, for circular regions
it may be more easily calculated using polar coordinates.
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which we consider in Section 8.6.3. Also, as we shall see below, with stationary processes,
one can ask questions regarding so-called typical points. A typical point is one of the loca-
tions in a point pattern realization, S. Under stationarity, the questions address issues such
as the probability of no other points in S within a specified distance of a typical point or
the expected number of points in S within a specified distance from a typical point. We
discuss these ideas further in Section 8.3. Of course, stationarity, hence, a constant inten-
sity would be appropriate only for certain types of data collection. In particular, customary
applications would be to physical processes in a homogeneous environment, for example,
interacting particle models.

In most environmental data collection settings, it is anticipated that the environment
will not be homogeneous and that the heterogeneity of the environment affects the first
order intensity of the process. Within the Poisson process setting, this suggests the more
general case when A(s) is not constant which we refer to the model as a nonhomogeneous
Poisson process (NHPP), in some literature, an inhomogeneous Poisson process. So, the
NHPP is not stationary. Again, there are nonstationary process beyond the NHPP; the
NHPP has conditionally independent locations with local density, f(s) = A(s)/A(D).

When A(s) is random we refer to the NHPP as a Cox process. For us, we should take
care with regard to this distinction since, from a Bayesian inference perspective, whenever
A(s) is unknown, it will be assumed to be random. The Cox process notion thinks of A(s)
as a realization of a stochastic process. For example, logA(s) might be a realization from a
Gaussian process, say, restricted to D. Then, the Cox process is, in fact, the marginal process
obtained by integrating over the randomness in A(s). But, clearly it is a hierarchical (two-
stage) specification, i.e., draw A(s) and then draw S given A(s); so is naturally amenable to
Bayesian inference.

We now formalize the notion of counting measure. For any set B C D, let N(B) count
the number of points in B. Then, N(B) € {0,1,2,...}. We say that N(B) is a counting
measure if N(B) < 00, VB € B where B is a c—algebra of sets intersected with D. Counting
measure satisfies the usual countable additivity property thus enabling N(B; U Bs) and
N(B; N By). In particular, we can argue that a realization of a point pattern is equivalent
to a realization of a counting measure. That is, given the point pattern, we can immedi-
ately assign N(B) to all of the measurable sets. But, conversely (and informally), given
N(B) for a o—algebra of sets, by selecting a suitable increasing or decreasing sequence
of sets we can identify the location of a point through the change in counting measure.
Again, {N(-)} over B is random with a distribution induced by that for S over S (where
S denotes the set of all possible point pattern realizations over D); conversely, a distri-
bution specified over the {N(-)} over the B would induce a distribution for S over S. In
any event, we refer to either collection of variables as a spatial point process. Evidently, a
NHPP is an example of a spatial point process. In fact, it is an example where the dis-
tribution over the space of point patterns and the distribution over the o-algebra of sets
can both be written down explicitly. In more general cases, we specify the distribution in
(8.2), through a distribution for N (D) and a location density, f(s1,...,s,). (In some cases,
such as in Section 8.6.1, we specify the process constructively, without an explicit location
density.)

8.2.2 Moment measures

Next, we turn to the notion of moment measures, also product densities, as in Illian et
al. (2008). We start with first order properties, i.e., the first moment measure, { E(N(B)):
B € B}. With regard to this collection of sets, given A(s), we can compute E(N(B)) in
the usual way, i.e., E(N = [ A(s)ds. However, given that the collection, {E(N(B)):

B € B}, is a measure, can We extract the first-order intensity? The approach is to take

limits in the form, A(s) = lim|gg|—0 (\a(s| )), where, as above, Js is a neighborhood of s.
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The intuition is that E(N = [5s A(s8')ds’ = A(s)|0s|. An analogy may be made with
obtaining the probablhty dens1ty functlon given the cumulative distribution function. That
is, we “build up” from A(s), “scale down” from {E(N(B)) : B € B}. Also, we note that,
if f(s1,...,8n) = IL;f(s;), then A(s) = f(s)A(D) and this conclusion does not depend
upon a NHPP assumption. In fact, by the conditional independenee of the locations, we
see that, given N(D) = n, N(B) ~ Bi(n P(B)) where P(B fB s)ds. So, E( (B)) =
E(E(N(B)IN(D) =n)) = E(nP(B (n [ f(s)ds) = fB ds = fB )f(s)ds
and thus, A(s) = f(s)A\(D).

A remarkably elegant result for computing certain expectations with regard to point
patterns is Campbell’s Theorem. We start with a first order version whose proof is left as
an exercise. It will often be of interest to compute features associated with individual points,
e.g., as above, whether or not they are in a given set or whether or not they are within
a specified distance from a given point. If the feature is denoted by g¢(s), then we might
be interested in the value of this feature summed over the points in S, i.e., > -g9(si).
Campbell’s Theorem provides the expectation of this variable, i.e.,

B (Zg@i)) ~ [arisds (53)

s; €S

Evidently, applied to the indicator of whether s; € B, we obtain E(N(B)) = [ A(s)ds
which, as a result, enables the proof of the theorem. Moreover, whenever ¢(s) is applied
only over D, from above, the right side of (8.3) becomes |D|E(g(s)).

For second-order properties, we need to consider the set { E(N(B1)N(B3)) : B, Bs € B},
again as a measure. Now, the object that we seek is the second-order (factorial) intensity,
7(s,s"), such that E(N(B1)N(Bz2)) = [, [, 7(s,8)ds'ds. Again, given 7(-,-), we can in-
tegrate to obtain the set of product expectations. Now, the converse finds us seeking to
extract y(s,s’) from the measure defined by set of product expectations. Again, we use
a limiting form, i.e., v(s,s’) = lim\asHo,\as/Ho%ﬁS/))- Again, we build up from
~(s,s’), scale down from {E(N(B1)N(B2)) : B1,Bs € B}. Analogous to the first order
case, if f(s1,...,s,) = IL;f(s;), then y(s,8') = A(s)A(s') = A2(D)f(s)f(s). We leave
this proof as an exercise. We sometimes talk of the reweighted second-order intensity as
~(s,8")/A(s)A(s), also known as the general pair correlation function. Under stationarity
this correlation function simplifies to (s, s’)/A? and, in fact, equals 1 under CSR.

More generally, we have that

E[N(B1)N(Bz)] = E[N(B1)|E[N(Bz)] + var[N(B1 N By)]

since cov(N(By), N(Bz)) = var(N(B; N Bs)). This result simplifies to E(N(B1)N(Bz)) =
E(N(Bl))E(N(BQ)) when Bl and BQ are dlSJOlIlt

There is a bivariate version of Campbell’s Theorem as follows. Suppose g is a fea-
ture which is a function of two arguments, g(s,s’), e.g., the distance between s and s'.
Suppose we are interested in the value of this feature summed over pairs of point in S,
Esi,S'ES7i 2 g(si,s;j). Then, Campbell’s theorem provides the expectation of this variable
over S, i.e.,

Es Z g(si,sj) // s,s')y(s,s")dsds’. (8.4)
Si,8;€8,i#]

This result can again be built up from indicator functions and, in fact, when g(s,s’) = 1(s €
Bi,s’ € By), we obtain

E(N(B1)N(Bs)) :/B1 /32 7(s,s’)ds’ds+/BmB2 A(s)ds .
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If the spatial point process is stationary, then v(s,s’) = v(s—s'). If v(s,s’) = ~(||s—s||),
we say that the spatial point process is isotropic. We link an isotropic 7 to the K-function
in Section 8.3.3 below.

Further insight can be obtained by noticing that, if 9s is sufficiently small, P(N(Js) >
1) will be negligible so E(N(ds)) ~ P(N(ds) = 1) =~ P(N(ds) > 0). Simi-
larly, E(N(0s)N(0s')) =~ P(N(ds) > 0,N(9s’) > 0). But, since E(N(9s)N(9s')) =~
v(s,8")|0s||0s'|, we find that ~(s,s’) = P(N(Js) > 0,N(9s’) > 0)/|0s||0s'|. That is,
~(s,s’)|0s||0s'| is the probability of a point of S in ds and a point of S in Js’, with an
evident limiting interpretation as an intensity. For instance, if 7 is isotropic, y(||s —s’||) can
be interpreted loosely as the density for inter-point distances.

We conclude this subsection with a brief discussion of the conditional or Papangelou
intensity. Consider the notation, A(s|S) where s is a fixed location and S is a realization of
the point process. How might we interpret this function for a given location s and a given
realization S? As above, A(9s|S) ~ A(s|S)|0s| But also, A(9s|S) ~ P(N(9s) = 1| S). That
is, A(0s|S) is roughly the probability that there is a point of S in ds and the rest of the
s; € S lie outside of Js. Formally, this suggests that, with n random, we view

B flu,sy,...,80) f(s,s1,...,80)
A(0s|S) = " —f(Sla---,Sn) dUN—f(sl,...,sn) |Os]. (8.5)
f(S,Sl,...,Sn)

So, in the limit A(s|S) = presuming the denominator is not zero. It may be
1,--+,5n

shown that \(s) = Es(A(s|S)) (see Exercise 5 at the end of this chapter or refer to Mgller
and Waagepetersen, 2007). Evidently, for conditionally independent locations A(s|S) =
f(s) = A(s)/A(D). The conditional intensity will also take a convenient explicit form for
Gibbs processes (pairwise interaction processes) as we show in Section 8.6.3 which also
facilitates simulation of these processes (and will connect with the Markov random field
theory presented in Chapter 4). In general, A(s|S) is random since S is random. We leave
for an exercise the proof that Eg(A(s|S)) = A(s).

Returning to the second moment measure or product intensity, using the foregoing
infinitesimal argument, we can view 7(s,s’)/A(s’) as the intensity at s given a point
at s’. In particular, under stationarity, we can write y(s — s’)/\ = m(s — s’) where
(s — §')|0s| = P(N(ds) > 0)|N(0s’) > 0), i.e., the probability that there is a point in
0s’ given there is a point in Js.

8.3 Diagnostic tools

Here, we take up what has, historically, been the “bread and butter” of point pattern data
analysis and is incorporated into most of the software for analyzing point pattern data.
Arguably the best at present, in this regard, is “spatstat, An R package for spatial statis-
tics,” A. Baddeley and R. Turner (2005), which we use in conjunction with several of the
examples below. We look at approaches for studying departure from spatial homogeneity. In
particular, we look at the traditional distance based approaches, G-functions, F-functions,
and K-functions. We also look at empirical intensity estimates. Again, we view this work
as exploratory. Hence, our review is brief; there are many other texts that develop this
material in full detail. See, e.g., Illian et al. (2008). A useful perspective here is to recog-
nize that all of these exploratory tools (and many further ones which we do not present
here) are descriptive or summary measures from a sample to investigate a process feature.
They are nonparametric in nature; in the above cases, they are based upon first or second
order properties, taking forms that are analogues of empirical c.d.f.’s, typically offering no
associated uncertainty.
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In other words, if you assume less, say, only the existence of second order measures, then
you return less with regard to inference. As noted in Section 8.1, from the Bayesian point
of view, we will require the full probabilistic specification for the model. Then, if we can
fit the model, we will enjoy the full Bayesian benefit — posterior inference for any model
features of interest. These features are merely functionals of the specification. Hence, we
experience the usual pluses and minuses of working within the Bayesian paradigm. On the
plus side, fitting models with sampling-based methods yields posterior samples for model
unknowns which can be converted to Monte Carlo approximations for these features. On the
minus side, MCMC model fitting can be very challenging for many of these models. Some
of the process specifications include intractable normalizing constants which are functions
of the model parameters; for others, specifications are provided constructively, not yielding
an explicit likelihood. We discuss these issues in detail in Section 8.6 below.

8.3.1 FEzploratory data analysis; investigating complete spatial randomness

The most elementary way to investigate complete spatial randomness (CSR) proceeds from
the definition of an HPP. In particular, if we look at a collection of cells in D, all of equal
area, mutually disjoint, not necessarily exhaustive, then, given A, the observed counts for
these cells are i.i.d. Hence, we can compute N, the mean of the cell counts. As well, we
can compute S%, the sample variance of the counts. Then, if we look at S% /N, under
CSR we would expect this to be near one; substantial departure would criticize CSR. Other
functions of N and S% have been considered in the literature (see, e.g., Cressie, 1993, p. 590)
with hypothesis tests proposed. However, confining our diagnostics to these two moment
estimates seems to drastically discard information in the point pattern.

In the same spirit, given a collection of counts, we can examine the i.i.d. Poisson assump-
tion through a chi-square test, i.e., comparing, respectively, across the collection of cells,
the observed number of 0’s, 1’s, etc., with the expected number of 0’s, 1’s, etc. We would do
some sort of aggregation for the large counts, develop an empirical estimate of A (e.g., total
count divided by total area), and employ a x? distribution with degrees of freedom one less
than the total number of cells for the x? statistic (again, see Cressie, 1993, pp. 688-689).

8.3.2 G and F functions

As suggested in Section 8.2.1 (and below), if we confine ourselves to stationary processes, we
can think in terms of typical points and notions like the probability of being within distance
d of a typical point or the expected number of points within distance d of a typical point.
In what follows, we formally define these process features and then provide the customary
sample estimates for them. The recurring theme here is that, under CSR, these notions have
simple explicit forms. The goal of the exploratory data analysis is to see if the sample esti-
mate supports CSR or not. It is important to appreciate that these conceptual quantities are
only sensible for stationary processes. For nonstationary processes, we will be focused on es-
timating the associated first and, possibly, second order characteristics (Section 8.3.4 below).

Let us view the process over all of R?, i.e., a countably infinite point pattern. Consider
the random variable N(s,d;S), where s € S, Jy4s is a circle of radius d centered at s,
and N counts the number of points in the circle from S, excluding s. By stationarity,
N(s,d;S) ~ N(0,d;S — s), where S — s is the translation of S by s. This distributional
result is equivalent to saying that every point in S is a typical point, in the sense that each
one can be viewed as equivalent to 0 under translation.

Under restriction to a bounded set D, consider

Es| > 1(N(si,d;S)>0) | = AD|P(Np(s,d; S) > 0). (8.6)
s;€S,8€D
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The right side of (8.6) follows by noting that the expectation over S can be calculated in
two stages, over S given N (D) and then over N(D). Here, Np(s,d;S) is the count under
restriction of the random S to D and, using the left side of (8.6), we see an obvious Monte
Carlo integration for it. Moreover, it is clear that this integration arises in two stages.
First, S is sampled, then N is calculated, given S. Again, note that to obtain (8.6) requires
restriction to a bounded set D and enables a Monte Carlo integration for P(Np(s,d;S) > 0),
not for P(N(s,d;S) > 0) > P(Np(s,d;S) > 0). Empirical estimation of the latter requires
an edge correction (see below).

In the literature, P(N(s,d;S) > 0) is denoted by G(d). That is, this probability does not
depend upon s, consistent with the notion of a typical point. We see that G(d) increases
in d and, in fact, can be viewed as a c.d.f. in distance d. An alternative to G(d) in the
literature is F'(d) where now N (s, d;S) would assume s is not in S. We might distinguish
these two definitions of event N by subscript, say Ng and Np, (sometimes, N~ and N).
More importantly, G(d) need not equal F(d). For instance, inhibition might preclude two
points in S from being within distance d of each other. Comparison of estimates of G and
F may be informative.

More informally, think of G(d) as the “nearest neighbor” distribution, i.e., the c.d.f.
of the nearest neighbor distance, event to event, i.e., at an observed event, G(d) =
Pr(nearest event < d). Similarly, think of F(d) as the “empty space” distribution,
i.e., for an arbitrary location, the c.d.f. of the nearest neighbor distance, point to event,
F(d) = Pr(nearest event < d). Under CSR, G(d) = F(d) = 1 — exp(—And?). That is,
given d, the outcome nearest event < d occurs if there is at least one event within a
circle of radius d. With constant intensity A, we know that the number of events in this
circle follows a Po(Ard?) distribution from which the expression for G(d) = F(d) follows.
The above reveals that, if X ~ G, then Z = m1X? ~ Exp(\) from which it is easy to obtain
the mean and variance of the distribution G. We leave this as an exercise. Moreover, since
272X ? ~ x2, we note that G places a lot of mass on small distances. We expect to see some
clustering under CSR.

The empirical c.d.f. for G, G(d), arises from the n nearest neighbor distances (nearest
neighbor distance for s, for so, etc.). Denote this set by {di, da, ..., d, }. The empirical c.d.f.
for F is different since the number of “points” is arbitrary. That is, F‘(d) is the empirical
c.d.f. arising from the m nearest neighbor distances associated with a randomly selected
set of m points in D. Evidently, m is arbitrary and G #+ a though, as above, we will be
interested in looking at the difference.

With restriction to D, it is clear that we will need an edge correction if, for s;, d > b;,
where b; is the distance from s; to edge of D. Introducing this into the empirical c.d.f., we
take

Zi I (d < bi)

with a similar form for F. The rationale for (8.7) is that, if d > b;, then the event {d; < d}
is not observed. Evidently, (8 7) is only sensible when d is not large.

Comparison of G and F' with G = F under CSR, is usually through a customary theo-
retical Q-Q plot.? Shorter tails suggest clustering/attraction, i.e., nearest neighbor distances
are shorter than expected. Longer tails suggest inhibition/repulsion, i.e., nearest neighbor
distances are longer than expected. Another potentially useful function is the J function,

J(d) = %&. This function avoids comparison with CSR (though it equals 1 in that case),

(8.7)

rather bringing, upon reflection, the interpretation of clustering for J(d) < 1 and inhibition

for J(d) > 1. J(d) = tgggi is the customary estimate of J(d). Clearly, diagnostic tools, the

2Note that G and F are free of A while the expression for G = F requires it. However, it is simple to
obtain quantiles of G with say A = 1 to compare with the ordered d;.
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F and G functions provide more information than the foregoing x? test. We do note that,
technically, G(d) is not exactly an empirical c.d.f. since the d;’s are not independent. The
same is true for F. For formal testing of CSR, using say a Cramer-Von Mises test statistic,
this would be problematic and perhaps a version of a Monte Carlo test would be preferred.

However, with EDA intentions, perhaps this issue can be ignored.

8.3.83 The K function

Again, for a stationary process, continuing with the notation from Section 8.3.2, now con-
sider E(N(s,d;S) which is the expected number of points in Jy4s, a circle of radius d,
centered at s, when s € S but not including s. Using the foregoing notation and a similar
calculation, we have

Es Y N(si,d;S) =XD|E(Np(s,d;S)). (8.8)
s;€S,S€D

We have formalized an expectation of interest. That is, with respect to the set D, the right
side is the expected number of points from a random S within distance d of a point in
S. Again, the left side of the equality motivates a natural Monte Carlo integration. Again,
empirical estimation of F(N (s, d;S)) > E(Np(s,d;S)) requires edge correction (see below).
E(N(s,d;S) does not depend on s. F and P with respect to N(s,d;S) are referred to as
Palm characteristics, features of so-called Palm distributions (see Daley and Vere-Jones,
2003, for development). In the literature, we find E(N(s,d;S) = AK(d).

The K function was introduced by Ripley (1977) and its estimator (there are several in
the literature by now; see Illian et al., 2008, p. 231) is a widely used descriptive statistic.
Informally, rather than nearest neighbor distance, the K function considers the expected
number of points within distance d of an arbitrary point. Under stationarity, this expectation
is the same for any point. Under CSR we can calculate it explicitly.

K(d) = (\)"'E(number of points within d of an arbitrary point)

The scaling by 1/, along with stationarity, enables us to have K(d) free of A. Under CSR,
K(d) = Ard?/\ = wd?, i.e., the area of a circle of radius d. A customary estimate of K (d)

K(d)=MN"7) ) 1(dy

)

|Isi = s5l| < d)/n (8.9)

which may be written as (nA)~' Y, r; where ; is the number of s; within d of s;. Here,
A = n/|D| where |D| is the area of D.

Once again, an edge correction is needed when s; is too near the boundary of D. More
precisely, in (8.9), we place u% inside the double sum. w;; is the conditional probability
that an event is in D given that it is exactly distance d;; from s;. This probability is
approximated as the proportion of the circumference of the circle centered at s; with radius
lsi —s;|| that lies within D.

As with G and F, we compare K (d) with K(d) = 7d?. Regularity/inhibition implies
K(d) < md?; clustering implies K (d) > wd?. A plot which has been proposed in the literature

(see, for example, Cressie, 1993)) is L(d) vs d where L(d) = 4/ @ —d. Evidently, L(d) =0
under CSR, suggesting that we look for peaks and valleys in the plot. For instance, a peak
at distance d would suggest clustering at that distance.

Under isotropy, we can connect K (d) to y(d), where v(d) is the second moment measure,
presented in the previous section. The relationship is v(d) = %. We offer a simple
proof. Recall that «(s,s’)|0s||0s’| is approximately the probability that there is a point
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of S in each of ds and 9s’. Hence, given there is a point in S at s, in the isotropic case,
~(r)/A is the conditional probability of a point in S at distance r from s given there is
a point at s (from the end of Section 8.2.2). If we sweep out the area of the circle of
radius d around s using concentric circles of increasing radius r centered at s, we have

that fod 2ry(r)dr/X is the expected number of points within distance d of s. That is,

Z fod ry(r)dr = E(N(s,d;S) = AK(d). So, Azgr(d) = fod rvy(r)dr. Differentiating both sides

with respect to d yields w = dvy(d) from which the result follows.
As an aside, in the literature we find the inhomogeneous K function associated with
a general A(s) rather than a constant A (Baddeley et al., 2001). It is defined through

the pair correlation function, g(s,s’)%. In particular, if g(s,s’) = go(||s — §'||), the

associated inhomogeneous K function, K,(d), satisfies K,(d) = 27 fod rgo(r)dr, analogous
to the calculation of the preceding paragraph. In the case of a NHPP, it may be shown that
K,(d) is still equal to wd?. The modified version of (8.9) would replace A2 with A(s)A(s'),
moved to the denominator in the respective terms of the summation.

Returning to the homogeneous case, the awkwardness in estimating v(d) compared with
the ease of estimation and interpretation of K (d) have led to the dominant usage of the
latter. However, Illian et al. (2008) prefer the use of an estimator of y(d), in fact, of the
pair correlation coefficient, v(d)/A2. The analogue of (8.9) for « is given by

1
5 > h(d—dij)w; (8.10)
Si,8;€Sobs
where d;; = ||s; —s;||, h is a kernel function, and again, w;; is as above. We see that (8.10)

is a customary kernel estimator, based upon the d;;’s, adjusted for edge effects. Of course,
the d;; are not independent.

We illustrate the EDA using the foregoing diagnostic tools. In particular, we work with
a set of data from Duke Forest which considers three tree species prevalent in Duke Forest
in North Carolina. The three species are ACRU: Acer rubrum (red maple), COFL: Cornus
florida (flowering dogwood), and OXAR: Ozydendrum arboretum (sourwood) and the point
patterns of their locations are from the Blackwood region in Duke Forest. Indeed, in Fig-
ure 8.5 we show the observed point pattern for each species. The region is rectangular and
the coordinates shown are local in meters. Figure 8.6 provides the theoretical Q-Q plots for
the G function and the F' function (adding m = 100 points) for the three species in the
Duke Forest data. There does not seem to be strong evidence for departure from CSR in
these plots (perhaps a bit for COFL). Figure 8.7 presents the theoretical Q-Q plots for the J
function (top) and the L function (bottom) for the three species in the Duke Forest dataset.
Compared to the F' and G plots, the J plots here are a bit more revealing. For COFI, there
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Figure 8.5 The observed point patterns for the three species ACRU, COFL and OXAR in the Duke
Forest dataset.
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seems to be considerable evidence of clustering and, to a lesser extent for ACRU. Finally,
the lower panel in Figure 8.7 provides the L plots, taken from the K functions. Here, for
all species we see evidence of clustering with peaks in the vicinity of d = 6 to 8 meters.
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8.3.4 Empirical estimates of the intensity

For nonstationary processes, moving away from CSR leads to interest in estimating the
first order intensity, A(s). In the absence of a model for A(s), we briefly discuss empirical
estimates. The first is the analogue of a histogram, the second of a kernel density estimate.

Imagine a refined grid over D. Then, as above, A(0s) = [, A(s)ds = A(s)|ds|. So, for
grid cell A;, assume A(s) is constant over A;. Then, the natural estimate is N(A4;)/|A|.
Evidently, a picture of this estimate will reveal a two-dimensional step surface which we
might call a tile surface. It’s appearance will resemble a two-dimensional histogram but the
area under the surface will be the number of points in the pattern.

Kernel density estimates are widely used, providing a smoothing of a histogram. In the
same spirit, a kernel intensity estimate takes the form

S\T(s):Zh(||s—si||/7)/7'2,s€D. (8.11)

In (8.11), & is a radially symmetric bivariate pdf (usually a bivariate normal) while 7 is
“bandwidth” which controls the smoothness of ;\T(s). The power 72 reflects the fact that
the scaling is done in R?. Finally, note that we don’t divide by n, as with kernel density
estimates. The reason is that we cumulate intensity rather than normalizing density.

The second order intensity, -y, is defined in general but would be difficult to estimate in
the absence of replications. Furthermore, the K function is not defined for a nonstationary
situation except in a special case. That special case was noted in Section 8.2.2, a so-called
intensity reweighted stationary process. This process has the feature that the pair correlation
function, vy(s1,82)/A(s1)A(s2) (where A(s) is strictly positive) is stationary, in fact, isotropic,
say, g(d) where d = ||s; —sz||. The associated intensity reweighted K function would become
Kiew(d) =27 fod rg(r)dr (following the argument of the previous subsection).

As a result the natural extension of the estimate K (d) becomes

Krew(d) = |DI7'Y > " I(dij = [lsi — s51| < d)/Alsi)A(s;)
i i
with say, a kernel estimate of the intensity. Similarly, the natural estimate of y(s1, s2) would
be g(d)A(s1)A(s2) where

a(d) = —

:W Z h(d_dij)wij/;\(si);\(sj)'

S:,8;€ESops

It is evident (and noted in Baddeley et al., 2000), that these estimates will typically be
unstable and badly biased due to the intensity estimates in the denominators. A further
concern is that stationarity of the second order reweighted intensity is restrictive. See Section
8.6 in this regard.

To illustrate, we consider a tropical rainforest tree dataset consisting of the locations of
3605 trees (left panel, Figure 8.8(a)). Provided covariates include elevation and slope (center
and right panels, Figure 8.8(a)) and suggest that a constant intensity is not operating. This
data has been analyzed in Mgller and Waagepetersen (2007) as well as in the spatstat
R package (Baddeley and Turner, 2005). Here, in Figure 8.8(b), we present the associated
kernel (without and with edge correction) and tiled intensity estimates. We see the very
high peak associated with the very high concentration of points in the northeastern part of
the region.

8.4 Modeling point patterns; NHPP’s and Cox processes

Here, we confine ourselves to modeling of point patterns using NHPP’s, deferring alternative
specifications to Section 8.6. Arguably, NHPP’s are the most widely used models for point
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Figure 8.8 Tropical rainfall tree data. Panel (a) shows the number of locations (left), elevation
(center) and slope (right). Panel (b) presents the associated kernel and tiled intensity estimates.

patterns. We begin by providing the NHPP likelihood, developed from the joint density in
two distinct ways. In fact, the likelihood has already been alluded to in Section 8.2 through
Expression (8.2) and the discussion of the conditionally independent form of the location
density in Section 8.2.1.

First, from Section 8.2.1, given N (D) = n, the location density,

f(s1,82,...,8,|N(D) :n):H% ’

where, again A(D) = [, A(s)ds. So, the “joint density”,

f(s1,82,-..,8n, N(D) =n) = H % x (A(D))

Thus, the likelihood becomes

L(\(s),s € D;sy,...,8,) = H A(s;) exp(—=A(D)) (8.12)

Alternatively, partition D into a fine grid. The Poisson assumption implies that the
likelihood will be a product over the grid cells, that is, [T, exp(—A(A;))(A(A;))V A, Re-
gardless of the grid, the product of the exponential terms is exp(—A(D)). Moreover, as the
grid becomes finer, N(4;) = 1 or 0 according to whether there is a s; in A4; or not. In the
limit, we obtain (8.12).

A key point to note in (8.12) is that the likelihood is a function of the entire intensity
surface. We will have an uncountable dimensional model unless we provide a parametric form
for A(s). In the latter case, we can replace A(s) with its associated parameters and L becomes
a function of those parameters. In the former case we have nonparametric specification; for
example, A(s) could be a realization of a log Gaussian process, i.e., A(s) = exp(Z(s)) where
Z(s) is a Gaussian process. In the latter case, the integral in (8.12) is an ordinary integral,
i.e., an integral with respect to a function. In the nonparametric case, with a GP, the integral
is with regard to a random process realization; we have a stochastic integral. Such integrals
have been discussed in Chapter 7 but may be more challenging to handle here because,
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for example, with a log Gaussian process, A(D) is not linear in the process. Strategy for
approximation of A(D) has to be considered with care. We provide further discussion on
this issue below.

8.4.1 Parametric specifications

Armed with the likelihood, we turn to modeling A(s). One form that has appeared in the
literature is A(s) = oA (s) with Ag(s) known, o unknown. This seems, patently, silly; where
would A\g come from? how would we know the intensity up to scale factor?

A more common choice is to assume that A(s) is a tiled surface over a grid. This requires
specifying A\; for A;. Such tiling naturally occurs when covariate information is only available
at, say, grid cell scale because then it will be impossible to learn about the intensity at
higher resolution. With such tiling, to incorporate spatial structure into A, rather than the
Gaussian process specification that we mentioned above for A(s), we might now employ a
Markov random field model for the A;’s. In fact, this will take us to the realm of disease
mapping models, the subject of Chapters 4 and 6, with elaboration below.

A convenient choice for A would be a parametric function, A(s; 6). The challenge here is
to specify a rich enough class. Simple polynomial forms will not be flexible enough; they will
suffer the phenomenon of the “tail wagging the dog.” That is, if they are high in some places
they will be forced to be low in others. Moreover, they must be nonnegative over D. More
flexible choices will be through the use of basis functions, e.g., a collection of two-dimensional
basis functions (usually orthonormal), yielding A(s; 8) of the form, Ele argi(s), where the
gk are a set of K basis functions (see, e.g., Fahrmeir, Kneib and Lang, 2007). Again, the
nonnegativity requirement may be awkward.

In this spirit, we might write A(s;0) = Af(s;0) where f is a bivariate density function
truncated to D. Such a form has the implicit and appealing interpretation that A = A(D)
along with the assurance that f > 0. However, to create sufficiently rich choices for f, we
would turn to mixture models, e.g., f(s) = Zle prfr(s). Fitting such models introduces
challenges. First, identifying the components is a well-known difficulty (see, e.g., Celeux,
Hurn and Robert, 2000). Second, there is the potentially awkward restriction of the compo-
nent densities to D. Normalizing these densities to D when D is a general geographic region
will require numerical integration. Additionally, the componentwise normalizing constants
will be functions of the respective component parameters.

The foregoing treats the locations as explanatory variables in the specification for A(s).
So, as an alternative, A\(s) may be viewed as a trend surface form. We could write log A(s)
as a trend surface in latitude and longitude or in eastings and northings. Of course, this
will still result in a limiting polynomial form but working on the log scale mitigates the
nonnegativity concern.

In practice, it is most typical to specify log A(s) = X7 (s)~. That is, we envision spatial
covariates to drive the point pattern and we express this through a regression model on
the log scale. For example, with regard to the distribution of a species, we might expect
more points where elevation is lower or where temperature is higher. If so, we will need
to calculate | D eX"(5)7ds to obtain (8.12). This integral can be problematic since rarely
will X(s) be given in functional form — consider, for example elevation as a covariate. A
numerical integration will be needed.

In this regard, as noted above, often tiling is imposed with such covariates in the sense
that the covariate surface may only be resolved to subregions, e.g., population density at
census scales or, with regard to climate variables, mean annual temperature or a drought
index at some grid box scale. Now, the issue of the ecological fallacy may emerge (See
Chapter 7). More precisely, for any subregion B, we would need |’ B eX" (97 ds. What we have

is eX"(B)Y which can be quite different unless we are comfortable with X7 (s) essentially
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constant for s € B, say X7 (B). If so, then we only require a simple rescaling, |BleX" ()7 =
I} B eX"(8)7ds. In the absence of finer covariate resolution, we cannot do better with regard
to the ecological fallacy.

8.4.2 Nonparametric specifications

Returning to the above, suppose we take A(s) to be a process realization. Writing A(s) =
g(X(s)Ty)Xo(s), we insist that g(-) > 0 and can think of \o(s) as the error process, a
realization of a positive stochastic process which, in the interest of centering, might naturally
have mean 1. We recall, from Section 8.2.1, that this specification is a Cox process. In fact,
conditional on {A\¢(s),s € D} (and =), we have a NHPP. Suppose A(s) = exp(Z(s)) where
Z(s) is a realization from a spatial Gaussian process with mean, say, X7 (s)y and covariance
function o2p(+). Then, we refer to this specification as a log Gaussian Cox process (LGCP),
noting that it provides a prior for A(s), analogous to the parametric case, A(s; ), where we
have a prior on . As earlier, we might write this as X7 (s)y + w(s) so that log\o(s) = w(s)?.
Conditional on w(s), we immediately have the first and second moments for this process.
Calculation of the marginal product densities is left as an exercise. In fact, if g(X% (s)7) = A,
marginally, the process is stationary.

With a Cox process, the further challenge is the evaluation of the likelihood which
requires stochastic integration, || D X" ($)Y+w(s) s, Evidently, such an integral does not have
a closed form expression. Furthermore, approximation is tricky. Suppose we can dispense
with the ecological fallacy concerns as in the previous subsection. In particular, suppose
X(s) is tiled to M subregions, B;,i =1,2,..., M. Then,

T(syy+u(s) g / 7+u(s) gg — § X7 (B )Y / ) s,
/D Z Z

m=1 m

The required stochastic integrations are clear, one for each B,,. For a given B,,, if
we divide the integral by |B,,|, we can view the integral as the expectation of exp(w(s))
with respect to a uniform distribution over B,,. Here, we find ourselves in similar territory
to the block averaging discussed in Section 7.1. Hence, it is natural to attempt a Monte
Carlo approximation to the integral, drawing random s;,5 = 1,2, ..., J over B, and taking
the approximation, |By,[ 3 ; exp(w(s;))/J. A critical difference between the Monte Carlo
approximation proposed here and that of Section 7.1 is that there we integrate the process
directly while here we integrate a nonlinear function of the process. For the former, we
can argue that the behavior of the so-called quadratic variation is such that the difference
between the stochastic integral and the Monte Carlo approximation tends to 0 in probability
as J — oo. With a nonlinear function, this need not be the case.

The cubtomary fix is to work with a finite dimensional process. One version would simply
replace f w(s)ds with e®m where {¢;} follow a CAR model (Chapter 3 but see below).

Then, )\(D) is approximated by Zm:l X" (Bu)Y+ém  An alternative is to specify the ¢,
as the value of a realization of a mean 0 GP at a set of representative points, i.e., at a
suitable point within each of the B,,’s. Now {¢,,} will follow a familiar multivariate normal
distribution. There is substantial literature on likelihood approximation in the Cox process
case. See, for example, Wolpert and Ickstadt (1998), Benes et al. (2005), and the book of
Mpgller and Waggepetersen (2004).

3Tt is customary in the literature to make w(s) have mean 0 but, to provide Ao(s) with mean 1 implies
making E(w(s)) = —02/2.
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8.4.3 Bayesian modeling details

Bayesian modeling is straightforward for the setting we have described thus far. For para-
metric cases, we write the likelihood as L(8;s1,...,s,) with a prior on a finite dimensional
0 as usual. The parametric model may be a trend surface so that the 6 are associated co-
efficients. However, as noted above, it would be customary to include covariates in A(s; 8),
so that some of the @ become regression coefficients. In any event, with a prior on 0, the
specification is complete. The result, with regard to model fitting is to replace conditioning
on Ap with conditioning on 6. Again, we will need to calculate fD A(s;0)ds. According to
the specification for A(s), perhaps this can be done explicitly. If not, we would likely resort
to numerical integration.

For the nonparametric case, again, A(s) = exp(Z(s)) where Z(s) = X7 (s)y + w(s) is
a realization of a GP, i.e., a GP prior on loghp. Following the remark at the end of the
previous subsection, we can only work with a finite dimensional distribution. We replace Ap
with A(s;) where the s} are centroids associated with a suitably fine grid over D and yield
a tiled or step surface. This introduces a multivariate normal prior for A on the Z scale.
Still, we need A(s) at every s € D and we achieve this by using the Z(s]) to create a tiled
surface over D. This converts the likelihood from L(Ap; s1,...sn) to L(0, {w(s])}, {w(s;), i =
1,2,.,n};s1,...,8,) where 8 denotes the remaining model parameters. Evidently, this is an
approximation. However, the finite dimensional set of Z(s])’s allows a convenient numerical
integration.

Prior specification for the covariance function of Z(s), say, 02 and ¢ with an exponential
covariance choice, is not apparent nor is the potential to learn much about them. Recall
the challenges articulated in Chapter 3 in the geostatistical case. Here, we are in a much
more difficult setting. In the geostatistical case we observe values on the process surface,
perhaps up to nugget error, to learn about the dependence structure associated with the
surface. Here, we never see any realizations associated with the intensity surface; we only
see a point pattern resulting from it. How much information is there in the point pattern
regarding 02 and ¢? Evidently, this is not a Bayesian issue; any fitting package will be
challenged in this regard. Practically, we will have to depend upon the covariates, X(s),
to inform about the intensity and hope that the errors are small. In the absence of useful
covariates, e.g., say, a constant A as above, the A\o(s) will reflect any random clustering
and gaps in the observed point pattern and cannot possibly produce an estimated intensity
which is roughly constant. (The same would be true for a kernel intensity estimator.) So, in
our experience, we need very informative priors for o2 and ¢. In fact, we typically fix ¢ to
be relatively small compared with the size of D. Then, at least we have o2 identified (recall
the discussion in Chapter 6 following the work of Zhang, 2004). Even so, Bayesian learning
may be limited and it will still be helpful to adopt an informative appropriately centered
inverse gamma or log normal prior for 2. A convenient way to do this is through EDA
based upon minimum contrast estimation using the K function or the paired correlation
function. See, e.g., Diggle (2003) or Waagepetersen and Guan (2009).

Model fitting requires updating «, 0% (and perhaps ¢) along with the the w’s associated
with the s; as well as the w’s associated with the s;. We use standard Gaussian proposals
for the +’s and, depending upon the prior, an inverse gamma or log normal proposal for
o?. With m representative points, the latter requires updating an m 4 n dimensional latent
multivariate normal random variable. There are many MCMC algorithms for implementing
this sort of updating. A particularly efficient choice is elliptical slice sampling as developed
in the work of Murray et al. (2010) and Murray and Adams (2010). In the spirit of our
discussion of slice sampling in Appendix A.2, this approach introduces an auxiliary variable
under a novel parametrization.
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8.4.3.1 The “poor man’s” version; revisiting the ecological fallacy

Due to the computational demands of fitting a fully Bayesian LGCP model, it is sometimes
the case that these models are fitted by aggregating the points to cells in a grid. We refer
to this as the “poor man’s” version of model fitting. In particular, we overlay a regular grid
on D after which we work with the likelihood arising from the Poisson counts associated
with the grid. Effectively, we reduce the problem to the disease mapping setting of Chapters
4 and 6. In fact, we now model the \;’s associated with the grid cells. As in the disease
mapping case, we can introduce covariates, now at the scale of the grid. Moreover, we could
now introduce a CAR model for the spatial random effects, replacing the Gaussian process.
The resultant specification for the intensity for grid cell ¢ would become

loghi = X] B+ ¢;. (8.13)

Such a model is routine to fit, in fact, easily using WinBUGS as discussed in Section 6.4.
An obvious difference between this setting and that for disease mapping is the fact that,
for the latter, the areal units are specified. For the poor man’s version we have no such
provision. We can select any number of grid cells, any sizes, orientations, etc. Evidently,
there will be concern with regard to sensitivity to the choice of grid. We know that the
appearance of the pattern with regard to the grid cells will be scale dependent. So, we
recommend taking the effort to fit at the highest resolution, the scale of the point pattern
itself.

In fact, such grid cell approximation reminds us of the foregoing concern, the ecological
fallacy. With no spatial random effects and intensity over D, A(s) = exp(X(s)'3), we
would have \; = [, A(s)ds = [, exp(X(s)"Bds). Clearly, this need not at all be close to
exp(fAi X(s)TB)ds = exp(XT 3) which would arise using (8.13). Bringing in spatial random
effects only compounds the problem. Now, ignoring the covariate term, we seek [ A A(s)ds =
J4, exp(Z(s)ds which evidently, is not exp([, Z(s)ds) = exp(Z(A;)). Moreover, starting
with a Gaussian process, the collection {Z(A4;)} is a set of block averages, with a joint
normal random distribution that has no connection with a CAR model for the set {¢;}.

8.4.4 Ezxamples

Returning to the tropical rainforest tree data, we consider four models here. In all cases
we employ the two covariates, elevation and slope, resulting in three regression coefficients.
We fit a NHPP model, we fit a LGCP model, and we fit two versions of the poor man’s
model, one using a 20 x 10 grid, the other using a 100 x 50 grid. In Figure 8.9(a) we
show the results of the NHPP fit. All three coefficients are significant but the estimated
intensity surface (Figure 8.9(b)) is poor; the regression form cannot capture the extreme
peaks (compare with the left panel in Figure 8.8(a) or Figure 8.11 below). For the LGCP, in
Figure 8.10 we see that, again all three regression coefficients are significant. We also provide
a comparison of the prior to posterior for o2 to show the Bayesian learning. Figure 8.11 shows
the point pattern and the intensity surface estimates. Three posterior mean intensity surface
estimates are provided, A(s), A\o(s), and zo(s) = logAo(s). Now, we see the substantial local
GP adjustment and we do a much better job with the estimated A(s). Finally, we show
the results of the poor man’s fitting for the 20 x 10 and 100 x 50 grids in Figure 8.12.
Panels (a) and (b) correspond to the 20 x 10 grid and panels (c¢) and (d) correspond to the
100 x 50 grid. Again, we see general agreement regarding the coefficients while the higher
resolution poor man’s estimated intensity surfaces are very similar to those of the LGCP.
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Figure 8.9 FEstimates from the NHPP model. Left panel shows the estimated posterior distributions
for the three coefficients along with their MCMC chains. Right panel depicts the estimated intensity
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Figure 8.10 Posterior estimates for the three regression coefficients and o from the LGCP model.
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Figure 8.12 Results for the poor man’s fitting for the 20 x 10 ((a) and (b)) and 100x50 ((c) and (d))
grids.

8.5 Generating point patterns

We briefly digress to remind the reader of how we customarily generate realizations under
a NHPP. First, consider generating a realization from an HPP with intensity A. As the
foregoing discussion suggests, under CSR, we draw n ~ Po(A|D|). Given n, we sample n
locations uniformly over D.

Next, consider generating a realization from a NHPP given A(s), where A(s) is a func-
tion over D. An initial thought, following the derivation of the likelihood, might be to
first draw n, now from Po(A(D) and then, given n, place the locations according to the
distribution, A(s)/A(D). However, in practice, a more convenient approach is to employ
location-dependent thinning. In particular, compute A0 = maxsep A(s). Next, sample
n ~ Po(Apmaz|D|). Then, given n, sample n locations uniformly over D. Finally, “thin” these
samples using a rejection method by retaining s; with probability A(s;)/Amaz. We leave it to
an exercise to show that such thinning does, indeed, provide samples from the desired NHPP.

Next, what happens if A(s) is a realization of a log Gaussian process, as above. Perhaps,
a first question to ask is why we would wish to sample a point pattern from such a A? That
is, with log A\(s) = X7 (s)v + w(s), why wouldn’t we generate, ignoring w(s), following the
recipe above, to create realizations driven by the covariates? One reason might be to see
the effect of the additional randomness induced by the inclusion of w(s). A second reason is
that we may need to generate posterior point patterns in order to use Campbell’s theorem
to provide Monte Carlo integrations for posterior expectations of interest. Additionally, we
may need to generate such realizations in order to implement MCMC for certain point
pattern models (see Section 8.6.3). In any event, the generation would proceed in two steps,
first generation of w(s) and then, generation of the sample of locations given w(s) along with
XT(s)~. The latter is achieved as above. The former is, again, an uncountable dimensional
random variable and can only be implemented finitely, generating a multivariate normal
vector over a selected lattice in D and then treating the realization as a tiled surface
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over D with the lattice locations as representative points, e.g., centroids. Evidently, such a
construction yields a Cox process.

The above are examples of a general strategy called thinning which revises samples un-
der one point pattern intensity to sample under another. In its simplest form, we might
implement p-thinning. We employ a constant probability p of thinning, regardless of loca-
tion. That is, each point s; € S is retained, independently, with probability p. We note,
as an exercise, that, applied to a realization from an HPP with intensity A, this yields a
realization from an HPP with intensity pA. Note that this is not equivalent to randomly
sampling a proportion p of the observations from the HPP with intensity A. (Why? Under
thinning, the s; € S are retained independently; we obtain a random number of points, as
it should be for a random point pattern.)

Next, we might consider p(s) thinning. Here, we imagine a thinning surface, pp =
{p(s),s € D,0 < p(s) < 1}. Now, each point s; € S is retained independently with
a local probability p(s;). The foregoing exercise concludes that thinning using p(s) =
A(s)/ maxsep A(s) thins a realization of an HPP with intensity maxsep A(s) to a real-
ization from a NHPP with intensity A(s). More generally, all nonstationary point processes
that arise from p(s) thinning of a stationary point process are such that the second order
reweighted intensity function or pair correlation functions for the original stationary and
the reweighted nonstationary process are identical. We leave this as an exercise.

A further version of thinning would view the set pp = {p(s),s € D,0 < p(s) < 1} as
a random realization of a process, i.e., of a random field over D. In principle, we could
imitate the approach of the previous paragraph, but now we would create pp~ = {p(s) =
A(s)/ maxge p A(s)}; now D* would be the set of representative points in D. Alternatively,
pp could be achieved by logit or c.d.f. transformation of a GP realization. The GP speci-
fication could include suitable covariates for the mean surface which would be reflected in
the corresponding pp surface. In principle, the mean surface could have unknown regression
parameters. To our knowledge, such models have not been investigated in the literature.

Mechanisms besides thinning exist in the literature for transforming point patterns from
one process model to those from another. For instance, we could imagine more general depen-
dent thinning. Additional possibilities include displacement, censoring, and superposition.
See, e.g, Baddeley and van Lieshout (1993, Section 5), Lund, Penttinen, Rudemo (1999),
Lund and Rudemo (2000) and also Section 8.9.1.

8.6 More general point pattern models
8.6.1 Cluster processes

Many observed point process realizations exhibit patterns of clustering. The notion of clus-
tering or even a cluster is not well defined. We would recognize it as variation in point
density across the region D. Informally, we would think of it as groups of points with inter-
point distances that are shorter than the average distance across the pattern. In a sense it
is easier to formulate models for spatial clustering than it may be to assert it or explain it
for observed point patterns. We offer the family of Neyman Scott models in Section 8.6.1
and, more generally, shot noise processes in Section 8.6.2. However, recall that, even HPP’s
will exhibit clustering (as we noted from the behavior of the G function in Section 8.3.2);
G(d) places a lot of mass on small distances. Moreover, as remarked in Diggle et al. (2007),
there is a “fundamental ambiguity between heterogeneity and clustering,” the first due to
the spatial variation in the first order intensity, A(s), the second due to potential stochastic
dependence between the point locations, arising from the (stationary) second order intensity
~(||s—s'||). These two phenomena are “difficult to disentangle.” Indeed, detection of clusters
in an observed point pattern is a very challenging problem. There are various algorithmic
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cluster detection procedures (see, e.g., Illian et al., 2008, p. 373 for some discussion) but it
will not be possible to assess how well they work since there is no notion of “truth.”

The other side of the coin is inhibition or repulsion. Many physical processes are assumed
theoretically to discourage points from being too close to each other. In ecological processes,
competition for resources may discourage plants from being too proximate with each other.
In a sense, such behavior is more well-defined than clustering and, as a result, it is simpler to
specify models to capture this. We offer the family of Gibbs process models in Section 8.6.3.

In this regard, an important take home message emerges below. If you want to model
clustering, use the Neyman-Scott or shot noise processes of Sections 8.6.1.1 and 8.6.2. If
you want to model inhibition or repulsion, use the Gibbs processes of Section 8.6.3.

8.6.1.1 Neyman-Scott processes

Neyman-Scott processes offer one clustering strategy for enriching NHPP specifications.
At the first stage, “parents” are generated using an HPP (more generally, a NHPP). At
the second stage, “children” are generated, associated with respective parents. In fact this
typically requires two stochastic stages: first generate the number of children associated
with each parent, then generate locations for each child relative to its parent. Typically, the
parents are removed and the point pattern realization is that of the entire set of children.

In particular, suppose we generate parent events from a NHPP with A(s), say, K, and
their locations, say, p, k = 1,2,..., K. Next, suppose each parent produces a random (but
i.i.d.) number of offspring, N, where the Ny are i.i.d. according to a distribution on the
integers, say, g. Typically, g = Po(d) but, in some cases, it might make sense to have g be a
mixture of, say, two Poisson distributions to allow for small and large numbers of offspring.
Next we need to locate the offspring relative to the parent. For the kth parent, suppose this
is done by assigning positions according to i.i.d. draws from a bivariate density, f(s;py),
i.e., a density centered at p;, (usually with radial symmetry, usually a Gaussian). The case
where the bivariate density in N (u,,,0?I) is referred to as the (modified) Thomas process.
Again, only the offspring are retained to yield the point pattern.

Note that, in the above specification for the Neyman-Scott process, conditional on the
number of parents, K, and their locations p;, k = 1,2,..., K, we can combine the steps
of generating the number of children and their locations. That is, generate N ii.d ~ gg
and generate s1,83,...,sy i.i.d ~ Zszl + f(si g, X) (yielding conditionally independent
locations). Here, we envision gx as the distribution of the sum of K i.i.d. variates from g
(this distribution is easy to obtain when g is a member of the exponential family). This
allows us to connect Neyman-Scott processes to mixture models for the intensity for the
locations, as in Section 8.4.1, i.e., the earlier \f formulation for the intensity surface, with
A being the expected value parameter for gx and f being the mixture of fi’s, here with
uniform weights across components rather than random weights. With Gaussian choices for
the fi, we might work with 0255 as the covariance matrix. In fact, we could introduce a
more general ¥ but would likely work with a common choice across the k’s. So, with regard
to generalization and application, it may be useful to interpret a Neyman-Scott process
through mixtures.

As a simple special case, we note the compound Poisson process. This process arises by
setting the variance of the bivariate offspring density to a point mass at 0. Then, all of the
children cluster at the p,. We obtain a count at each pu;, which can be interpreted as a
“mark” at that location.

Again, the case above where ¥ = 02l is referred to as the (modified) Thomas process
in the literature (Illian et al., 2008, p. 377). Here the density of distance, r, of offspring from

2

the parent is evidently a Rayleigh, i.e., ﬁeiﬁ,r > 0. We can obtain the distribution of
the distance, d between two random points in the same cluster. It is easy to see that d ~ 2r.
As another example, consider the Matérn process. Here, we restrict the Ny offspring of
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the parent at p;, to be uniformly distributed in a circle of radius R around p,. R is a model
parameter and the density of distance from the parent is %, 0 <r < R. Given R, we can
obtain the distribution of the distance between two random points in the same cluster. It is

finterpoint (d) = 24 <cosh% — o1 %) ,0 < d < 2R. We leave this as an exercise.

It is known that the set of Neyman-Scott processes is equivalent to the set of Cox
processes (see, e.g., Cressie, 1993, p. 663). This should not be surprising since both begin
with a first stage NHPP and then introduce process realizations to provide the second stage.

In extending this modeling idea a bit, we can imagine that there are parents outside
of D who have children inside D and parents inside D who have some children outside of
D. Careful investigation of this situation is taken up in Chakraborty and Gelfand (2009)
which we review in Section 8.9. The goal there is to consider measurement error in point
patterns so that there is an observed point pattern along with a true unobserved point
pattern (i.e., with the true locations). With a simple measurement error model for observed
varying around true, say a bivariate normal distribution, the challenge falls to modeling the
latent true point pattern. Now the above setting emerges. Due to measurement error, the
true value can be in D and the observed value outside or vice versa.

8.6.2 Shot noise processes

We offer a few words regarding the so-called shot noise process. The basic idea is, again,
to define a process in two stages. For a region D, draw a point pattern S over D, say, from
a homogeneous or nonhomogeneous Poisson process. Then, assign a random mass to each
sampled location. The process realization at s is Y(s) = > g h(s —si;m(s;)). Forms for h
include h(s —s;;m(s;)) = f(s —s;)m(s;) where f is a density over D and m(s; is a positive
random variable. m’s might be i.i.d., free of s or a regression on some covariate, say, X (s)
over D or a process realization over D, like a log Gaussian process or a gamma process.
So, m(s;) denotes the contribution to Y (s) from the point at s; and Y (s) accumulates the
“shots” arising from the realization, S. In essence, if we have a realization of a marked point
process (Section 8.7), Sas = {s;, m(s;}, the impulse function h provides what is referred to
as a shot noise random field over all of D.

We also can make connections to implementation of constructions such as kernel con-
volution (see Section 3.8.2) and predictive processes (see Section 12.4). In both cases the
marks are Gaussian, independent in the former, from a GP in the latter. For kernel convo-
lution, f is a suitable kernel function; for predictive processes it arises from the correlation
function for the process of interest (see Section 12.4). The wrinkle added by the shot noise
process is that the s;’s are a realization from a point process.

Generically, we can compute EgY(s) as a single integral over S, given m(-), ie.,
J h(s—s';m(s"))A(s")ds’ or as a double integral over the randomness in m using Campbell’s
theorem.

We introduce shot noise processes here as models for intensities. That is, we view Y (s)
as A(s), creating a random intensity. We supply a Cox process that is an alternative to a
log Gaussian Cox process. More specifically, suppose, as in Section 8.4.2, we write A(s) =
X" ()8 Ao(s) where the exponential term is the usual deterministic specification we have
used before and now, Ap(s) is a mean 1 shot noise process so that A(s) is centered around
the deterministic component. Suppose we adopt the form Ao(s) = >, g f(s — si)m(si),
with S drawn from an HPP(A) and m(s;) a constant, m. From Campbell’s theorem, we
have E(Ao(s)) = mA =1som = 1/A (and, then, of course, E(Ao(D)) = |D|).

The likelihood arises in two stages, following the process definition. That is, for S5, we
have

T s
L(B,X0(s),s € D;Sgps) = e~ Ip e )ﬁAO(S)dSHieXT(Si)B)\O(si). (8.14)
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Approximation to the stochastic integral would be done using representative points as de-
scribed in Section 8.4. However, note that the likelihood in (8.14) is conditional on S, a
realization from an HPP()), i.e., A\g(s) is a function of S. That is, we first draw S given
A and then we draw Sg,ps given S and S. In the context of this book, such hierarchical
specification is routine and causes no problems.

A version considered in, e.g., Mgller and Waggepetersen (2007) extends the point pattern
realization to a Poisson process over D x RT, yielding a point pattern which we denote
as {(si;Ai)}. Then, A(s) = > 1, 1,y Aif(s —si). We see that A(s) = >, Ai(s) so that
realizations from A(s) arise as a superposition or union of independent Poisson processes
with intensities \;(s) = A;f(s — s;) and so provide a natural clustering process.

In fact, we can see that the Neyman-Scott process can be viewed as a special case of
the shot noise process. Simply, let the s; play the role of the p;, the cluster centers, drawn
from an HPP or a NHPP over D and set the \; all to a constant, say, 6. Then locally, at
wn;, we expect § offspring.

8.6.83 Gibbs processes

Having invested a large part of a chapter (Chapter 4) on the development of Markov random
fields and, in particular, on the formalization of Gibbs distributions, it is attractive that
here, in the context of developing point process models that are not Poisson, we can revisit
these specifications. In fact, we can define the probability density of a point process over a
bounded set D as the Radon-Nikodym derivative for the process measure with regard to an
HPP with unit intensity over D. In particular, paralleling Chapter 4, we say that the point
process model over D is a finite Gibbs process if, for n locations, its location density is

f(8) = exp(=Q(S)). (8.15)

Here,

Q(Sl, So, ..., Sn) = C + Z hl(Si) =+ ZhQ(Si, Sj) —+ -+ hn(Sl, S92, ..., Sn) . (816)
=1 i#£]

In (8.16), the h’s are potentials of order 1,2,...,n, respectively, each symmetric in its
arguments. Here, ¢o plays the role of a normalizing constant to make f(S) integrate to 1
over x D™. With potentials only of order 1, we obtain a NHPP with A(s) = e~"(5). Higher
order potentials capture/control interaction. As with Markov random fields, we only look
at pairwise interactions, i.e., we only include h; and ho. To guarantee integrability, we
must take ho > 0. This implies that we can only capture inhibition. In other words, if we
require Q(s1,82) > ¢o + h1(s1) + hi(s2), this means for pairs of points at a given distance,
f(s1,s2) puts less mass under the Gibbs specification than with the corresponding NHPP;
we encourage inhibition. If hq(s) is constant, we have a homogeneous Gibbs process.

In this regard, the most common form for hg is ¢(||s — §'||), e.g., &(||s —§'||]) = —||s —
s’||?/72. Conveniently, the Papangelou conditional intensity has a simple form in this case,

n

A(s1S) = exp(—(ha(s) + D é(lls = si)). (8.17)

=1

We have the intensity for the new point adjusted by its interaction with all of the points in
the given S. Attractively, the unknown normalizing constant cancels from the conditional
intensity, which we leave as an exercise.

Forward simulation of realizations from a Gibbs process is straightforward using MCMC,
with birth and death in order to have n random, as presented in Mgller and Waagepetersen
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(2004) (see, also, Illian et al., 2008). Intuitively, this should be the case since we have the
full conditional intensities in (8.17) to use in order to develop a Gibbs sampler. However,
Bayesian model fitting for Gibbs processes, using MCMC, requires this constant since it will
be a function of the parameters in h; and hs. Unfortunately, this constant will be intractable
(as an n-dimensional integral over xD™). A clever auxiliary variables approach to dealing
with this challenge has been developed by Mgller and collaborators and is presented in
Section 8.6.4.

We conclude this subsection by presenting some specific examples of Gibbs processes
which have received attention in the literature. They are specified through ¢(d) where,
again, d is an interpoint distance. The Strauss process sets ¢(d) = 8,d < dp,= 0,d > dp.
We see that, when 8 > 0, e=?@ < 1 for all d implying inhibition or repulsion. That is,
with 8 > 0, the interaction term downweights patterns with more points close to each
other. Choosing 5 < 0 implies clustering but raises the integrability challenge; the resulting
density for S will not be integrable. The so-called hardcore process is an extreme case,
setting ¢(d) = 0o,d < dy, = 0,d > dy. Now, the density is 0 for all S having a pair of points
less than dy apart. Given these two examples, we can imagine other choices for ¢(d) (see,
for example, Illian et al., 2010, Section 3.6) with the only constraint being that ¢(d) > 0.

8.6.4 Further Bayesian model fitting and inference

The challenge of Bayesian model fitting beyond NHPP’s is often the difficulty in working
with the likelihood. Some processes are specified only constructively, so that the likelihood
may not be available explicitly. However, the challenge with the foregoing models is a bit
more direct. For all of the Gibbs distributions we have considered the likelihood is available
up to a normalizing constant. As we noted, this constant is computationally intractable but
cannot be ignored since it is a function of the model parameters. Here, we show how clever
ideas from Berthelsen and Mgller (2003, 2004, 2006, 2008) enable us to handle MCMC
model fitting in such cases.

The problem can be generically formulated as follows. We use the bracket notation,
[, to simplify expressions. We seck to sample from the posterior, [0]y] o [y|0][6] where
[y|0] = qg(y)/Cg with Cg intractable. The usual Metropolis-Hastings probability takes

the form
(y)CplO | 0'][0
q9(y)Cg'[0'16]6]
Suppose we introduce a latent variable x with the same support as y, with density
[x]|0,y]. The Hastings ratio gets uglier, now

[wwcymgoOW@cmaxwﬁxﬂ>
x]6,y]q9(y)[0]Cy [0, x'0,X]

But now we have the flexibility to specify [0',x|0,x] = [x'|0',0,%][0'|0,x]. First we set
(x'|0',8,x] = qg/(x')/Cg . This simplifies (8.19) to

MWM%@MWWWWXU
%16, ylag: (x')ag(y)[6](6'10,%x] |

We see that the normalizing constants have disappeared and what remains is to choose
[x|0,y] and [0'|6,x] which we simplify to [0|0,]. Recalling that for us y is Sops, a simple
choice is to use an HPP for x’ with X as a function of y taken as N(D)/|D|. Berthelsen and
Mgller (2003) recommend using perfect sampling to draw the proposal x’ from gg/ (x')/Cyy,
asserting that MCMC draws will be expensive and convergence will be slow. Sampling [6'(6), ]
is usually standard, using random walk or independence proposals.

(8.18)

a(f',x';0,x) = min (1, (8.19)

a(f',x';0,x) = min (1, (8.20)
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The discussion above shows that, for clustering, we can fit a shot noise process model
using the two-stage likelihood described there while for inhibition we can use a Gibbs process
model employing the foregoing MCMC algorithm to deal with the normalizing constant.
The challenge that remains for Bayesian model fitting is how to handle the case where the
likelihood is not available explicitly.

8.6.5 Implementing fully Bayesian inference

The foregoing and, in addition, Section 8.5, naturally connect to the opportunity to imple-
ment full inference within the Bayesian framework. Using our customary notation, suppose
we have a model of the form [S|0][6] where the first (likelihood) term can be written explic-
itly. Using the discussion above, we have shown how we can fit a variety of point pattern
models, that is, we can now obtain posterior samples from [0|S]  [S]0][0]. Then, for model
features, we need to sample [Syrca|Sobs) = [[Sprea|0][0|Sobs]dO. This will mean drawing a
Sy given a 8,. For NHPP’s and Cox processes, Section 8.5 describes how to do this. For
Gibbs processes, Section 8.6.4 offers a route, i.e., drawing from ap, (S)/Cgb. Again, MCMC
or, when available, perfect sampling, as noted above, can provide such a draw.

At this point, we earn our reward. Given we have obtained posterior predictive samples
Sy,b=1,2,..., B, we can calculate sample analogs of any population functionals of inter-
est. For instance, we can obtain posterior samples of } _ cg gcp 1(N(0,d; S —s;) > 0) or
> s,es.sep V(0,d;S —s;) with N(0,d, S —s;), defined above (Section 8.3). Hence, using the
left side of Campbell’s theorem, we immediately obtain Monte Carlo integrations for say,
A|D|G(d) or \2|D|K (d). In fact, with rescaling, we can obtain Monte Carlo integrations for
G(d) and K(d). That is, we can obtain model-based (parametric) inference for these an-
alytically intractable quantities, rather than customary nonparametric (non-model-based)
estimates such as those given in (8.7) and (8.9). As a result, we avoid the need for edge
corrections.

We can also investigate the analogues of the sample residuals offered in Baddeley et
al. (2005). For point patterns, they define analogues of raw residuals in linear models.*
As an illustration, for a Gibbs process, they define the raw residual for a set B C D,
R(B) = N(BJS) — fB (s|S)ds where N(B|S) is the observed number of points in S that
are in B and the integral is over the estimated Papangelou intensity as a function of the
parameters in Q(S). The realized residual here is R(B) = N(B|S) — [; A(s|S) where the
integral, hence R(B) is a function of the parameters in Q(S). That is, we can obtain posterior
samples of realized residuals to examine their posterior distributions.

With posterior samples for the objects above, we can also attach posterior uncertainty
to these sums/integrals, in addition to a posterior mean. In summary, through posterior
sampling of point patterns, we can explore model-based inference for other process fea-
tures discussed in the literature, e.g., the spherical contact distribution function and other
morphological functions (Illian et al., 2008).

8.6.6 An example

As an example, we consider the Japanese pine dataset consisting of the locations of
65 saplings in a 5.7 X 5.7 square meter sampling region in a natural stand (taken
from “Analysing spatial point patterns in R” by A. Baddeley (http://www.csiro.au/
content/pfl6h). The point pattern is shown in Figure 8.13 (top left). The figure suggests
that spacing between saplings may be larger than expected under CSR, perhaps reflecting
competition for resources. The G and F' functions in Figure 8.13 don’t provide evidence of

4That is, Y; — XZT[Ai The Bayesian version of a raw residual is a realized residual, that is, Y; — X?B
which has a posterior distribution.
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Figure 8.13 Plots of the G, F' and L functions for the Japanese pine data.

inhibition but the L plot suggests fewer points than expected in neighborhoods of a given
point. Hence, we fit a Strauss process to the data with Papangelou conditional intensity,
log A(s|S) = v+ B,d < dy, = v,d > 0, using the approach of Section 8.6.4. The posterior
distributions for A and for 8 under two choices for dy, 0.1 and 0.05, are shown in Figure 8.14.
We see that v is a bit smaller under the latter and in either case £ is well away from 0,

supporting inhibition.
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Figure 8.14 Figure showing the posterior distributions for A and for B under two choices for do,
0.1 (top) and 0.05 (bottom), from fitting a Strauss process to the Japanese pine data.
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Figure 8.15 Kernel intensity estimates for the three tree species in the Duke Forest dataset viewed
as three different marks.

8.7 Marked point processes

Marked point processes add considerable vitality to the investigation of point patterns. That
is, each point carries the extra information of a mark which captures a feature of whatever
object was observed at that point. Jointly, we may be better able to understand the process
yielding the points. In other words, one could ignore the marks (essentially marginalizing
over the marks) but it is evident that this will sacrifice potentially important information.
Marks are often discrete such as providing labels for different types of cancers over a point
pattern of cancer cases (see Section 8.7.4.2) or labels for different species of trees in a forest.
In this case, the data is often referred to as multi-type. In fact they can even index time
points, leading to space time point patterns (see Section 8.8). In each of these settings,
we would be interested in seeing differences between the point patterns; aggregating them
would lose this opportunity. Figure 8.15 shows kernel intensity estimates for the three tree
species in the Duke Forest data viewed as three different marks. We clearly see differences
in the intensities. With a fuller analysis, we might try to explain these differences using
local environmental features such as soil type, soil moisture, or light availability (exposed
canopy area).

Continuous marks may also be of interest. For trees, we may record a height or a basal
area. For an earthquake, the mark may be its strength, say on the Richter scale. As noted
in the introduction, the emphasis here is on looking at both the location and the mark as
random, with appropriate modeling. This contrasts with the usual geostatistical analysis
(Chapter 2), where only the feature at a location is viewed as random. (See Section 8.7.3
for further discussion in this regard.)

8.7.1 Model specifications

From a mathematical perspective, a mark is merely viewed as adding an extra coordinate
to the observation, i.e., we observe (s, m) as a point over D x M where M is the support set
for the marks. If the marks are continuous, M will be some subset of R' and the marked
point pattern is equivalent to a point pattern over D x M. If the marks are discrete, M will
be a set of labels, say, [, = 1,2,..., L and the overall point pattern can be viewed as a
set of L point patterns, each over D. We remark that the notation (s, m) is often modified
according to interpretation of the marked point process. Sometimes we might write S with
m(s)),s € S, other times, S,,. The former suggests drawing locations and then assigning
labels, the latter suggests selecting labels and then drawing locations. (See Section 8.7.3.)
If we follow a product space representation for a marked point process, then a marked
point process is really just a point process over this product space. So, we can adopt much
of the earlier theory in this chapter. For instance, N(B x A) is the number of points with
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locations in B C D and marks in A C M. Defining a random counting measure leads us
defining count random variables on a g-algebra of sets over D x M. In turn, this suggests
a Poisson marked point process where N(B x A) ~ Po(A(B x A) for a suitable intensity
measure A(B x A), with independence of the count variables over disjoint product sets.

Stationarity assumes that, for any n, {s;,m;,i =1,2,...,n} ~ {s; +h, m;,i =1,2,..,n}.
This definition says that points are translated but marks remain the same. It may be a
sensible assumption for marks that are size features. Applied to a Poisson marked point
process, it simplifies the intensity measure to A(B x A) = A|B|v(A) where Qu(:) is a
probability distribution over M. The marginal point process is an HPP with intensity A.
Conditional on locations, the marks are i.i.d. according to v.

The process may have an intensity function, i.e., A(s,m) such that E(N(B x A)) =

ABx A) = [5 [4 A(s,m)du(m)ds. If the marks are continuous, we usually take z(m) to be

a Lebesgue measure. If the marks are discrete/categorical, we take p(m) to be a counting
measure and write E(N(B x A)) = A(B x A) = [ >7,c4 A(s,l)ds. In fact, more naturally,
we would write A(s,[) as A(s).

For continuous marks, integrating over m yields A(s) = [,, A(s, m)dm, the intensity for

the point process of locations. In fact, f(mls) = )\g\s(;;.) is the conditional density for the

mark at location s. For categorical marks, the marginal intensity is A\(s) = Zle Ai(s). Now,

the conditional probability for mark [ at location s is )/‘\l((s)). In epidemiological settings, we

would likely investigate the relative risk or relative intensity for mark !’ to mark [, ’\l’((ss))

with interest in how it varies over D.

More general marked point process models can be developed following the earlier ideas
for unmarked point processes. One possibility would be thinning, using mark-dependent
thinning (Section 8.5), e.g., with discrete marks, introducing a thinning surface p; p for
each mark /.

We can also envision random field mark processes. Such processes assume that the
realization of the point pattern S over D is independent of the realization of the stochastic
process mp = {m(s) : s € D}. This model would be appropriate if we wanted to assign
marks that exhibited spatial structure, e.g., marks are more similar at locations closer to
each other than at locations more distant from each other. The special case where mp is
white noise, i.e., random i.i.d. assignment of marks to locations, is a null model that we
would hope to reject. Such processes can be readily sampled if both S and mp can be
sampled. Dependence structure for the joint field over D x M is very complicated even if
mp is deterministic.

Another option is to extend Gibbs process models. This can be specified most conve-
niently with discrete marks. In particular, following Section 8.6.3, we can introduce a Gibbs
process for each [. Following Section 8.2.2, we can obtain a Papangelou conditional intensity
for each [. Now, we might investigate relative conditional intensities. A special case could
consider the pairwise interaction terms to be common over [ with only the first order in-
tensities dependent on [. It can be shown that such a process is equivalent to generating a
realization from an unmarked Gibbs process with this common intensity and then labeling

with probabilities according to the conditional mark probabilities above, ¢;(s) = )/‘\l((:)).

8.7.2 Bayesian model fitting for marked point processes

Model fitting for continuous marks will follow model fitting for unmarked point process
models, working with the product space representation, employing one of the foregoing
models over D x M. In the literature, the predominance of such examples employ a NHPP
with intensity A(s,m) over D x M. Extended to a LGCP, the foregoing approximate fitting
using representative points can be directly carried over.
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With discrete marks, we need to model an intensity for each mark. This raises the
question of whether the point patterns are dependent. For instance, in ecological processes,
we can imagine symbiotic relationships which will encourage approximate co-occurrence of
points. We could also imagine competitive processes such that the presence of an individual
from one species would discourage the presence of an individual from another species.

Formally, these ideas are different from modeling attraction/clustering or inhibi-
tion/repulsion associated with a single species, i.e., with a single intensity. Again, these latter
objectives motivate pairwise interaction processes which were discussed in Section 8.6.3.

Returning to dependence between patterns, suppose our modeling assumes the points
are conditionally independent given their intensity, as with a NHPP. So, to introduce de-
pendence we must do it for the intensities which, in turn, will impart marginal dependence
to the point patterns. If we work with parametric intensities, say, A(s; 01) and A(s; 02), then
we would need to introduce a prior for (61,602) which makes them dependent. How to do
this depends upon the nature of the specification for the A’s. For instance, with regression
coeflicients, we might assume them to be exchangeable and add another hierarchical level
to the model. If we work with nonparametric forms, employing, say, log Gaussian Cox pro-
cesses, specified through, say, w1 (s) and wa(s) (Section 8.4.2), we can make these dependent
using elementary coregionalization as developed in Chapter 9.

8.7.8 Modeling clarification

A brief clarification of some modeling issues alluded to in the introduction to this Section
may prove useful here. Suppose we obtain data in the form (s;,m;),i = 1,2,...,n, where
the s;’s are observed locations and we think of m; = L(s;) as a discrete label, say, from
1=1,2,...,M. So, we think of the L(-)’s as marks, indicating which mark was assigned to
each of the observed points. If we ignored the marks, under a NHPP model, we know the
joint distribution of (n,{s1, $2,...,8n})|Ap where A\p = {A(s) : s € D}. From a Bayesian
perspective, we only need to model A\p to complete the specification. Adopting this perspec-
tive, with marks as above, we imagine a point pattern for each label/mark value and would
extend to )\ p, the intensity associated with each label value. Then, assuming marks are
also random, we would assign a prior on labels say p;,l = 1,2, ...L. In this fashion, we model
the joint distribution of location and label as [location|label][label] and we would assume
the pairs (s;, L(s;)) are conditionally independent given the X;(s)’s. Under this modeling,
we have specified [S| L = I;{\(s)}]-

As in Section 8.7.1, the cumulative intensity is A(s) = >, \i(s), which, we note, has
nothing to do with the p;’s, and

Als) Au(s)

S) = =
) =30) ~ 2 S D)
is the marginal location density. Turning to the joint distribution, we have fi(s)p; where
fi(s) = Ni(s)/ A\ (D), the location density associated with mark [. We interpret f;(s)p; as
drawing a label L = [ and then locating the label at s given L = [. That is, the draw
(s,L = 1) creates the event (s,L(s) = [). Note that this has nothing to do with the joint
intensity A(s,m) discussed in Section 8.7.1 which adopts a counting measure for m when m
is discrete. It therefore yields A(Os, {I}) = A(s,1)|9s| and thus A(s,l) = \(s), again, free of
the p;’s.

Now, consider conditioning in the opposite direction. That is, we draw a location and
then assign a label to the location. Again, the draw (s, L = [) creates the event (s, L(s) = 1).
Using Bayes’ Theorem, P(L = I|s) = fi(s)pi/f(s). We have the familiar rescaling of the
prior weights with f (s) = >, pifi(s), a mixture density having nothing to do with the
foregoing marginal location density f(s).
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We can imagine that the modeling situation is reversed. The label is viewed as
the response at a location; now we would be modeling the joint distribution as
[label|location][location]. The model for location would now have a single Ap and the
distribution for label given location would be a multinomial trial with location-specific
probabilities. In the case of two labels, we might adopt a logit model, i.e., a model for
log%. In general, the joint distribution becomes P(L = I|s)f(s) where, as usual,
f(s) = A(s)/M(D). Again, this means that we draw a location s and then assign a la-
bel L =1 to the location, creating the event (s, L(s) = [). Turning to Bayes’ Theorem,
f(s|L =1) = P(L = ls)f(s)/ [, P(L = l|s)f(s)ds and, in fact f(s|L = 1) = fi(s), the
location density associated with mark [. Thus, N\;(s) = ¢;P(L = I|s) f(s) where the constant
¢; cannot be identified; we can only learn about the location density for mark [ but not the
intensity for this mark. A last calculation shows that A(s) = Y, \i(s) = WMS).
Hence, >, ¢;P(L = l|s) = A(D) but the ¢; are not determined.

In summary, note the fundamental difference between the two joint modeling scenarios.
In the first case, it is most natural that the L’s have nothing to do with locations. There is a
single distribution for them and given a realization (label), we have an associated intensity
which provides the joint distribution for the points having that label. In the second case, we
formalize an uncountable collection of L(s)’s with a single intensity for the observed points.
In other words, conceptually, the joint distributions for the first case live in a different space
from the joint distributions for the second case. See, also, the chapter by A. Baddeley in
Gelfand et al. (2010, Chapter 21) in this regard.

This leads to the more general question of whether covariates are spatially referenced or
not. Typically, variables such as sex or species type are not spatially referenced. They would
more naturally be marks and we would find ourselves in the first modeling scenario, seeking
to compare point patterns. If we turn them into response variables, this substantially changes
the problem. It would presume that an individual can exist at every location whence we can
imagine a label for every location. Expressed in different terms, we note that a point pattern
can be expressed using an indicator variable V (s) which takes the value 1 if there is a point in
the pattern at s and takes the value 0 otherwise. That is, the pattern is {V(s) = 1,s € D}.
V is equal to 1 for only a finite set of locations and is 0 for an uncountable number of
locations. This clarifies the impossibility of modeling P(V(s) = 1) from a point pattern
and is another way of distinguishing the foregoing order of conditioning in the modeling.
It is intimately connected to the distinction between modeling for presence-only data vs.
modeling presence-absence data; this issue forms the basis for Section 8.9.2. For presence-
only data, we see a point pattern of locations; for presence-absence data, we see a collection
of Bernoulli trials at a given set of locations.

Other covariates are naturally spatially referenced such as elevation or aspect. In this
case, using a NHPP, we would naturally insert them into the model for the intensity for
the point pattern. That is, they may illuminate where points are more or less likely to be.
Denoting such a covariate by X (s), the intensity would become A(X(s) : 0), as discussed in
Section 8.4.1. Alternatively, X (s) can be a response variable. In this case, we would build
a customary point-referenced spatial model (as in Chapter 2). Presumably we would be
interested in interpolating X (s) over D. For instance, with elevation, this would be the goal
of stochastic modeling for a digital /elevation/terrain map.

8.7.4 Enriching intensities

So, we can imagine modeling the intensity using covariates of both types. For instance, with
mark [ and covariate X (s), we might specify the A(s)’s using the form:

AN(X(s):0) = i+ oy + BiX(s). (8.21)
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Figure 8.16 Jittered residential locations of colon (light circle) and rectum (dark circle) cancer
cases, Twin Cities metro and exurban counties, 1998-2002.

Here, we briefly present the development and extension of (8.21) as discussed in Shengde
et al. (2009). To provide concrete motivation, we consider marks for colon and rectum can-
cer. Colon and rectum cancer share many risk factors, and are often tabulated together as
“colorectal cancer” in published summaries. However, recent work indicating that exercise,
diet, and family history may have differential impacts on the two cancers encourages ana-
lyzing them separately. The data is from the Minnesota Cancer Surveillance System from
1998-2002 over the 16-county Twin Cities (Minneapolis-St. Paul) metro and exurban area.
The data consist of two marked point patterns, one for each cancer type and we expect
association between the cancer types.

Figure 8.16 shows the seven counties comprising the Twin Cities metro area as those
encircled by the dark boundary; also shown are nine adjacent, exurban counties. Within
these 16 counties, we have 6544 individuals for analysis. Figure 8.16 plots the approximate
locations of the cancers after the addition of a random “jitter” to protect patient confi-
dentiality (explaining why some of the cases appear to lie outside of the spatial domain).
The physiological adjacency of the colon and the rectum suggests positive dependence in
these point patterns; persons with rectum cancer beyond stage 1 (i.e., regional or distant)
are at risk for colon cancer due to metastasis. Moreover, the two cancers likely share un-
modeled spatially-varying risk factors (such as local health care quality or availability), also
suggesting positive dependence.

We assume a nonhomogeneous Poisson process with intensity function A(s) for all s € D.
Let X(s) be a vector of location-specific covariates corresponding to a disease case observed
at s. For us, a key component of X(s) is the indicator of whether the case is in the metro
area or not. However, in other contexts, we could envision information such as elevation,
climate, exposure to pollutants, and so on to be relevant. We model A(s) = r(s)m(s) where
r(s) is the population density surface at location s. In practice, we may create such a surface
using GIS tools and census data, or we may just work with areal unit population counts,
letting r(s) = n(A)/|A| if s € A, where, as usual, n(A) is the number of persons residing in
A and |A| is the area of A.
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Returning to our framework, r(s) serves as an offset and 7 (s) is interpreted as a popu-
lation adjusted (or relative) intensity, which we model on the log scale as

7(s) = exp(X(s)'8 + w(s)), (8.22)

where w(s) is a zero-centered stochastic process, and 8 is an unknown vector of regression
coefficients. If w(s) is taken to be a Gaussian process, we have the previously-discussed log
Gaussian Cox process (LGCP). We follow the “representative points” approach resulting in

replacement of wp with a finite set, say w* = {w(s}), j = 1,2,...,m}. Then we revise the
NHPP likelihood to
L(B,w", w(s1), ..w(sn); S)p(w”, w(si), ...w(sn))p(B) - (8.23)

Now, we only need to work with an (n 4+ m)-dimensional random variable to handle the
w’s, hence their prior is just an (n+ m)-dimensional multivariate normal distribution. Note
that, in (8.23), we will require that X(s) be available at each of the above s’s. To this point,
we are essentially following Section 8.4.2.

8.7.4.1 Introducing non-spatial covariate information

Next, we introduce nonspatial covariates which we think of as being of two types (though
the distinction will depend upon the application). One type of covariate provides marks.
For us, this covariate is cancer type (colon vs. rectum), and we are interested in whether the
two cancer intensity patterns differ. The second type of covariate we view as an “auxiliary”
variable that provides additional information associated with intensity. For us, age and
cancer stage are examples of such covariates. Clearly patient age is associated with cancer
intensity, but the strength of this association may differ across cancers. We wish to adjust
intensity to reflect patient age, analogous to the age standardization used in aggregated
areal data settings.

In general, we view these latter covariates as continuous and introduce a second argument
into the definition of the intensity, yielding a surface in s and v over the product space D xV
(i.e., the geographic space by the auxiliary covariate space).? Here, we are following the path
of Section 8.7.1. Therefore, we generalize to

m(s,v) = exp(fo + X(s)'B + v + (v @ X(s))"y + w(s)) , (8.24)

where the Kronecker product v ® X(s) denotes the set of all the first order multiplicative
interaction terms between X(s) and v. When a particular interaction term is not of inter-
est, the corresponding coefficient in - is set to zero. This development is essentially that
of Section 8.7.2 while here we have made the intensity A(s,m) explicit. That is, this ex-
pression envisions a conceptual intensity value at each (s, v) combination. The interaction
terms between spatial and non-spatial covariates provide the ability to adjust the spatial
intensity by individual risk factors. If we fix v in (8.24), we can view A(s,v) = r(s)n(s, v)
as the intensity associated with level v. If we integrate over v (see below), we obtain the
(cumulative) marginal intensity A(s) associated with 7(s,v). Note that 7(s,v) is a Cox
process.

Now, introducing marks k& = 1,2,..., K, a general additive form for the log relative
intensity is

log m(s,v) = Bor + X'(s)B + Vag + (v @ X(s)) v, + wi(s) . (8.25)

5In the case of a discrete valued covariate, any integrals over v in our development are replaced by sums.
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We can immediately interpret the terms on the right side of (8.25). The global mark effect
is captured with the Boi. Therefore, there is no intercept in X(s) and we have mark-varying
coefficients for the spatially-referenced covariates, reflecting the possibility that these co-
variates can differentially affect the intensity surfaces of the marks. Similarly, we have
mark-varying coefficients for the nuisance variables. We also have mark-varying coefficients
for the interaction terms, reflecting possibly different effects of the non-spatial covariates
over spatial domains. Finally, we allow the spatial random effects to vary with mark, i.e., a
different Gaussian process realization for each k. Dependence in the wy(s) surfaces may be
expected (say, increased intensity at s for one marked outcome encourages increased inten-
sity for another at that (s), suggesting the need for a multivariate Gaussian process over
the wy. Both separable and nonseparable forms for the associated cross-covariance function
can be conveniently specified through coregionalization as in Section 9.5.

Reduced models of (8.25) are immediately available, including e.g. wg(s) = w(s), B, =
B, and oy = a. Another interesting reduced model obtains by setting v, = 0, leading to

log Tx (s, v) = Bor + X'(8)B), + v o + wi(s) . (8.26)

This separable form enables us to directly study the effect of the marks on spatial intensity.
Specifically, the intensity associated with (8.25) is

A (s,v) = exp(Box + V') x r(s) exp(X'(s) 8, + wi(s)) . (8.27)

We see a factorization into nonspatial nuisance and spatial covariate terms. Presuming the
former is integrable over v, the latter, up to a constant, is the “marginal spatial intensity.”

Integration of \i(s, v), based upon (8.25), can be computed analytically in most cases.
When v is categorical, the likelihood integral involves only integration over the spatial
domain D. When v is continuous, simple algebra shows

/V/\k(s,v)dvds = r(s)exp(Bor + X(s)' B + wi(s))

X /Vexp(v’ak + (ve X(s))vy,)dv .

Suppose, for instance, that there is only one component in X(s) and one component in
v having range (v;,v,). Provided ay + X(s)yx # 0, the marginal intensity A (s) is then
inty Ak (s, v)dvds, which is equal to

7(s) exp(Bok + BrX (s) + wk(s)) x /vexp(v(oz;.C + X (8)yk))dv

= 7(s) exp(Bor + BxX(s) +wi(s))
1

X —
ay + X (s)k

Turning to the revised likelihood associated with (8.25), let {(sgi, Vi), = 1,2, ...nk}
be the locations and nuisance covariates associated with the nj points having mark k. The
likelihood becomes

I;Iexp (—/D/V)\k(s,v)dvds> X H H M (Skis Vi) - (8.28)

k Ski;Vki

[exp(va(an + 2(8)7)) — exp(ui(ar + X (s)x))] -

Using the calculations above, the double integral becomes

/D/V)\k(s,v)dvds:/D(T(S)eXp(ﬁok+ﬁkX(S)+wk(S))
1

X P C . [ exp(vy (o + X (s)vk)) — exp(vy (o, + X(S)"/k))])ds ;
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provided that the set {s: ap+ X (s)yx = 0} has Lebesgue measure zero. Hence the difficulty
in the likelihood evaluation is the same as in the basic likelihood and can be treated with
approximation, as above. In this regard, note that we bound the components of v in order
to integrate explicitly over v. We do not have a stochastic integration with regard to V as
we have over D.

8.7.4.2 Results of the analysis

Previous studies suggest that covariates related to a patient’s socioeconomic status (SES)
may be related to the patient’s risk factors through its impact on diet, health care quality,
or propensity to seek care. While our dataset lacks any individual-level SES measures, from
census data we have several related tract-level variables: percentage of farm population,
percentage of rural population, percentage of people with less than high school education,
percentage of minority population, and poverty rate. A preliminary population-adjusted
nonspatial Poisson regression analysis of our data on these covariates revealed only poverty
rate and the metro indicator as significant predictors.

We consider two location-specific covariates: z1(s), the metro area indicator, and z3(s),
the poverty rate in the census tract containing s. We also employ two non-location-specific
covariates: vy, cancer stage (set to 1 if the cancer is diagnosed “late” (regional or distant
stage) and 0 otherwise), and vq, the patient’s age at diagnosis. The population density r(s)
we use for standardization is available at 2000 census tract level, meaning that we assume
population density is constant across any tract.

Table 8.1 breaks down the data by stage and metro/non-metro area. We see that 38%
of colon cancer cases were diagnosed at an early stage, while 44.5% of rectum cancer cases
were. In total, colon cancer is nearly three times as prevalent as rectum cancer in both the
metro and non-metro areas. A fact not revealed by the table is that there are 72 individuals
who contribute both a colon and a rectum tumor. Since this is only around 1% of the total of
6544 individuals, we do not explicitly model this particular kind of dependence, but rather
“lump it in” with the bivariate dependence modeled by p.

Figure 8.17 shows tract-level maps of population density, r(s), and our two location-
specific covariates, z1(s) and z2(s). Not surprisingly, the central metro areas are the most
populated. The poverty rate is fairly uniform except for high rates in a concentrated portion
of the central metro.

We fit our model, using independent Inverse Gamma(2, 0.5) priors for o7 and o2, and a
Unif(—0.999,0.999) prior for p. The scale of the spatial decay parameter ¢ is determined
by the distance function employed. In this application, we started with a Unif(130,390)
prior for ¢, so that the effective range lies between one-fourth and three-fourths of the
maximal distance between any two knots. As expected, ¢ is only weakly identified, so
a fairly informative prior is needed for satisfactory MCMC behavior. For simplicity, we
simply fix the range parameter at ¢ = 195, so that the effective range is roughly half of the

total late=0 late=1 metro non-metro
all 6544 | 2606(40%) | 3938(60.2%) | 5481(83.8%) | 1063(16.2%)
colon 4857 | 1855(38%) | 3002(61.8%) | 4079(84%) 778(16%)

rectum | 1687 | 751(44.5%) | 751(55.5%) | 1402(83.1%) | 285(16.9%)
ratio 2.88 2.47 4.0 2.91 2.73

Table 8.1 Table of colorectum cancer patients’ characteristics in metro and adjacent area of Min-
nesota. Percentages across appropriate columns are given in parentheses, and “ratio” gives the ratio
of colon to rectum cases.
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Figure 8.17 Left, population density by tract; middle, metro/non-metro area; right, poverty rate by
tract.

model PD DIC

GLM (no residuals) 11.8 11944
Univariate spatial residuals | 72.0  692.4
Bivariate spatial residuals 80.2 688.8

Table 8.2 Model comparison using effective model size pp and DIC score. GLM refers to generalized
linear model having no random effects.

maximal distance. A random-walk Metropolis-Hastings algorithm is used to draw posterior
samples.

Table 8.2 compares the effective model size and DIC score of three models. It can be
seen that the no-random effect model (GLM) is unacceptably bad, and the model with a
single set of spatial residuals is not much worse than the bivariate residual model. This
suggests that the two sets of residuals are fairly similar, and that p is close to 1.

Table 8.3 shows parameter estimates from some of our models. We parameterize so that
the top rows concern the fixed effects for colon cancers, 3;, but the second set of rows give
the differential effect in the rectum cancer group, A = 3, — 3;. Thus, any 95% Bayesian
confidence intervals that exclude 0 in this part of the table suggest a variable that has a
significantly different impact on the two cancers.

In general, the effects of the non-spatial covariates are fairly similar across the models
considered. We find that in the metro area there are relatively fewer cases of both colon and
rectum cancer. This is consistent with statewide patterns of colorectal cancer occurrence in
Minnesota, where higher age-adjusted rates are often found in non-metro areas. However,
there is no significant change in this relationship in the rectum group relative to the colon
group. Turning to the non-location-specific covariates, age is significantly associated with
increasing colon cancer, but a somewhat surprising relative decrease in rectum cancer. This
difference (-0.18) is statistically significant, but not large enough in magnitude to make
the overall age effect in the rectum group negative. A look at the data bears this out,
with rectum cancers arising in a somewhat younger population; our preliminary Poisson
regression also concurs, though here the relative decrease in the rectum group is not signif-
icant. Late detection provides another interesting difference between the colon and rectum
groups: while there are significantly more cases diagnosed late than early, the effect of late
diagnosis is significantly smaller in the rectum group (point estimate -0.26). Thus public
health interventions to encourage screening and early detection of colorectal cancer will
have significantly greater impact on prevention for colon than for rectum. The metro-age
interaction shows that the effect of age on colon cancer is significantly less pronounced in
the metro area; a smaller “age adjustment” to the colon cancer intensity process is needed
in the metro area. This effect is largely absent for rectum cancer, but this difference is
not quite statistically significant. Finally, the estimate of p is very close to 1, indicating



SPACE-TIME POINT PATTERNS 237
colon BSR USR GLM
intercept -8.76 (-9.12,-8.44) -8.75 (-9.25,-8.40) -8.91 (-8.99.-8.83)
metro -0.23 (-0.49,0.04)  -0.19 (-0.42,0.06) -0.21 (-0.29,-0.14)
poverty -2.01 (-2.47-1.55) -1.90 (-2.36,-1.47) -0.26 (-0.61,0.09)
age 0.36 (0.31,0.40) 0.36 (0.31,0.40) 0.32 (0.28,0.36)
late 0.48 (0.42,0.54) 0.48 (0.42,0.54) 0.48 (0.43,0.54)
metro*age -0.06 (-0.11,-0.02) -0.06 (-0.11,-0.02) -0.06 (-0.11,-0.02)
rectum-—colon BSR USR GLM
intercept -0.86 (-1.08,-0.65) -0.84 (-1.00,-0.68) -0.84 (-1.01,-0.69)
metro 0.02 (-0.21,0.26)  -0.07 (-0.22,0.08)  -0.07 (-0.22,0.09)
poverty 0.14 (-0.70,0.98)  -0.24 (-1.06,0.52)  -0.22 (-1.00,0.49)
age -0.18 (-0.26,-0.10) -0.18 (-0.26,-0.10) -0.18 (-0.25,-0.11)
late -0.26 (-0.37,-0.15) -0.26 (-0.38,-0.15) -0.26 (-0.37,-0.15)
metro*age 0.06 (-0.03,0.15) 0.05 ( 0.03,0.15)  -0.01 (-0.08,0.07)
P 0.98(0.95,0.99) -
1) 195 195 -
o? 0.95(0.57,1.48) 0.76(0.43,1.33) —
o3 0.75(0.41,1.33) -

Table 8.3 Parameter estimates for the model with metro indicator and poverty rate as the spatial
covariates, and stage and age as individual covariates. The estimates for rectum are relative effects
to colon cancer. BSR=bivariate spatial residual model,
GLM=no random effects model.

USR=univariate spatial residual model,

very similar spatial residual patterns. This is perhaps a surprisingly strong association, but
believable given that these are residual surfaces, which account (at least conceptually) for
important missing covariates, which could be spatial (e.g., local screening percentage, other
sociodemographic factors) or nonspatial (e.g., the physiological adjacency of the colon and
the rectum).

8.8 Space-time point patterns

As noted in the introduction to this chapter, we often encounter space-time point patterns.
In practice, it would rarely be sensible to imagine that a point pattern occurs instanta-
neously. Rather, what occurs instantaneously are single events. That is, the time of occur-
rence of the event would be a continuous variable, e.g., when a cancer case was diagnosed,
when a house was built. However, an interval of time is required for an entire point pattern
to arise, e.g., the point pattern of disease cases over a week in a county or the point pat-
tern of single family homes built in a city during a given year. This raises the additional
issue of whether points are viewed as ’births’ and remain in the pattern until “death.” This
perspective would be sensible for, say, trees or houses but not for cancer cases or locations
of traffic accidents. This raises the question of whether we view the pattern cumulatively
or differentially, with associated modeling implications. That is, in principle, we can move
from one view to the other but model specification needs to reflect the choice.

Adding time to the investigation of point patterns can be critical with respect to ade-
quate understanding of them. Point patterns can appear quite different over disjoint time
windows and explaining these differences may be a vital aspect of the analysis. In differ-
ent words, aggregating the patterns over time may remove this story. Furthermore, point
pattern data collection is often very time consuming. Consider, for example, collecting com-
plete inventories over reasonably large regions. Adding time can lead to infeasible demand
in terms of number of hours and cost, especially for a slowly evolving process whence a long
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time period may be needed. In Section 8.8.3.1, we consider one source of such data which is
well-collected — new home construction over a specified geographic region. But, in general,
methodology for space-time point patterns is underdeveloped and Bayesian analysis for such
patterns even more so.

8.8.1 Space-time Poisson process models

So, when we consider adding time to the modeling, we have to determine whether we will
view it as continuous or discrete. In the case of continuous time, we introduce a second
argument to the intensity function, writing A(s, t). We focus on space-time Poisson process
models. Richer discussion is available in the book of Daley and Vere-Jones (2008). Under a
NHPP specification over, say, D x (0, T'], we observe (s, t)’s and time is iewed as a continuous
mark. Then the intensity for a realization of a point pattern in the time interval [t, to] is
At 2] (S ft (s,t)dt. The 1nten51ty assomated with, say, B X [t1,t2], with B € D and

0<t;1 < tg < Tis A(B X [t1, t2]) fB A(s, t)dtds. Note that, though A(,-) is a function
over a subset of R3, it makes no sense to consider Euclidean distance in three dimensions.
The scale for time has nothing to do with the scale for space.

As with the spatial NHPP, we assume N (B X [t1, t2]) ~ Po(A(B X [t1,t2])) where B C D.
In addition, given N(D x (0,T], we assume the points are scattered independently over
D x (0, T] with density A(s,t)/A(D x (0,T]) where A(D x (0,T]) = [}, fo (s, t)dtds. Hence,
Aty 2] (8) is the intensity for a NHPP over D for events in the tlme window, [tl, tg]. Similarly,
if we integrate over the set B, we get the intensity for a one-dimensional point pattern in
time over (0, T for events restricted to B. Special cases of A(s,t) lead to time stationarity
with A(s,t) = A(s), spatial stationarity with A(s,t) = A(t), or space-time stationarity with
A(s,t) = \. With space-time stationarity, we can obtain the naive estimate of \, i.e., A =
N(Dx(0,T]/T|D|. If we retain stationarity but not an HPP, then we can develop analogues
of the second order intensity, K-functions, etc. as in Daley and Vere-Jones (2008) or Diggle
and Gabriel (2010). A relatively convenient class of Cox process models arises when A(s, t) is
a log space-time Gaussian process (as in Chapter 9). Also, the notion of a Gibbs process can
be extended, allowing pairwise spatial interaction, scaled by a function in time. Extending
Section 8.2.2, the Papangelou conditional intensity takes the form, A(s, t|S;)=exp(a(t) +
Zf-v:tl h(s,s;)) where S; is the point pattern up to time ¢ and N; is the number of events in
this pattern, i.e., in (0, T].

More explicitly, if time is continuous, then we can imagine a parametric A(s, ¢; 0), say,

logA(s, t;0) = X(s, )7 0. (8.29)

In (8.29), some components of the X’s may be indexed only by space, e.g., elevation or by
time, e.g., a global geographic covariate. Again, we can move to the nonparametric case, by
introducing a spatio-temporal Gaussian process, w(s, t). That is,

logA(s,t) = X(s,)70 + w(s, t). (8.30)

As in Chapter 9, we have flexibility in the specification of w(s,t). For instance, w(s,t) =
w(s) + g(t), where w(s) is a Gaussian process over D and g(t) might be a specified function
of time. Alternatively, g(¢) might be a stochastic process over (0, T], e.g., Brownian motion,
as in Section 8.8.3.

8.8.2 Dynamic models for discrete time data

In case of discrete t’s, say, equally spaced, we introduce intensities \i(s), t = 1,2,...,T.
In this regard, time is viewed as a discrete mark, inviting comparison of intensities across
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time. If time is discrete, then \;(s) can be modeled dynamically, using parametric and/or
nonparametric specifications. More precisely, we envision a customary dynamic model with
conditionally independent first stage and time-evolving second stage (e.g., West and Harri-
son, 1997), in the spirit of Chapter 9. That is, the point pattern at time ¢

S, ~ NHPP(\(s)), (8.31)

and the patterns are independent over ¢ with intensities, {\:(s) : s € D}. Then, we add a
transition specification for {\¢(s) : s € D}{\i—1(s) : s € D}. Here, we have many modeling
options. At the simplest level, we would have a parametric family for the A;’s indexed by
say, 0y, e.g., v, with logh;(s) = X;(s)T,, and the transition would take the form [0;]0;_1]
with an evolutionary equation for 8;. A more complex transition could take the form of an
integro-difference equation,

)\t(s):‘/L)K(s,s’)/\t,l(s’)ds’ (8.32)

where K(-,) is a kernel or propagator function. Practically, the integral would have to be
discretized over space in order to be evaluated.
With nonparametric specification, we find ourselves introducing log Gaussian processes,
e.g.,
log M\¢(s) = X ()T, + we(s) (8.33)

where wy(s) is a mean 0 Gaussian process. In addition to dynamics in ~,, we can also
introduce dynamics in the w;(s), analogous to Section 11.4.

8.8.83 Space-time Coz process models using stochastic PDE’s

Here, we turn to the use of a stochastic differential equation (SDE) to provide a Cox
process model for space-time point patterns with continuous time, drawing upon ideas in
Duan et al. (2009). Let D again be a fixed region and let Sy denote the observed space-
time point pattern within D over the time interval [0,7]. Denote the stochastic intensity
by A(s,t),s € D,t € [0,T]. In practice, we may only know the spatial coordinates of all the
points whereas the time coordinates are censored to time intervals in [0,7].° Provided that
A (s, t) is integrable over [0, T'], the integrated process intensity is A (s, T') = fOT A(t,s)dt. As
above, we may observe the point pattern in subintervals of [0, T]: [t1 = 0,t2),..., [tj—1,t; =
T]. These data constitute a series of discrete-time spatio-temporal point patterns, which
we denote by Sy, —0,t,)s---»S[t;_,,en=1]- The integrated process also provides stochastic
intensities for these point patterns
tj
A)\j (S) =A (S, tj) - A (S, tj_l) = A (S, t) dt. (834)

tj71

When the time intervals are sufficiently small, we may use the approximation
tj
AN (5) = A(s5) = A(s, ;1) :/ Ns, 7 dr ~ A(s,t5-1) (t; —t;-1) . (8.35)
tji—1

As a concrete example, below we consider a house construction dataset from Irving, TX,

as discussed in Duan et al (2009). Let S; = Sit,_..,t;) = x, be the observed set of locations

6For example, in our house construction data below, we only have the geo-coded locations of the newly
constructed houses within a year. The exact time when the construction of a new house starts is not
available.
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of new houses built in region D and period j=[t;_1,t;). We supply a Cox process model for
the S; by specifying A (s, t) through a stochastic differential equation. We do this in order to
introduce a mechanistic modeling scheme with parameters that convey physical meanings
in the mechanism described by a stochastic differential equation. Here, we use the logistic

equation
OX(s,t) A(s,t)
0 = r(s,t)A (s, t) [1 “KG) ] ,

(8.36)

where K (s) is the “carrying capacity” (assuming it to be time-invariant) and r (s, t) is the
“growth rate.” Spatially and/or temporally varying parameters, such as growth rate and
carrying capacity, can be modeled by spatio-temporal processes. In practice, the logistic
equation finds applications in population growth in ecology, product and technology diffu-
sion in economics, and urban development. The last is our context, with growth rate and
carrying capacity being readily interpretable surfaces over space and time and over space,
respectively.

Let the initial point pattern be Sp and the intensity be A (s) = A (s,0) = f_ooo A(r,8)dr.
The hierarchical model for the space-time point patterns becomes
S;|AX; ~ Poisson Process (D,A)\;), j=1,...,J (8.37)
SolAo ~ Poisson Process (D, \g) , '
where we suppress the indices s and ¢ again for the periods ¢, ..., t;. Note that the intensity

AMN; for S; must be positive. Therefore, we model the growth rate r as a log-process, that
is
logr (s,t) = pr (8; ;) +C(s,t), ¢ ~GP(0,0(s—s",t —t';¢,)). (8.38)
The J spatial point patterns are conditionally independent given the space-time intensity
so the likelihood is

jljl {exp (— /D AXj (s) ds) f[lA/\j (xji)}

X exp (- /D Mo (s)ds) f[)\o (z0s) - (8.39)

This likelihood introduces the familiar stochastic integral, [, A\; (s)ds, which we ap-
proximate in model fitting using a Riemann sum with representative points. As before, we
divide the geographical region D into M cells and assume the intensity is homogeneous
within each cell. Let A\; (m) and Ao (m) denote this average intensity in cell m. Let the
area of cell m be A (m). Then, the likelihood becomes

[T [exp (— St AX; (m) A (m)) 1Y, AN (m)njm}

N (8.40)
xexp (= mi_y Ao (m) A (m)) TThiy Ao (m)"™™"

where 7, is the number of point is in cell m in period j. We approximate the parameter
processes 7 (s,t;) and K (s) accordingly as r (m,t;) and K (m), which are homogeneous in
each cell m.

8.8.3.1 Modeling the house construction data for Irving, TX

Our house construction dataset consists of the geo-coded locations and years of the newly
constructed residential houses in Irving, TX, from 1901 to 2002. Irving started to develop
in the early 1950’s and the outline of the city was already in its current shape by the
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Figure 8.18 Growth of residential houses in Irving, TX.

late 1960’s. The city became almost fully developed by the early 1970’s with little new
construction afterward. We use the data from years 1951-1966 to fit our model and hold
out the last three years (1967, 1968 and 1969) for prediction and model validation.

Figure 8.18 shows our study region D as a square of 5.6 X 5.6 square miles with Irving,
TX, in the middle. This region is geographically disconnected from other major urban areas
in Dallas County, which enables us to isolate Irving for analysis. In fact, the figure shows
the growth of residential housing from 1951 to 1966. We divide the region into 100 (10x10)
equally spaced grid cells as shown in Figure 8.19. Within each cell, we model the point
pattern with a homogeneous Poisson process given AM; (m). The corresponding Ao (m),
K (m) and r (m, j) are collected into vectors Ao, K, and r which are modeled as follows:

logho = px+6x 0y~ N(0,C))
logK = pug+0k, 0x ~N(0,Ck)
logr = p.+¢ (~N(0,Cp)

where the spatial covariance matrix C and Cgk are constructed using the Matérn class
covariance function with distances between the centroids of the cells. The smoothness pa-
rameter v is set to be 3/2. The variances o3, 0% and range parameters ¢, and ¢ are
to be estimated. The spatio-temporal log growth rate r is assumed to have a separable
covariance matrix C, = UEES ® ¢, where the spatial correlation X5 is also constructed as
a Matérn class function of the distances between cell centroids with smoothness parameter
again being set to 3/2. The temporal correlation ¥; is of exponential form. The variance
o2, spatial and temporal correlation parameters ¢, and «, are to be estimated.

We use vague priors for the parameters in the mean function: m(uy), m (px), 7 (pr) i
N (O, 108). We use natural conjugate priors for the precision parameters (inverse of vari-

ind

ances) of r and Ao: m (1/03), w (1/0%), m (1/02) "~ Gamma(1,1). The temporal correlation
parameter of r also has a vague log-normal prior: 7 (c,.) ~ log-N (0, 108). Again, the spa-
tial range parameters ¢y ¢x and ¢, are only weakly identified (Zhang, 2004) so we use
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Figure 8.19 The gridded study region encompassing Irving, TX.

informative, discrete priors for them. In particular, we have chosen 40 values (from 1.1 to
5.0) and assume uniform priors on them for ¢ ¢x and ¢,.

8.8.3.2 Results of the data analysis

Posterior inference (mean and 95% equal tail credible intervals) are presented in Table
8.8.3.2. Figure 8.20 shows the posterior mean growth curves and 95% Bayesian predictive
bound for the intensity in the four blocks (marked as blocks 1, 2, 3 and 4). Comparing
with the observed number of houses in the four blocks from 1951 to 1966, we can see the
estimated curves fit the data very well.

In Figure 8.21 we display the posterior mean intensity surface for year 1966 and the
predictive mean intensity surfaces for years 1967, 1968 and 1969. We also overlay the actual
point patterns of the new homes construct in those four years on the intensity surfaces.
Figure 8.21 shows that our model can forecast the major areas of high intensity, hence high
growth, very well.

8.9 Additional topics
8.9.1 Measurement error in point patterns

Here, we consider the setting where the observed locations are measured with error and we
seek to assess the resultant effect on the object of our interest, the intensity function, under
a NHPP. Intuitively, adding noise will “blur” the intensity surface, making detection of its
features more difficult. In fact, it is quite likely that, in recording locations, measurement
error is introduced due to accuracy of the measuring instrument as well as factors influencing
detection of event occurrences within the region.

Modeling point patterns using intensities requires restriction to a bounded subset of the
plane. As a result, such noise can push locations in and out of the study domain. We are not
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Figure 8.20 Mean growth curves and their corresponding 95% predictive intervals (dotted lines) for
the intensity for the four blocks marked in Figure 8.19.

PFosterior Mean Intensity for 1966 Predictive Mean Intensity for 1967

FPredictive Mean Intensity for 1968 FPredictive Mean Intensity for 1969

Figure 8.21 Posterior and predictive mean intensity surfaces for the years 1966, 1967, 1968 and
1969.

only observing a noisy version of the original realization, but it is also possible that we are
missing some of the true events and also observing some which are not truly in the study
region. For patterns having high event aggregation near the boundary of the region, this
problem can be quite significant. Thus, measurement error results in a form of censoring to
yield the actual dataset.

There is little previous literature on degraded point patterns. A general description is
that the observed pattern is a random transformation of the true pattern, as in Diggle
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Model Parameters | Posterior Mean | 95% Equal-tail Interval
I 2.78 (2.15, 3.40)
o 1.77 (1.49, 2.11)
103N 3.03 (2.70, 3.20)
Ly -2.76 (-3.24, -2.29)
or 2.48 (2.32, 2.68)
Or 4.09 (3.70, 4.30)
Qy 0.52 (0.43, 0.62)
Wi 6.49 (5.93, 7.01)
oK 1.17 (1.02, 1.44)
OK 1.91 (1.60, 2.20)

Table 8.4 Posterior inference for the house construction data.

(1993) who viewed the transformation as a conditionally independent random deformation
of the true pattern. Chakraborty and Gelfand (2010) look at the problem as a two-stage
specification — what is the model for the true pattern and given the true pattern, what is
the model for the random transformation? Work in this spirit appears in Lund and Rudemo
(2000) and Lund, Penttinen, and Rudemo (1999). There, the distinction is made between
inferring about the properties of the true point pattern and reconstructing the true point
pattern.

Within a fully hierarchical framework, there is no need to separate the point process
parameter estimation and pattern reconstruction problems. Both can be addressed through
suitable posterior inference for fairly general Cox processes. Here, we consider the scenario
where events can only occur inside D so when we talk about shift of a location due to
noise, it can only throw a point from D to D€. But, since no event is allowed to take place
outside D, each of the noisy locations observed corresponds to some true location in D.
We term this setting an “island” model and employ an intensity surface which is a scaled
mixture model where the scale parameter captures the expected number of points in D. We
can remove this restriction by assuming that our region of interest is actually a subset of
a bigger region of possible event findings (e.g., mapping tree locations in a specific part of
a forest). Now events outside can also enter D because of noise; we refer to this case as a
“subregion” model with details presented in Chakraborty and Gelfand (2010).

8.9.1.1 Modeling details

In order to simplify notation, in this subsection we label true locations by x and observed
locations by y. We consider measurement error in additive form. For a bounded study do-
main D and a true location x, we assume the recorded location y = x + €, where € is the
measurement error. Further, we assume conditionally independent homogeneous displace-
ments in the MEM scenario as employed in Diggle (1993). We note that, in some contexts,
we might imagine that the error variability has spatial structure. Unfortunately, since the
x’s are latent, this specification produces a complicated posterior full conditional for x and
overall model fitting that is unstable.

Under the island model we assume our study region D contains the support of the true
point process i.e. P(x € D¢) = 0 for any event location x. So now we can only have (i) x
€ D,y € D, (ii)) x € D,y € D¢. So, again, in a bounded region D, we assume n observed
event locations (y1,y2,...,¥n), which are a noisy version of a set of m actual locations
(x1,Xa2,...,X;) representing the complete realization of the point pattern in D. Now, m is
unknown but m > n, that is, (m — n) of these locations fell outside of D. For x € D we
adopt the Gaussian noise distribution, y|x, 5 ~ N(x,{2).
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We model A\(s) = Af(s), s € D, as discussed in Section 8.4.1. Here, for illustration and
convenience, we choose fp as Gaussian mixture distribution restricted to D. With regard to
the number of mixture components, K, evidently more components can allow us to to tease
out more features of the A(-) surface but, within our measurement error framework will lead
to poorly behaved computation. Practically, we can make an empirical choice based upon
the observed point pattern or we can do model comparison across various choices for the
number of components.

Relabeling the x’s so that, for i = 1,2,...,n, X; is the true location corresponding to y;
with the last (m — n) x’s corresponding to y locations outside D, we obtain the following
model:

vi ~ Nao(x;,Q),1=1,2,....n
f(x1,%2,...,%) = NHPP(A(.))
Mx) = Mp(x) (8.41)

where A\fp(x) = /\Zszl axNp(x|py, X)), Na2,p denotes the restriction of the bivariate
normal density to D and q; are the mixing weights.

Details on the MCMC model fitting and computation are supplied in Chakraborty
and Gelfand (2010). We do note that the likelihood has two parts, one from the ob-
served locations (y1,y2,...,yn) (say, L1), another from the unobserved y’s known to
be in D¢ (say (L2)). Upon associating the x;’s with y;’s, the likelihood takes the form
L = L1Ls (as in Lund and Rudemo, 2000, and in Lund, Penttinen, and Rudemo, 1999)
where L1 = [, ¢2(yi|xi, Q) and Lo = [~ ntl ®y(D;x;,), with ¢o being the bivari-
ate Gaussian pdf and ®, its integral, in this case, over D, respectively, with appropriate
parameters.

In writing the NHPP prior we assume that the first n of the x’s are identified with the
observed y’s. In fact, there are Tyt ), possible matchings which have been collapsed into a
single case. So, the prior density is, in fact,

W(Xl:naXnJrl:m) = #'n)'/\m HfD(Xl)eTn;' (842)
! 1 !

In the sequel we assume 2 for the measurement error process is known, obtained in some
fashion, following our earlier discussion.
Hence, the full posterior for the model parameters becomes

W(mvxlz?’na /\7 M.k E1 K, q1:k | y1:n) (843)
m\ _,A™
x <n) A HfD (Xilty. 10, X116, q1: k)

=1
n

H P2(yi | x;) H Do (D | x:)7(\, Briges Diker 1K)
i=1 i=nt1

(8.44)

We offer a simulation example to illustrate our methodology. We take f to be a 2-
component normal mixture distribution (see Table 8.5) within a unit square and contami-

0.023 0.002 '
0.002 0.019 | nFigure 8.22

we show the original and perturbed datasets. There were 199 points initially in the window,

nate it with Gaussian noise having dispersion matrix as
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Paramoters | Simulated Model Tsland Model Noiseless NHPP
(D 0.64 0.6291, (0.5855, 0.6689) 0.6053, (0.5697, 0.6389)
#%1) 0.61 0.5965, (0.5656, 0.6291) 0.5821, (0.5524,0.6123)
#fz) 0.25 0.2454, (0.1713, 0.3243) 0.2546, (0.2002, 0.3069)
ul? 0.14 0.1575, (0.0889, 0.2202) 0.1694, (0.1282, 0.2125)

| 1 071 0.7238, (0.6138, 0.8140) 0.8150, (0.7461, 0.8771)

A 200 200.7096, (168.4630, 238.9672)  177.7389, (152.5286, 204.9620)

=D 0.016 0.0153, (0.0068, 0.0275) 0.0839, (0.0263, 0.0432)
2%1; 0.0007 0.0003, (—0.0060, 0.0081) 0.0037, (—0.0019, 0.0098)
z%? 0.018 0.0116, (0.0040, 0.0206) 0.0271, (0.0207, 0.0352)
2%21> 0.007 0.0105, (0.0038, 0.0176) 0.0175, (0.0091, 0.0306)
2222) 0.0005 0.0004, (—0.0050, 0.0072) ~0.0033, (—0.0093, 0.0017)
zg) 0.002 0.0037, (0.0015, 0.0060) 0.0096, (0.0051,0.0172)

Table 8.5 Comparison of models with and without measurement error in case of bivariate Gaussian
mizture intensity. Point estimates with 95% interval estimates in parentheses.
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Figure 8.22 Original (left) and perturbed (right) point patterns.

but after noise addition only 177 are left, roughly 11% loss of the points. Apart from the
increased spread in the noisy pattern, the bimodality of the intensity essentially disappears.
We fit the island model as well as a noiseless NHPP. Included in Table 8.5 is the comparison
between the models while Figure 8.23 provides comparison of the estimated intensities. We
see the benefit of the measurement error model. As expected, estimation of the ¥’s along
with ¢ and )\ was severely affected by the noise. The effect on the p’s is noteworthy. Fitting a
mixture model directly to that data has likely caused the u’s to shift a bit in order to adjust

for the overlap. In Table 8.5 we can see that the 95% credible interval for ugl) produced by

the noiseless NHPP excludes the true value (parameters that noticeably differ are in bold).

8.9.2 Presence-only data application

Learning about species distributions is a long-standing issue in ecology with, by now, an
enormous literature. The focus of the work here is on the so-called presence-only setting,
drawing on the work of Chakraborty et al. (2010). Analysis of presence-only data has seen
growing popularity in recent years due to increased availability of such records from museum
databases and other non-systematic surveys. One model-based strategy for presence-only
data has attempted to implement a presence/absence approach. All of this work depends
upon drawing so-called background samples, a random sample of locations in the region
with known environmental features. Early work here characterized these samples as pseudo-
absences and fitted a logistic regression to the observed presences and these pseudo-absences.
Since presence/absence is unknown for these samples, recent work (Ward et al., 2009) shows
how to adjust the resulting logistic regression to account for this. All of this work is non-
spatial and requires the choice of an arbitrary number of background samples. Perhaps, most
importantly, as we argue below, this approach conditions in the wrong direction. We assert
that the observed presences should be viewed as a marked point pattern, with the mark
indicating presence (see the recent work of Warton and Shepherd, 2010, in this regard). We
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(c) (d)

Figure 8.23 Model Analysis: (a) actual intensity surface, (b) its estimate based on noiseless NHPP, (c
g
posterior intensity estimate from Island model, (d) uncertainty of estimated intensity.

do not have a point pattern of absences; pseudo-absences create an unobserved and artificial
pattern of absences.

We model presence-only data as a point pattern under a Cox process specification with
associated intensity given as a regression in terms of the available environments across
the region. We employ a hierarchical model to introduce spatial structure for the intensity
surface through spatial random effects. We do not assume any background or pseudo-absence
samples; rather, we assume that the covariates we employ are available as surfaces over the
region in order to interpolate an intensity over the entire region. We acknowledge that the
observed point pattern is degraded/biased through anthropogenic processes, e.g., human
intervention to transform the landscape and non-uniform (in fact, often very irregular)
sampling effort.

We work with presence-only data collected from the Cape Floristic Region (CFR) in
South Africa (Figure 8.24). The region is divided into approximately 37,000 grid cells, each
one minute by one minute (roughly 1.55 km x 1.85 km). Covariate information is only
available at grid cell level so we model the intensity as a tiled surface over these cells. We
illustrate with potential and degraded intensities for six species.

8.9.2.1 Probability model for presence locations

Again, we assume a Cox process model for the set of presence locations. We have to introduce
degradation caused by sampling bias as well as by land transformation. As a result, we
conceptualize a potential intensity, i.e., the intensity in the absence of degradation, as well
as a realized (or effective) intensity that operates in the presence of degradation. Further,
we tile the intensity to reflect our inability to explain it at spatial resolution finer than our
grid cells.
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Figure 8.24 Cells within the CFR that have at least one observation from the Protea Atlas dataset
are shown in light grey, while cells with no observations are shown in dark grey.

«

We imagine three surfaces over D. Let A(s) be the “potential” intensity surface, i.e., a
positive function which is integrable over D. A(s) is the intensity in the absence of degra-
dation. Let [, A(s)ds = A(D). Then, f(s) = A(s)/A(D) gives the potential density over D.
Modeling for A(s) is given below. Next, we envision an availability surface, U(s), a binary
surface over D such that U(s) = 1 or 0 according to whether location s is untransformed by
land use or not. That is, assuming no sampling bias, A(s)U(s) can only be A(s) or 0 accord-
ing whether s is available or not. Let A; denote the geographical region corresponding to
cell i. Then, if we average U(s) over A;, we obtain u; = [, U(s)ds/|A;|, where u; is the pro-
portion of cell 4 that is transformed and | A4;| is the area of cell 1. In our setting w; is known,
through remote sensing, for all grid cells. Similarly, we envision a sampling effort surface
over D which we denote as T'(s). T'(s) is also a binary surface and T'(s)U ( ) = 1 indicates
that location s is both available and sampled. Now, we can set ¢; = f A, (s)ds/|A;]
and interpret g; as the probability that a randomly selected location in A Was avallable
and sampled. Thus, we can capture availability and sampling effort at areal unit scale.

Hence, A(s)U(s)T'(s) becomes the degradation at location s. This implies that in regions
where no locations were sampled, the operating intensity for the species is 0. If T'(s) is
viewed as random, with p(s) = P(T'(s) = 1) € [0, 1], then p(s) gives the local probability of
sampling. This is analogous to p(s) thinning discussed in Section 8.5.

To go forward, we assume that A(s) is independent of T'(s)U(s). That is, the potential
intensity for a species is independent of the degradation process Then, omitting the details,
we can write [ A, AS)T(s)U(s)ds = Aig; where A= [, A A, A(s)ds is the cumulative intensity

associated with cell A; and, again, ¢; = 175 Ai\ S T 4, T(s)U(s )ds. It is not sensible to imagine

that sampling effort is independent of land transformation. For instance, if U(s) = 0 then
YU(s)d

T(s) = 0. Hence, if we define ¢; = u;p;, then p; = w, i.e., p; is the conditional

probability that a randomly selected location in cell 4 is sampled given it is available. In
our application below we set p; equal to 1 or 0 which we interpret as T'(s) = U(s) Vs € 4;
or T(s) = 0Vs € A;, respectively. In particular, we set p; = 1 if cell ¢ was sampled for any
species in our dataset; otherwise, we set p; = 0. For the CFR, this sets p; = 1 for the 10, 158
grid cells (28%) that have been visited.

To model the potential intensity surface A(-), we employ a log Gaussian Cox process
(Section 8.4.2). We expect the environmental covariates, say, x(s) to influence the intensity
and model the mean of the GP as a linear combination of them. Then for any location
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s € D, we have
logA(s) = xT(s)B+ w(s) (8.45)

with w(+), a zero-mean stationary, isotropic GP over D; in the sequel we use the exponential
covariance function.

Suppose we have n; presence locations (s;1,8;2;.--,8in,;) Within cell ¢ for i = 1,2,..., 1.
Following the discussion above, U(s;;)T(s;;) = 1, 0 < j < n;,1 < ¢ < I. Then the
likelihood function becomes

I n;
L) {siy}) o e o r@OUETEATTTTA(, j) (8.46)
i=1j=1

Fortunately, we have a natural approximation to handle the stochastic integral in (8.46)
by recalling that the dataset is gathered at the scale of grid cells in the CFR. That is,
though we have geo-coded locations for the observed sites, with covariate information at
grid cell level, we only attempt to explain the point pattern at grid cell level. In particular,
let D denote our CFR study domain where D is divided into I = 36,907 grid cells of
equal area. For each cell i = 1,2,3,...,I, we are given information on [ covariates as
x; = (Ti1, Tia, - . ., xi1). We also have cell level information about land availability across D,
as a proportion of of the area of the cell (Figure 8.24). Following the previous subsection, we
denote this by u;. For many cells n; = 0 primarily because 72% were actually unsampled.
Additionally, a computational advantage accrues to working at grid cell level; we can work
with a product Poisson likelihood approximation rather than the point pattern likelihood in
(8.46). That is, we assume A(-) is a tiled surface such that for cell 4, the height is AX(s;) where
A is the area of the cell and s; is the centroid. Then, given the set {A(s;),i =1,2,...,1, the
n; are independent and n; ~ Po(A\(s;)¢;). For any cell with ¢; = 0 (which, by definition,
can happen if either p; = 0 or uw; = 0) there is no contribution from A; in the product
Poisson likelihood. Altogether, the posterior distribution takes the form

I m
Tr()\(sl:m)a 67 0|Il, X, u, q) X exp {_ Z )\(S’L)Aqu} H AT (S’L)
i=1 i=1

X Pm (log A(s1:m)|B, x, 0)m(5)m(6) (8.47)

where ¢,,, denotes the m dimensional Gaussian density and 6 the parameters in the covari-
ance function of w(+) in (8.45).

The primary computational challenge in working with the CFR is handling the model
fitting for 37,000 grid cells, the familiar “large n” problem for Gaussian process, see Chap-
ter 12. We employ the predictive process approximation for Gaussian random fields as
in Section 12.4, with bias correction. With grid cells, an alternative is a parallelization
scheme in conjunction with a CAR model as described in Chakraborty et al. (2010). The
joint set of locations, (s1.r,s!..), partition the spatial covariance matrix as o2 Ry, (¢) =
o2 < Ri(¢) Rri(9)

Ry m(ﬁb) R, ((b)
decay parameter ¢. We rewrite \g; = A(s;)A, which denotes the expected species count in
cell ¢ under the potential intensity. Now the hierarchical model becomes

> , where the entries of R, are exponential correlation terms with

ind

Poi(Aoiqi),i =1,2,..1
) = @ B+d(si)+e
1) = R ()R (¢) w(s?,)
w(s,) ~ N.(0,,R.(9))
£ N(0,0°(1 — (R ()R M (@) Ret(6))ir)
) = 7(B)r(@)r(e?) (8.48)
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Species EVAP MAXO01 MINO7 MAP SMDSUM FERT

PRAURE —1.909 2.702 —0.301 —1.222 —0.049 0.501
(-6.506,-3.057) (1.574,3.678) (-0.967,0.425) (-1.975,-0.423) (-0.816,0.711) (0.034,0.967)

PRCYNA —2.447 1.268 —1.032 —0.833 0.552 0.802
(-2.981,-1.859) (0.853,1.619) (-1.314,-0.469) (-1.021,-0.626) (0.255,0.830) (0.642,0.957)

LDSG 0.721 —0.420 0.137 —0.376 0.488 0.099
(0.373,1.085) (-0.658,-0.181) (-0.011,0.295) (-0.513,-0.237) (0.304,0.673) (0.045, 0.152)

PRMUND —0.219 0.028 —0.609 —0.199 1.082 0.507
(-2.724,1.429) (-1.163,1.702) (-1.039,-0.055) (-1.024,0.510) (0.277,1.809) (0.101,0.929)

PRPUNC 2.076 —1.590 —1.722 0.363 0.535 0.186
(1.031,3.096) (-2.290,-0.921) (-2.048,-1.409) (0.082,0.662) (0.052,1.079) (-0.014,0.381)

PRREPE 1.690 —1.205 —0.275 0.124 0.004 0.224
(1.243,2.124) (-1.498,-0.907) (-0.431,-0.110) (-0.011,0.278) (-0.112,0.320) (0.152,0.295)

Table 8.6 Posterior mean of covariate effects with central 95% credible interval in parenthesis.

Posterior inference addresses two principal objectives: to understand the effect of en-
vironmental variables on species distribution and to construct maps of the potential and
realized intensities over the entire study region. Posterior samples of 5 help us to infer
whether a particular factor has a significant impact (positive or negative) on species inten-
sity. With regard to displays of intensity surfaces, since, in our CFR application, p; = 1
(i.e., T(s) = U(s) for all s in cell i) or p; = 0 (i.e., T'(s) = 0 for all s in cell 4) and since
only 28% of cells were sampled, the \;p; surface will be 0 for 72% of cells, primarily cap-
turing the (lack of) sampling effort. The A;u; surface reveals the effect of transformation.
Since few cells are completely transformed, most A\;u; > 0. Of course, the A(s) surface is
most interesting since it offers insight into the expected pattern of presences over all of D.
Posterior draws of A;.; can be used to infer about the potential intensity, displaying say
the posterior mean surface. We can also learn about the potential density f in this dis-
cretized setting as f; = \;/ Zi:l Ak, and the corresponding density under transformation
as fuz = /\Zuz/ Zé:l )\kuk.

We consider six species within the Proteaceae family, ranging from prevalent to some-
what rare. Our point pattern for each species is drawn from the Protea Atlas data set (Re-
belo et al., 2002). They are: Protea aurea (PRAURE) at 603 locations, Protea cynaroides
(PRCYNA) at 8172 locations, Leucadendron salignum (LDSG) at 22949 locations, Protea
mundii (PRMUND) at 764 locations, Protea punctata (PRPUNC) at 2148 locations, Protea
repens (PRREPE) at 14574 locations.

In earlier work (Gelfand et al., 2005a; Gelfand, et al. 2005b), 18 environmental explana-
tory variables were considered, available at the 1 minute by 1 minute resolution. Based upon
these analyses, the six most important were selected as covariates for the intensity function.
They are: mean annual precipitation (MAP), July (winter) minimum temperature (MINQ7),
January (summer) maximum temperature (MAXO01), potential evapotranspiration (EVAP),
summer soil moisture days (SMDSUM), and percent of the grid cell with low fertility soil
(FERT). There is considerable spatial variation in these covariates across the region

Table 8.6 provides the posterior mean covariate effects for all species along with the
associated 95% equal tail credible intervals in parentheses. Most of the coefficients are
significantly different from 0 and also the direction of significance varies with species.

Together, Figures 8.25 and 8.26 show the posterior mean intensity surfaces (potential
and transformed) for the six species. Evidently there is strong spatial pattern and the pat-
tern varies with species, i.e., the nature of local adjustment to the regression is species
dependent. Comparison between the transformed and potential for each species is illumi-
nating. Differentials of multiple orders of magnitude in expected cell counts are seen across
many grid cells.



ADDITIONAL TOPICS 251

Figure 8.25 Intensity maps for (a) Protea aurea, (b) Protea cynaroides, and (¢) Leucadendron
salignum, potential (left) and transformed (right). Values are cellwise expected frequency for the
corresponding species.

Figure 8.26 Intensity maps for (a) Protea mundii, (b) Protea punctata, and (c¢) Protea repens,
potential (left) and transformed (right). Values are cellwise expected frequency for the corresponding
species.

8.9.8 Scan statistics

Scan statistics are widely used to detect hotspots or local clustering in point patterns. They
find application to epidemiology where there is interest in disease clustering but also in
surveillance problems, e.g., syndromic, environmental or military settings. A primary rea-
son for their wide usage is the availability of a free user-friendly software package, SaTScan,
developed by Martin Kulldorff (http://www.satscan.org/). See also Kulldorff (1997). How-
ever, this material does not usually find its way into point pattern textbooks as it is ad hoc
in its nature, because it is not clearly an analysis of the pattern of the points, and because
it is primarily algorithmic in its implementation. We offer just a brief treatment here.

The basic idea is as follows: define a window (subregion of the region of interest); scan the
region using this window; compute the value of some statistic for each stop of the window;
determine which windows (if any) give significantly large values of the statistic. Hence, the
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ad hoc aspect of the problem emerges. First, the notion of a cluster is not well-defined. How
many points, how concentrated, what shape? Also, the choice of window is arbitrary. What
shape, what size, what orientation? And, there is also a substantial computational challenge.
With a large region and with a relatively small window, the statistic must be computed
over many windows. Significance testing is usually done through Monte Carlo tests (recall
the Monte Carlo tests in conjunction wit the significance of Moran’s I and Geary’s C' in
Section 3.1) so random datasets must be generated over the region of interest and the
scanning process must be conducted for each Monte Carlo replicate. Such computation
does not scale for large datasets while data mining settings are natural candidates for such
procedures.

To provide a bit more detail, the setting is, in fact, one of a marked point pattern where
each point has an an observed mark and a baseline mark. That is, we have s with mark ¢(s),
an observed count for that location and b(s), a baseline or expected count (based, say, on
the population at risk at that location). Hence, it emerges that the points are, in fact, small
areal units relative to the region D and the randomness may be viewed primarily with regard
to the observed mark at the location rather than with regard to the observed location. In
fact, the customary model assumes, at s;, that c(s;) ~ Po(g;b(s;)), independently over i.
So, of interest are large ¢’s and we see similarity with the modeling for the disease mapping
problem in Chapters 3 and 5. There r; played the role of a relative risk or rate for an areal
unit, with interest in elevated r’s. Here, ¢; is a relative risk, with interest as well in large
¢’s. In Chapter 3, we modeled spatially dependent r;’s using Markov random fields (CAR
models). Here, there is no spatial structure attached to the g;’s.

Now, consider the spatial scan window, say, W. Assume ¢; is constant over all points
s; in W, say, equal to ¢;, and that it is constant for all points s; in D but outside of
W, say, qout- Under these clearly dubious assumptions along with the independent Poisson
assumption, a likelihood ratio test can be created to test the null hypothesis that ¢;, = qout
against the alternative that ¢, > qous (elevated risk). It takes a simple form. Let ¢(W) =
>, ew €(si), similarly b(W) = Y7y, b(s;), with analogous statistics ¢(W <) and b(W )
where W is the complement of W relative to D. Then the log of the likelihood ratio is

c(W)log(%) + c(Wc)log(Egggg). Again, we seek large values of this statistic. Evidently,
there is the issue of multiple testing over many W’s. Clearly there will be no tractable
test statistic when implementing repeated calculations over overlapping regions, hence the
foregoing Monte Carlo testing. There is a Bayesian version of this. See Neill et al. (2006).
They introduce conjugate gamma priors and for the ¢’s and obtain posterior probabilities
for the two hypotheses. Scan statistics can be created for variables other than counts, using

alternative specifications to the Poisson, creating different likelihood ratio statistics.

8.9.4 Preferential sampling

The choice of the sampling locations in a spatial network is often guided by practical
demands such as the need to monitor air pollution levels near their most likely sources and
in areas of high population density. Air pollution surfaces constructed solely on the basis of
data obtained from these networks are likely to be biased if they are not adjusted for the
effects of the choice of the monitoring sites. For example, if, due to locations, monitors tend
to record high levels of exposure, interpolation of levels for low population density areas or
locations away from sources such as power stations may be upwardly biased. That is, if the
sampling locations are preferentially chosen to capture high (or low) values of a response,
for example, air pollution levels, then subsequent model estimation and prediction of the
exposure surface can become biased due to the selective sampling. Gelfand et al. (2012) use
the term “bias” informally but with the intention of capturing departure from what the
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exposure surface would look like if we interpolated given that the locations were selected
under complete spatial randomness.

As a simple motivating example consider a model where space, denoted by ¢, is one
dimensional. The model is written as Z(t) = a + bcos(tmod27) + €(t) where a and b are
unknown parameters and €(t) is a mean zero Gaussian process. Information contained in the
data Z(t) for t =1,...,n, regarding a and b, can vary between two very different functions
of a and b depending on the set of t’s where we observe the Z(t) process. If we only observed
the process at t ~ 2wk, we would only see observed values near a + b. On the other hand,
if we take all the observations near ¢ ~ 7w(2k + 1), we would only see values near a — b.

Recent discussion on preferential sampling has been sparked by the work of Diggle et
al (2010) who proposed a joint hierarchical model for the response and the locations. In
particular, they adopt a model for the intensity that drives the locations which is assumed
to be a spatial Gaussian process realization. Then, they employ this same Gaussian process
realization to explain the responses. This may not be a sensible practical specification. Pati
et al. (2011) generalize this approach in a Bayesian hierarchical setting, introducing common
covariates into both the intensity for locations and the mean of the response model with
two spatial Gaussian processes, one for the intensity and one for the response. It is unclear
how well the use of these informative covariates in the regression model corrects for the
preferential sampling bias introduced by these covariates in the location model.

We note that while preferential sampling often operates in practice, it is rare that sam-
pling sites would be drawn randomly, using an explicit intensity function. In fact, there is
a substantial literature on spatial design. See, e.g., Miiller et al (2001) or, from a Bayesian
perspective, Pilz and Spock (2008). As a result, we doubt that complete spatial random-
ness ever operates in practice. Rather, geometric ideas like space filling designs (Nychka and
Saltzman, 1998) or spatially-balanced designs (Theobald et al, 2007) offer non-model based,
non-preferential, deterministic strategies. With regard to preferential sampling, if interest
is in levels at certain locations, then it would be inappropriate to discourage sampling at
those locations. Furthermore, if the available data is preferentially sampled but is the only
data that can be expected, then, presumably it would be analyzed. The primary point is
only that one might not feel comfortable with the potential bias in predictions made from
it.

Since prediction is often the main utility of the modeling, arguably, the effect of prefer-
ential sampling lies more importantly in the resulting predictive surface than in parameter
estimation. In this regard, Gelfand et al. (2013) take a direct simulation approach to as-
sess the effect. Their basic idea is to compare two predictive surfaces. One originates from
the notion of an ‘operating’ intensity driving the selection of monitoring sites. The other
considers what would have been predicted had the sampling intensity been uniform, i.e.,
complete spatial randomness, over the study region. Using stylized models with extensive
simulation they demonstrate the nature of the bias that can be incurred under preferential
sampling. Using a real ozone exposure dataset, they show that, within a given network of
locations, there can be substantial differences in the spatial prediction using preferentially
chosen locations vs. roughly randomly selected locations and that the latter provide much
improved predictive validation.

8.10 Exercises

1. If &; is a realization from a NHPP with intensity A;(s) and Ss is a realization from a
NHPP with intensity Ao(s), independent of S;, show that the joint realization comes
from a NHPP with intensity A1(s) + Aa(s).

2. If f(s1,...,8,) = II;f(s;), show that the second order intensity satisfies y(s,s’) =
A(s)A(s').
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10.

11.

12.

13.

14.

(a) Stationary spatial point process: For a spatial point process, suppose N(B +
h) ~ N(B),VB € B and Vh. Show that the second-order intensity, v(s,s’) satisfies
+(5,5+ ) = 7(h).

(b) Isotropic spatial point process: For a spatial point process, suppose N(B) ~
N(PB),VB € B where P is an orthogonal matrix and PB = {s* = Ps : s € B}. Then
A(5,) = 1(1Is — 5.

. Prove Campbell’s Theorem. That is, if g(s) 1s a pomt feature and we are interested in

> sies 9(si), then Es(d . g 9(si) fg JA(s)ds. (Hint: Show it is true for an indicator
function).

Show that, for s € D, a bounded region, for the conditional intensity, A(s|S), Es(A(s|S) =
A(s). (Hint: If you can not prove this in general, show it for the NHPP.)

Show that all nonstationary point processes that arise from p(s) thinning of a stationary
point process are such that the second order reweighted intensity functions (or pair cor-
relation functions) for the original stationary and the reweighted nonstationary process
are identical.

For the homogeneous Gibbs process in Section 8.6.3, show that the Papangelou condi-
tional intensity is given by (8.17). What does it become for the Strauss process? For the
hardcore process?

Recalling the discussion of the F' and G functions from Section 8.3.2, show that, if X ~ G,
then Z = 7X? ~ Exp()\). Hence, obtain the mean and variance of X.

For a log Gaussian Cox process with log intensity, logA(s) = X7 (s)3 + z(s) where z(s)
is a mean 0 Gaussian process with covariance function C(s,s’), obtain the marginal first
and second order product densities.

For a Matérn process with restriction of offspring to a circle of radius R, consider the
distribution of the distance between two random points in the same cluster. Show that

it is finterpoint (d) = 7.-4}(312 (COSh% - % 1- 4R2> 0 < d < 2R.

Justify the rejection method approach for obtaining samples of point patterns under a
NHPP. That is, let Apar = maxgA(s),s € D. Generate a point pattern from an HPP
using the constant intensity A,,q.. For each point generated, do a rejection step, i.e., for
si, draw U; ~ U(0,1) and retain s; if U; < A(8;)/Amaz- Argue that the remaining points
come from a NHPP with intensity A(s). (Hint: Obtain the distribution of the retained
number of points in A, N(A) for any A C D.)

Suppose we have a NHPP with intensity A(s) and we implement p-thinning to a point
pattern from this process (Section 8.5). Show that the thinned pattern is a realization
from a NHPP with intensity pA(s).

Generate a random point pattern over the unit square from the intensity A(s) =
{200exp(—3(a — )7 —4(y— 2)?) + 300exp(~2(x — 2)2 —2(y—2)*)} I (x € (0, 1),y

(a) How many points do you expect in the unit square?

(7y):
€(0,1))

(b) Test for complete spatial randomness using a quadrat based x-square test.

(¢) Obtain G(w). Obtain F'(w) for m = 100. Obtain the theoretical Q — Q plot of G(w )
vs. G for complete spatial randomness. Obtain the theoretical Q — Q plot of F' (w) vs
G for complete spatial randomness.

(d) Obtain K(d). Plot L(d) = /X4 — d vs. d.
For the Lansing Woods data, available at http://www.spatstat.org/, you will find six
species. Choose a couple and, for each, assume a stationary, in fact, isotropic model, and
provide the exploratory data analysis from Section 8.3. That is, estimate G(d), F(d),
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15.

K(d), and v(d). Compare with corresponding plots assuming CSR. Plot J(d) and L(d)
vs. d. Fit NHPP and LGCP models to these choices within a Bayesian framework.

For the Strauss-Ripley redwood saplings dataset (redwood) available at http://www.
spatstat.org/, fit a Gibbs process model, in fact, a Strauss process within a Bayesian
framework.






Chapter 9

Multivariate spatial modeling for
point-referenced data

In this chapter we take up the problem of multivariate spatial modeling. Spatial data is
often multivariate in the sense that multiple (i.e. more than one) outcomes are measured
at each spatial unit. As in the univariate case, the spatial units can be referenced by points
or by areal units. Examples of multivariate point-referenced data abound in the sciences.
For example, at a particular environmental monitoring station, levels of several pollutants
would typically be measured (e.g., ozone, nitric oxide, carbon monoxide, PMs 5, etc.). In
atmospheric modeling, at a given site we may observe surface temperature, precipitation,
and wind speed. In examining commercial real estate markets, for an individual property
we may observe both selling price and total rental income. In forestry, investigators seek
to produce spatially explicit predictions of multiple forest attributes (e.g., abundance and
basal area) using a multi-source forest inventory approach. In each of these illustrations, we
anticipate both dependence between measurements at a particular location, and association
between measurements across locations. Multivariate areal data are conspicuous in public
health where each county or administrative unit supplies counts or rates for a number of
diseases. Again, we expect dependence between diseases within each county as well as across
counties.

We first treat multivariate point-referenced data and turn to multivariate areal data in
the next chapter. Analysis of multivariate point-referenced data can proceed using either a
conditioning approach, along the lines of the way misalignment was treated in Chapter 7
(e.g., X followed by Y | X) or a joint approach that directly models the joint distribution
of the outcomes variables. Both these approaches are based upon extensions of univariate
kriging to multivariate contexts, where the conditional approach is also referred to as kriging
with external drift (see, e.g., Royle and Berliner, 1999), while the joint approach is referred
to as co-kriging (see Wackernagel, 2003).

9.1 Joint modeling in classical multivariate geostatistics

Classical multivariate geostatistics begins, as with much of geostatistics, with early work of
Matheron (1973, 1979). The basic ideas here include cross-variograms and cross-covariance
functions, intrinsic coregionalization, and co-kriging. The emphasis is on prediction. A thor-
ough discussion of the work in this area is provided in Wackernagel (2003). To add generality
to the conditional modeling approach, one could envision a latent multivariate spatial pro-
cess defined over locations in a region. For example, in ambient air quality assessment,
we seek to jointly model multiple contaminants at a fixed set of monitoring sites. Infer-
ence focuses upon three major aspects: (i) estimate associations among the contaminants,
(ii) estimate the strength of spatial association for each contaminant, and (iii) predict the
contaminants at arbitrary locations.

257
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Let Y(s) = (Yi(s), Ya(s), ..., Y,(s))T be a p x 1 vector, where each Y;(s) represents an
outcome of interest referenced by s € D. We seek to capture the association both within
components of Y(s) and across s. The joint second order (weak) stationarity hypothesis
defines the cross-variogram as

() = ZE(Yils + ) — Yi(s)) (¥;(s + h) — Y;(s)). 91)

Implicitly, we assume E(Y (s +h) — Y (s)) = 0 for all s and s + h € D. Clearly, v;;(h)
is an even function, i.e. v;;(h) = 7;;(—h) and, as a consequence of the Cauchy-Schwarz
inequality, satisfies |y;;(h)[* < v;:(h)v;; (h).

The cross-covariance function is defined as

Cij(h) = E[(Yi(s +h) — i) (Y;(s) — ;)] (9.2)

where, for each i, a constant mean p; is assumed for Y;(s). The associated p x p matrix
C(h) is called the cross-covariance matrix. Note that it need not be symmetric (think of
a setting where you might expect Cj;(h) # Cj;(h)). Of course, C(h) need not be positive
definite but, in the limit, as ||k|| — 0, it becomes positive definite (see Section 9.3 below).

Using standard properties of covariances, we see that the cross-covariance function must
satisfy |Ci;(h)[? < C;;:(0)C;;(0). However, |C;;(h)| need not be bounded above by C;;(0)
because the maximum value of C;;(h) need not occur at 0. A particular example is the so-
called spatial delay models (Wackernagel, 2003). Consider the bivariate setting with p = 2
and assume that

Ya(s) = aYi(s + ho) + ¢(s) ,

where Yi(s) is a spatial process with stationary covariance function C(h), and €(s) is a
pure error process with variance 72. Then, the associated cross-covariance function has
Oll(h) = C(h),czg(h) e aQC(h) and Cio = O(h + ho) Similarly, |Czj(h)|2 need not
be bounded above by Cy;(h)Cj;(h). The matrix C(h) of direct and cross-covariances with
C;j(h) as its (i,7)-th entry is called the cross-covariance matrix. It need not be positive
definite at any h though as h — 0, it converges to a positive definite matrix, the (local)
covariance matrix associated with Y (s). We will discuss cross-covariance matrices in greater
detail in Section 9.2.

Analogous to the relationship between the variogram and the covariance function, we
find a familiar connection between the cross-variogram and the cross-covariance function.
The latter determines the former and it is easy to show that

5 (o) + Cyg (1)) (9.3)

7ij(h) = Ci;(0) —
If we decompose Cj;(h) as 1(Cj;(h) + Ci;(—h)) + 3(Cij(h) — Ci;(~h)), then the cross-
variogram only captures the even term of the cross-covariance function, suggesting that it
may be inadequate in certain modeling situations. Such concerns led to the proposal of
the pseudo cross-variogram (Clark et al., 1989; Myers, 1991; Cressie, 1993). In particular,
Clark et al. (1989) proposed f;(h) = E(Y;(s+h) — Y;(h))? and Myers (1991) subsequently
offered a mean-corrected version, 777 (h) = var(Y;(s + h) — Y;(h)). It is easy to show that
mi;(h) = 7% (h) + (1 — 1;)%. The psuedo cross-variogram is not constrained to be an even
function. However, the assumption of stationary cross-increments is unrealistic, certainly
with variables measured on different scales and even with rescaling of the variables. A
further limitation is the restriction of the pseudo cross-variogram to be positive. Despite
the unattractiveness of “apples and oranges” comparison across components, Cressie and

Wikle (1998) demonstrate successful multivariate kriging. or co-kriging, using 7} (h).
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9.1.1 Co-kriging

Co-kriging in classical multivariate geostatistics refers to spatial prediction at a new location
that uses not only information from observations of the outcome variable being considered,
say Y;(s), but also information from the measurements of the other outcome variables, i.e.,
the other components in Y (s). Early presentations of co-kriging are available in Journel and
Huijbregts (1978) and Matheron (1979), while Myers (1982) presents a general and more
comprehensive treatment using matrices. Corsten (1989) and Stein and Corstein (1991)
develop co-kriging within a linear regression framework. Again, a detailed review can be
found in Wackernagel (2003).

It is instructive to distinguish between prediction of a single variable as above and
joint prediction of several variables at a new location (Myers, 1982). Consider the joint
second order stationarity model in (9.1) above. Suppose we seek to predict Yi(so), i.e.,
the first element in Y(s), at a new location sg. An unbiased estimator based upon
Y = (Y(s1), Y(s2), ..., Y(5,))7 would assume the form Y; (so) = 31, 3P | Ay Yi(s;) where
we have the constraints that > . ; Ay = 0,1 # 1,>1; i1 = 1. On the other hand, if we
were interested in predicting Y (so), we would now write Y (sg) = Yo AY(s;). The unbi-
asedness condition is ) . ; A; = I. Moreover, now, what should we take as the “optimality”
condition? One choice is to choose the set {Ag;,1 = 1,2,...,n} with associated estima-
tor Yo(so) such that for any other unbiased estimator, Y (sq), E(Y (so) — Y (s0))(Y (so) —
Y(s0))T — E(Yo(so) — Y(s0))(Yo(so) — Y(s0))7 is non-negative definite (Ver-Hoef and
Cressie, 1993). Alternatively, one could minimize trE(Y (so) — Y (s0))(Y (so) — Y (s0))7 =
E(Y(s0) — Y(s0))7 (Y (s0) — Y(so)) (Myers, 1982).

Returning to the individual prediction case, minimization of predictive mean square
error, E(Y1(so)— Yi(s0))? amounts to a quadratic optimization subject to linear constraints
and the solution can be obtained using Lagrange multipliers. As in the case of univariate
kriging, the solution can be written as a function of a cross-variogram specification. In
fact, Ver-Hoef and Cressie (1993) show that m;;(h) above emerges in computing predictive
means square error, which suggests that it is a natural cross-variogram for co-kriging. But,
altogether, given the concerns noted regarding v;;(h) and m;;(h), it seems preferable to
assume the existence of second moments for the multivariate process, captured through
a wvalid cross-covariance function (as defined in (9.2)). In fact, to introduce a likelihood,
to implement full inference, and to do prediction with accurate uncertainty assessment, in
the sequel we will work exclusively with Gaussian process models defined through cross-
covariance functions.

We next turn to a brief discussion of valid cross-variograms. The matter is not as clear
as in the univariate setting. Wackernagel (2003) induces valid cross-variograms from valid
cross-covariance functions (see Section 9.2). Myers (1982) and Ver-Hoef and Cressie (1993)
assume second order stationarity and also a finite cross-covariance in order to bring ;;(h)
into the optimal co-kriging equations. Rehman and Shapiro (1996) define a permissible cross-
variogram +;;(h) as one that meets the following conditions: (i) the y(h) are continuous
except possibly at the origin, (ii) v;;(h) > 0,Vh € D, (iii) v;;(h) = v(=h),Vh € D, and
(iv) the functions, —v;;(h), are conditionally non-negative definite, the usual condition for
individual variograms.

In fact, this directly renders an explicit solution to the individual co-kriging problem if
we assume a multivariate Gaussian spatial process. The preceding developments show that
such a process specification only requires supplying mean surfaces for each component of the
outcome Y (s) and a valid cross-covariance function. For simplicity, assume Y (s) is centered
to have mean 0. The cross-covariance function provides v, the np x np covariance matrix
for the data Y = (Y (s1)7, Y(s2)7, ..., Y(s,)T)T. In addition, it provides the np x 1 vector,
co which is blocked as vectors coj,j = 1,2,..,n with I-th element co;; = cov(Y1(s0), Yi(s;)).
Then, from the multivariate normal distribution of Y,Y7(sp), we obtain the co-kriging
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estimate,
E(Yi(s0) | Y) = cg 5L'Y. (9.4)

The associated variance, var(Y7(so) | Y) is also immediately available, i.e., var(Yi(so) | Y) =
011(0) - ng{(ICO.

In particular, consider the special case of the p x p cross-covariance matrix, C'(h) =
p(h)T, where p(-) is a valid correlation function and T is the local positive definite covariance
matrix. Then, ¥y = R®T, where R is the n x n matrix with (¢, j)-th entry p(s; —s;) and ®
denotes the Kronecker product. This specification also yields ¢y = rg®t.1, where rg is n x 1
with entries p(sp — s;) and t,; is the first column of 7. Then, (9.4) becomes t11r4 R~1Y;
where t is the (1,1)-th element of 7' and Y is the vector of observations associated with
the first component of the Y (s;)’s. This specification is known as the intrinsic multivariate
correlation and is discussed in greater generality in Section 9.1.2. In other words, under an
intrinsic specification, only observations on the first component are used to predict the first
component at a new location. We leave this as an exercise but also see Helterbrand and
Cressie (1994) and Wackernagel (2003) in this regard.

In all of the foregoing work, inference assumes the cross-covariance or the cross-variogram
to be known. In practice, a parametric model is adopted and data-based estimates of the
parameters are plugged in. A related issue here is whether the data is available for each vari-
able at all sampling points (so-called isotopy — not to be confused with “isotropy”), some
variables share some sample locations (partial heterotopy), or the variables have no sample
locations in common (entirely heterotopic). Similarly, in the context of prediction, if any of
the Y;(sg) are available to help predict Y7 (sp), we refer to this as “collocated co-kriging.” The
challenge with heterotopy in classical work is that the empirical cross-variograms cannot
be computed and empirical cross-covariances, though they can be computed, do not align
with the sampling points used to compute the empirical direct covariances. Furthermore,
the value of the cross-covariances at 0 can notbe computed.’

9.1.2 Intrinsic multivariate correlation and nested models

A somewhat different approach to multivariate spatial models is based upon the so called
structural analysis approach, where typically more than one variogram model is used to
accommodate different spatial scales. For example, following Grzebyk and Wackernagel
(1994), we might deploy a nested variogram model written as

v(h) = t171(h) +t272(h) + -+ t,7,(h) .

For instance, with three spatial scales, corresponding to a nugget, fine scale dependence,
and long range dependence, respectively, we might write v(h) = 171 (h) + toy2 (h) + t3v3(h)
where 71 (h) = 0 if |h|| = 0, = 1 if ||h|| > 0, while 72(-) reaches a sill equal to 1 very rapidly
and 73(-) reaches a sill equal to 1 much more slowly.

The nested variogram model corresponds to the spatial process v/t1w1 (s) + v/taws(s) +
Vtsw3(s) — a linear combination of independent processes. Why not, then, use this idea
to build a multivariate version of a nested variogram model? Journel and Huijbregts (1978)
propose to do this using the specification

ZZ@ ‘wpi(s) for I=1,...,p,

r=1j=1

! The empirical cross-variogram imitates the usual variogram (Chapter 3), creating bins and computing
averages of cross-products of differentials within the bins. Similar words apply to the empirical cross-
covariance.
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where the w,;(s) are independent process replicates across j and, for each r, the process has
correlation function p,(h) and variogram ~, (h) (with sill 1). In the case of isotropic p’s, this
implies that we have a different range for each r but a common range for all components
given 7.

The representation in terms of independent processes can now be given in terms of the
p x 1 vector process w(s) = [w;(s)]}_;, formed by collecting the w;(s)’s into a column for
I =1,...,p. We write the above linear specification as w(s) = > /" | A, w,(s), where each
A, is a p X p matrix with (, j)-th element agj) and w,.(s) = (w,1(8), . .., wrp(s))T are px 1
vectors that are independent replicates from a spatial process with correlation function
pr(h) and variogram ~,(h) for r = 1,2, .., p.

Letting C,.(h) be the p x p cross covariance matrix and I';.(h) denote the p x p matrix of
direct and cross variograms associated with w(s), we have C,.(h) = p,(h)T, and I'.(h) =
v (h)T;.. Here, T, is positive definite with 7, = A,AT = ?:1 arjafj, where a,; is the
j-th column vector of A,. Finally, the cross covariance and cross variogram nested model
representations take the form C'(h) = > | p,(h)T, and I'(h) = > | v, (h)T,.

The case m = 1 is called the intrinsic correlation model, the case m > 1 is called the
intrinsic multivariate correlation model. In more recent work, Vargas-Guzman, Warrick and
Myers (2002) allow the w,;(s) to be dependent. Such modeling is natural when scaling is
the issue, i.e., we want to introduce spatial effects to capture dependence at different scales
(and, thus, m has nothing to do with p). When we have prior knowledge about these scales,
such modeling will be successful. However, to find datasets that inform about such scaling
may be challenging.

9.2 Some theory for cross-covariance functions

Using the generic notation Y (s) to denote a p x 1 vector of random variables at location
s, we seek flexible, interpretable, and computationally tractable models to describe the
process {Y(s) : s € D}. As in the univariate setting, a well-defined multivariate process
must ensure that for every finite set of locations & = {si,s9,...,s,}, the vector Y =
(Y(s1)T, Y (s2)7, ..., Y (s,)T)T has a valid joint distribution.

The key ingredient to ensure a well-defined multivariate spatial process is the cross-
covariance function associated with Y (s). Given its importance in multivariate spatial mod-
eling, we provide some formal theory regarding the validity and properties of these functions.
Let D C R be a connected subset of the d-dimensional Euclidean space and let s € D rep-
resent a generic point in D. Consider a vector-valued spatial process {w(s) € R? : s € D},
where w(s) is p x 1 with components w;(s). For convenience, assume that E[w(s)] = 0.

The cross-covariance function is a matrix-valued function, say C(s,s’), defined for any
pair of locations (s,s’) € D x D and yielding the p x p matrix whose (i, j)-th element is the
cross-covariance function

Ci;(s,s") = Cov(w;(s), w;(s")) = Elw;(s)w;(s")] . (9.5)

Note that the cross-covariance function in (9.2) arises as a special case of (9.5) when each
w;(s) = Yi(s) — p; and Cj;(s,s’) is a function purely of h = s — s’. Using more compact
notation, as is customary in multivariate statistics, we write the cross-covariance matrix as

C(s,s') = Cov(w(s), w(s')) = E[w(s)w’ (s)] . (9.6)

For example, if w(s) is a bivariate process with components wi(s) and ws(s), then the
cross-covariance matrix for w(s) is 2 x 2:

n [ Cov(wi(s),wi(s")) Cov(wi(s),ws(s"))
Cls,s) = ( Cov(w;(s),wi(s’)) Cov( : z > ’
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In general, a cross-covariance matrix C(s,s’) is not required to be symmetric (hence,
positive definite) since Cov(w;(s),w;(s’)) is not necessarily equal to Cov(w,(s),w;(s’)).
Neither is it required that C(s,s’) = C(s’,s). However, since Cov(w;(s),w;(s")) =
Cov(w;j(s’), w;i(s)), the cross-covariance matrix must satisfy

C(s,s')=C(s,s)T (9.7)

In other words, the cross-covariance matrix evaluated at (s, s’) is the transpose of the cross-
covariance matrix evaluated at (s’,s). A second condition for C(s,s’) is necessitated by the
fact that for any finite collection of locations S, we must have

Var {Zn: a?w(si)} = zn:iafO(si,sj)aj >0 (9.8)

i=1 j=1

for every nonzero a; € R.

The cross-covariance matrix completely determines the joint dispersion structure implied
by the spatial process. To be precise, for any n and any arbitrary collection of sites & =
{s1,...,8,} the np x 1 vector of realizations w = (w(s1)T, w(s2)T,...,w(s,)T)T will have
the variance-covariance matrix Y, which is an nm x nm block matrix whose (i, 7)-th
block is precisely the p x p cross-covariance matrix C(s;,s;). The conditions (9.7) and (9.8)
ensure that Xy, is symmetric and positive-definite. The conditions (9.7) and (9.8) also imply
that C(s,s) is always symmetric and positive definite. In fact, it is precisely the variance-
covariance matrix for the elements of w(s) within site s. Again, since our primary focus in
this text is Gaussian process models (or mixtures of such processes), specification of C(s, s)
is all we need to provide all finite dimensional distributions.

We say that w(s) is stationary if C(s,s’) = C(s’ —s), i.e., the cross-covariance function
depends only upon the separation of the sites, while we say that the cross-covariance matrix
is isotropic if C(s,s’) = C(||s’ — s]|), i.e., it depends only upon the distance between the
sites. Note that for stationary processes we write the cross-covariance matrix as C'(h) =
C(s,s + h). From (9.7) it is immediate that

C(~h) = C(s +h,s) = CT(s,s + h) = CT(h).

Thus, for a stationary process, a symmetric cross-covariance functions is equivalent to having
C(=h) = C(h) (i.e., even function). For isotropic functions,

C(h) = C(||h[)) = C(| = h)) = C(~h) = C"(h),

hence the cross-covariance function is even and the matrix is necessarily symmetric.

What more can we say about functions that will satisfy (9.7) and (9.8)7 The primary
characterization theorem for cross-covariance functions (Cramér, 1940; Yaglom, 1987) says
that real-valued functions, say C;;(h), will form the elements of a valid cross-covariance
matrix C'(h) if and only if each C;;(h) has the cross-spectral representation

Cii(h) = /exp(QWitTh)d(Fij (t)), where i =+/—1, (9.9)

with respect to a positive definite measure F'(-), i.e., where the cross-spectral matrix
M(B) = [Fi;(B)]} j=, is positive definite for any Borel subset B C R4, The representa-
tion in (9.9) can be considered the most general representation theorem for cross-covariance
functions. It is the analogue of Bochner’s Theorem for covariance functions and has been
employed by several authors to construct classes of cross-covariance functions.

Essentially, one requires a choice of the Fj;(t)’s. Matters simplify when Fj;(t) is as-
sumed to be square-integrable ensuring that a spectral density function f;;(t) exists such
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that d(Fj; (t)) = fi;(t)dt. Now, one simply needs to ensure that the p x p matrix constructed
with f;;(t) as its (4,7)-th entry is positive definite for all t € R?. Corollaries of the above
representation lead to the approaches proposed in Gaspari and Cohn (1999) and in Majum-
dar and Gelfand (2007) for constructing valid cross-covariance functions as convolutions of
covariance functions of stationary random fields (see Section 9.7 later). For isotropic settings
we use the notation ||s’ — s|| for the distance between sites s and s’. The representation
in (9.9) can be viewed more broadly in the sense that, working in the complex plane, if
the matrix valued measure M (-) is Hermitian non-negative definite, then we obtain a valid
cross-covariance matrix in the complex plane. Rehman and Shapiro (1996) use this broader
definition to obtain permissible cross-variograms. Grzebyk and Wackernagel (1994) employ
the induced complex covariance function to create a bilinear model of coregionalization.

As in the univariate case, it is evident that not every matrix C(s,s’) which we might
propose will be walid. Consistent with our objective of using multivariate spatial process
models in an applied context, we prefer constructive approaches for such cross-covariance
functions. The next three sections describe approaches based upon separability, coregion-
alization, moving averages, and convolution. Nonstationarity can be introduced following
the univariate approaches in Section 3.2; however, no details are presented here (see, e.g.,
Gelfand, Schmidt, Banerjee and Sirmans, 2004, Sec. 4).

9.3 Separable models

Perhaps the most obvious specification of a wvalid cross-covariance function for a p-
dimensional Y(s) is to let p be a valid correlation function for a univariate spatial process,
let T' be a p X p positive definite matrix, and let

C(s,s") =p(s,s")-T. (9.10)

In (9.10), T = (T;;) is interpreted as the covariance matrix associated with Y(s), and
p attenuates association as s and s’ become farther apart. The covariance matrix for Y
resulting from (9.10) is easily shown to be

Sy=HQ®T, (9.11)

where (H);; = p(s;,s;) and ® denotes the Kronecker product. ¥y is evidently positive
definite since H and T are. In fact, Yy is convenient to work with since |Sy| = |H|" |T|"
and E}l = H~'®T~!. This means that updating Yy requires working with a p x p and an
n X n matrix, rather than an np x np one. Moreover, if we permute the rows of Y to Y where
YT = (Yi(s1),...,Yi(sn), Ya(s1),- .-, Ya(sn), ..., Yp(s1), ..., Yp(sy)), then g =T ® H.

In fact, working in the fully Bayesian setting, additional advantages accrue to (9.10).
With ¢ and T a priori independent and an inverse Wishart prior for T, the full conditional
distribution for T, that is, p(T|W, ¢), is again an inverse Wishart (e.g., Banerjee, Gelfand,
and Polasek, 2000). If the Bayesian model is to be fitted using a Gibbs sampler, updating
T requires a draw of a p X p matrix from a Wishart distribution, substantially faster than
updating the np x np matrix v .

What limitations are associated with (9.10)7 Clearly C(s,s’) is symmetric, i.e.,
cov(Ye(s;), Yo (sir)) = cov(Ye (s;), Ye(si)) for all 4,4, £, and ¢'. Moreover, it is easy to check
that if p is stationary, the generalized correlation, also referred to as the coherence in the
time series literature (see, e.g., Wei, 1990), is such that

cov(Ya(s), Yor(s + ) o
\/COV(Y—g (S)7 Y—g(S + h))COV(ngl (S), Yy (S + h)) \/TuTg/g/ ’

(9.12)
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regardless of s and h. Also, if p is isotropic and strictly decreasing, then the spatial range
(see Section 2.1.3) is identical for each component of Y (s). This must be the case since only
one correlation function is introduced in (9.10). This seems the most unsatisfying restriction,
since if, e.g., Y(s) is a vector of levels of different pollutants at s, then why should the range
for all pollutants be the same? In any event, some preliminary marginal examination of the
Yi(s;) for each ¢, £ =1,...,p, might help to clarify the feasibility of a common range.

Additionally, (9.10) implies that, for each component of Y (s), correlation between mea-
surements tends to 1 as distance between measurements tends to 0. For some variables,
including those in our illustration, such an assumption is appropriate. For others it may not
be, in which case microscale variability (captured through a nugget) is a possible solution.
Formally, suppose independent €(s) ~ N (0, Diag(7?)), where Diag(?) is a p x p diagonal
matrix with (i,4) entry 72, are included in the modeling. That is, we write Y (s) = V(s)+€(s)
where V(s) has the covariance structure in (9.10). An increased computational burden re-
sults, since the full conditional distribution for 7" is no longer an inverse Wishart, and
likelihood evaluation requires working with an np x np matrix.

In a sequence of papers by Le and Zidek and colleagues (mentioned in the next sub-
section), it was proposed that Xy be taken as a random covariance matrix drawn from
an inverse Wishart distribution centered around (9.11). In other words, an extra hierarchi-
cal level is added to the modeling for Y. In this fashion, we are not specifying a spatial
process for Y(s); rather, we are creating a joint distribution for Y with a flexible covari-
ance matrix. Indeed, the resulting ¥y will be nonstationary. In fact, the entries will have
no connection to the respective s; and s;. This may be unsatisfactory since we expect to
obtain many inconsistencies with regard to distance between points and corresponding as-
sociation across components. We may be able to obtain the posterior distribution of, say,
Corr(Ye(s;), Ye(s;)), but there will be no notion of a range.

The form in (9.10) was presented in Mardia and Goodall (1993) who used it in con-
junction with maximum likelihood estimation. Banerjee and Gelfand (2002) discuss its
implementation in a fully Bayesian context, as we outline in the next subsection.

9.4 Spatial prediction, interpolation, and regression

Multivariate spatial process modeling is required when we are analyzing several point-
referenced data layers, when we seek to explain or predict for one layer given the others,
or when the layers are not all collected at the same locations. The last of these is a type
of spatial misalignment that can also be viewed as a missing data problem, in the sense
that we are missing observations to completely align all of the data layers. For instance,
in monitoring pollution levels, we may observe some pollutants at one set of monitoring
sites, and other pollutants at a diffferent set of sites. Alternatively, we might have data on
temperature, elevation, and wind speed, but all at different locations.

More formally, suppose we have a conceptual response Z (s) along with a conceptual
vector of covariates x (s) at each location s. However, in the sampling, the response and the
covariates are observed at possibly different locations. To set some notation, let us partition
our set of sites into three mutually disjoint groups: let Sz be the sites where only the
response Z (s) has been observed, Sx the set of sites where only the covariates have been
observed, Szx the set where both Z (s) and the covariates have been observed, and finally
Sy the set of sites where no observations have been taken.

In this context we can formalize three types of inference questions. One concerns Y (s)
when s € Sx, which we call interpolation. The second concerns Y (s) for s belonging to Sy,
which we call prediction. Evidently, prediction and interpolation are similar but interval
estimates will be at least as tight for the latter compared with the former. The last concerns
the functional relationship between X (s) and Y (s) at an arbitrary site s, along with other
covariate information at s, say, U (s). We capture this through E[Y (s)|X(s), U(s)], and
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Figure 9.1 A graphical representation of the S sets. Interpolation applies to locations in Sx, pre-
diction applies to locations in Sy, and regression applies to all locations. Xaug = (X, X'), Yaug =

(Y.Y).

refer to it as spatial regression. Figure 9.1 offers a graphical clarification of the foregoing
definitions.

In the usual stochastic regressors setting one is interested in the relationship between
Y (s) and X(s) where the pairs (X(s;),Y(s;)), ¢ = 1,...,n (suppressing U(s;)) are in-
dependent. For us, they are dependent with the dependence captured through a spatial
characterization. Still, one may be interested in the regression of Y(s) on X(s) at an ar-
bitrary s. Note that there is no conditional spatial process, Y (s) | X (s), associated with
the bivariate spatial process (X (s),Y(s)); how would one define the joint distribution of
Y (Si) | X (Sl) and Y (Si/) | X (Si/)?

We also note that our modeling structure here differs considerably from that of Diggle,
Tawn, and Moyeed (1998). These authors specify a univariate spatial process in order to
introduce unobserved spatial effects (say, V(s)) into the modeling, after which the Y'(s)’s
are conditionally independent given the V'(s)’s. In other words, the V (s)’s are intended to
capture spatial association in the means of the Y (s)’s. For us, the X (s)’s are also modeled
through a spatial process, but they are observed and introduced as an explanatory variable
with a regression coefficient. Hence, along with the Y (s)’s, we require a bivariate spatial
process.

Here we provide a fully Bayesian examination of the foregoing questions. In Subsec-
tion 9.4.1 we study the case where Y (s) is Gaussian, but in Subsection 9.4.3 we allow the
response to be binary.

The Gaussian interpolation problem is addressed from an empirical Bayes perspective
in a series of papers by Zidek and coworkers. For instance, Le and Zidek (1992) and Brown,
Le, and Zidek (1994) develop a Bayesian interpolation theory (both spatial and temporal)
for multivariate random spatial data. Le, Sun, and Zidek (1997) extend this methodology
to account for misalignment, i.e., where possibly not all monitored sites measured the same
set of pollutants (data missing by design). Their method produces the joint predictive
distribution for several locations and different time points using all available data, thus
allowing for simultaneous temporal and spatial interpolation without assuming the random
field to be stationary. Their approach provides a first-stage multivariate normal distribution
for the observed data. However, this distribution does not arise from a spatial Gaussian
process.

Framing multivariate spatial prediction (often referred to as co-kriging) in the context of
linear regression dates at least to Corsten (1989) and Stein and Corsten (1991). In this work,
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the objective is to carry out predictions for a possible future observation. Stein and Corsten
(1991) advocate looking at the prediction problem under a regression setup. They propose
trend surface modeling of the point source response using polynomials in the coordinates.
Typically in trend surface analysis (Cressie, 1993), spatial structure is modeled through
the mean but observations are assumed to be independent. Instead, Stein and Corsten
(1991) retain familiar spatial dependence structure but assume the resultant covariances
and cross-covariances (and hence the dispersion matrix) are known. In this context, Stein
et al. (1991) use restricted maximum likelihood to estimate unknown spatial dependence
structure parameters.

9.4.1 Regression in the Gaussian case

The regression problem posed here is solely to learn about the conditional distribution for
Y (s0)|X (so). We are not interested in kriging. In this regard, the reader might ask why we
do not proceed as in Chapter 6, specifying a univariate Gaussian process model for Y (s), our
usual geostatistical model; why do we consider a bivariate process model here? Two reasons
are as follows. First, we might be interested in an inverse regression problem, to learn about
X (so) for a given Y (sg). To do so, requires modeling X (s) to be random, hence introducing
a process model for the X’s as well as for the Y’s, a bivariate process model. Second, and
perhaps more importantly, we may have missingness, equivalently, misalignment. That is,
we have some X'’s without associated Y’s and vice versa. We would like to use all of the
data rather than just the complete cases. We need a model for the missing data; we need a
bivariate model in order to do model based imputation (see, e.g., Little and Rubin, 2002).

So, to start, assume a single covariate with no misalignment, and let X =
(X(s1),...,X(sn))T and Y = (Y(s1),...,Y(sn))T. be the measurements on the covari-
ates and the response, respectively. Supposing that X (s) is continuous and that is it
meaningful to model it in a spatial fashion, our approach is to envision (perhaps after
a suitable transformation) a bivariate Gaussian spatial process, W (s) = (X (s), Y (s))T with
mean pu(s) = (ux(s), py(s))? and a separable cross-covariance function as in (9.10). Since
p(s,s) = 1, this specification implies that the joint distribution of Y(s) and X(s) at any

location s is
W (s) = ( ‘585 ) ~N(u(s),T) . (9.13)

With misalignment, let X be the vector of observed X (s)’s at the sites in Sxy U Rx,
while Y will be the vector of Y (s)’s the sites in Sxy USy. If we let X’ denote the vector of
missing X observations in Sy and Y’ the vector of missing Y observations in Sx, then in
the preceding discussion we can replace X and Y by the augmented vectors X, = (X, X')
and Yaug = (Y,Y’); see Figure 9.1 for clarification. After permutation to line up the X’s
and Y’s, they can be collected into a vector Wy,,. In the Bayesian model specification,
X’ and Y’ are viewed as latent (unobserved) vectors. In implementing a Gibbs sampler for
model-fitting, we update the model parameters given X’ and Y’ (i.e., given Wy,,4), and
then update (X', Y’) given X, Y, and the model parameters.

The latter updating is routine since the associated full conditional distributions are nor-
mal. Such augmentation proves computationally easier with regard to bookkeeping since we
retain the convenient Kronecker form for Y. That is, it is easier to marginalize over X’ and
Y’ after simulation than before. For convenience of notation, we suppress the augmentation
in the sequel.

In what we have called the prediction problem, it is desired to predict the outcome of the
response variable at some unobserved site. Thus we are interested in the posterior predictive
distribution p(y(so)|y,x). We note that x(sg) is also not observed here. On the other hand,
the interpolation problem may be regarded as a method of imputing missing data. Here the
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covariate x(sp) is observed but the response is “missing.” Thus our attention shifts to the
posterior predictive distribution For the regression problem, the distribution of interest is
P(E[Y (so)|z(s0)] | z(s0),y, x).

For simplicity, suppose pu(s) = (u1,u2)?, independent of the site coordinates. (With
additional fixed site-level covariates for Y(s), say, U(s), we would replace ps with
pa(s) = aTU(s).) Then, from (9.13), for the pair (X(s),Y (s)), p(y(s)|z(s), Bo, B1,0?) is
N (Bo + Brz(s),0?). That is, E[Y (s)|z(s)] = Bo + B1a(s), where

T T T2
50:N2—T—1j#1, 31=T—1j, and 02 = Thy — =12 (9.14)

Ti
So, given samples from the joint posterior distribution of (1, us, T, ¢), we directly have
samples from the posterior distributions for the parameters in (9.14), and thus from the
posterior distribution of E[Y (s)|x(s)].
Rearrangement of the components of W as below (9.11) yields

(§>NN<( Z;i) 7T®H(¢)> : (9.15)

which simplifies calculation of the conditional distribution of Y given X.

Assuming an inverse Wishart prior for T', completing the Bayesian specification requires
a prior for pq, pe, and ¢. For (ui1, ps), for convenience we would take a vague but proper
bivariate normal prior. A suitable prior for ¢ depends upon the choice of p (h; ¢). Then we
use a Gibbs sampler to simulate the necessary posterior distributions. The full conditionals
for p1 and po are in fact Gaussian distributions, while that of the 7" matrix is inverted
Wishart as already mentioned. The full conditional for the ¢ parameter finds ¢ arising in
the entries in H, and so is not available in closed form. Metropolis or slice sampling can be
employed for its updating.

Under the above framework, interpolation presents no new problems. Let sg be a new
site at which we would like to predict the variable of interest. We first modify the H (¢)
matrix forming the new matrix H* as follows:

g ((H®) b(@)
6= (e g ) (.16

where h (¢) is the vector with components p(so —s;; ¢), j = 1,2,...,n. It then follows that

W* = (W (s0),..., W(sn)T ~N (1n+1 ® ( Z; ) , H* (¢) ®T) . (9.17)

Once again a simple rearrangement of the above vector enables us to arrive at the con-
ditional distribution p(y(so)|x(so),y,x, i, T, ¢) as a Gaussian distribution. The predictive
distribution for the interpolation problem, p(y(sg)|y,X), can now be obtained by marginal-
izing over the parameters, i.e.,

P(y(s0)ly, %) = / p(y(s0)le(s0), ¥, % 16, T, ) plps, T, Ble(so), v, x) . (9.18)

For prediction, we do not have x(sp). But this does not create any new problems, as
it may be treated as a latent variable and incorporated into x’. This only results in an
additional draw within each Gibbs iteration, and is a trivial addition to the computational
task.
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9.4.2  Awoiding the symmetry of the cross-covariance matrix

In the spirit of Le and Zidek (1992), we can avoid the symmetry in separable cross-
covariances noted above (9.12). Instead of directly modeling Yw = H (¢) ® T, we can
add a further hierarchical level, by assuming that Yw | ¢, T follows an inverted Wishart
distribution with mean H (¢) ® T. All other specifications remain as before. Note that
the marginal model (i.e., marginalizing over Xw) is no longer Gaussian. However, using
standard calculations, the resulting cross-covariance matrix is a function of p (s — s’; @), re-
taining desirable spatial interpretation. Once again we resort to the Gibbs sampler to arrive
at the posteriors, although in this extended model the number of parameters has increased
substantially, since the elements of 3y are being introduced as new parameters.

The full conditionals for the means 1 and ps are still Gaussian and it is easily seen that
the full conditional for v is inverted Wishart. The full conditional distribution for ¢ is
now proportional to p(Xw|¢, T)p(¢); a Metropolis step may be employed for its updating.
Also, the full conditional for 7" is no longer inverted Wishart and a Metropolis step with an
inverted Wishart proposal is used to sample the T" matrix. All told, this is indeed a much
more computationally demanding proposition since we now have to deal with the 2n x 2n
matrix Yw with regard to sampling, inversion, determinants, and so on.

9.4.3 Regression in a probit model

Now suppose we have binary response from a point-source spatial dataset. At each site, Z (s)
equals 0 or 1 according to whether we observed “failure” or “success” at that particular site.
Thus, a realization of the process can be partitioned into two disjoint subregions, one for
which Z(s) = 0, the other Z(s) = 1, and is called a binary map (DeOliveira, 2000). Again,
the process is only observed at a finite number of locations. Along with this binary response
we have a set of covariates observed at each site. We follow the latent variable approach
for probit modeling as in, e.g., DeOliveira (2000). Let Y (s) be a latent spatial process
associated with the sites and let X (s) be a process that generates the values of a particular
covariate, in particular, one that is misaligned with Z(s) and is sensible to model in a spatial
fashion. For the present we assume X (s) is univariate but extension to the multivariate
case is apparent. Let Z(s) = 1 if and only if Y(s) > 0. We envision our bivariate process
W(s) = (X(s),Y(s))7 distributed as in (9.13), but where now pu(s) = (1, po +aTU ()T,
with U(s) regarded as a p x 1 vector of fixed covariates. Note that the conditional variance
of Y(s) given X (s) is not identifiable. Thus, without loss of generality, we set The = 1, so
that the T matrix has only two parameters.
Now, we formulate a probit regression model as follows:

P(Z(s) = 1| x(s), U(s), o, 1, iz, 1, Th2)
i} ([ﬁo + /X (s)+a’U (s)] /A/1— ;_%) . (9.19)

Here, as in (914)7 ﬂo = U2 — (Tl2/Tll)N17 and 51 = Tlg/Tll.

The posterior of interest is p(u1, po, &, T11,T12, @,y |x,2), where z = (2(s1), ..., 2(s,))
is a vector of 0’s and 1’s. The fitting again uses MCMC. Here, X = (X(s1),..., X (sp))T
and Y = (Y(s1),...,Y(s,))? asin Subsection 9.4.1, except that Y is now unobserved, and
introduced only for computational convenience. Analogous to (9.15),

( § ) ~N <( mlu_lklUg ) ; T®H(¢)) ; (9.20)

T



SPATIAL PREDICTION, INTERPOLATION, AND REGRESSION 269

From (9.20), the full conditional distribution for each latent Y (s;) is a univariate normal
truncated to a set of the form {Y'(s;) > 0} or {Y(s;) < 0}. The full conditionals for
p1 and pe are both univariate normal, while that of B is multivariate normal with the
appropriate dimension. For the elements of the T matrix, we may simulate first from a
Wishart distribution (as mentioned in Subsection 9.4.1) and then proceed to scale it by
Toy, or we may proceed individually for Tj2 and 737 using Metropolis-Hastings over a
restricted convex subset of a hypercube (Chib and Greenberg, 1998). Finally, ¢ can be
simulated using a Metropolis step, as in Subsection 9.4.1. Misalignment is also treated as
in Subsection 9.4.1, introducing appropriate latent X’ and Y’.

With posterior samples from p(p1, po, &, Th1, Th2, ¢ | X, 2), we immediately obtain sam-
ples from the posterior distributions for 8y and S;. Also, given x(sp), (9.19) shows how
to obtain samples from the posterior for a particular probability, such as p(P(Z(sg) =
1] x(s0), U(so), &, pi1, pr2, T11, Th2) | 2(sp), %, 2) at an unobserved site sg, clarifying the re-
gression structure. Were z(so) not observed, we could still consider the chance that Z(sg)
equals 1. This probability, P (Z(s¢) = 1| U(so), &, i1, pi2, T11, T12), arises by averaging over
X (so), i.e.,

/P(Z(SO) =1|x(s0),U(so), @, pt1, pt2, T11, T12) p(x(so)|p1, Th1) dz(so) (9.21)

In practice, we would replace the integration in (9.21) by a Monte Carlo integration. Then,
plugging into this Monte Carlo integration, the foregoing posterior samples would yield
essentially posterior realizations of (9.21).

Both the prediction problem and the interpolation problem may be viewed as examples
of indicator kriging (e.g., Solow, 1986; DeOliveira, 2000). For the prediction case we seek
p(2(s0)|x,z); realizations from this distribution arise if we can obtain realizations from
py(so)|x, 2). But

p(y(s0) | %,2) = / p(y(s0) | %,¥) p(ylx, 2)dy . (9.22)

Since the first distribution under the integral in (9.22) is a univariate normal, as in
Subsection 9.4.1, the posterior samples of Y immediately provide samples of Y'(sg). For
the interpolation case we seek p(z(so) | 2(sp),x,2z). Again we only need realizations from
p(y(so) | z(so), x,2), but

p(y(so) | z(s0), %, 2) = /p(y(So) | z(s0), %, y) p(y | 2(s0), %, 2)d y . (9.23)

As with (9.22), the first distribution under the integral in (9.23) is a univariate normal.

9.4.4 Ezxamples

Example 9.1 (Gaussian model). Our examples are based upon an ecological dataset col-
lected over a west-facing watershed in the Negev Desert in Israel. The species under study is
called an isopod, and builds its residence by making burrows. Some of these burrows thrive
through the span of a generation while others do not. We study the following variables at
each of 1129 sites. The variable “dew” measures time in minutes (from 8 a.m.) to evapo-
ration of the morning dew. The variables “shrub” and “rock” density are percentages (the
remainder is sand) characterizing the environment around the burrows. In our first example
we try to explain shrub density (Y) through dew duration (X). In our second example we
try to explain burrow survival (Z) through shrub density, rock density, and dew duration,
treating only the last one as random and spatial. We illustrate the Gaussian case for the
first example with 694 of the sites offering both measurements, 204 sites providing only the
shrub density, and 211 containing only the dew measurements.
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Figure 9.2 Spatial locations of the isopod burrows data. The azxes represent the eastings and the
northings on a UTM projection.

Quantiles
Parameter 2.5% 50% 97.5%
141 73.118 73.885  74.665
142 5.203 5.383 5.572
T11 95.095 105.220 117.689
Tio —4.459 2418 —0.528
Too 5.564 6.193 6.914
T12/v/T11T22 (nonspatial corr. coef.) | —0.171  -0.095 -0.021
Bo (intercept) 5.718 7.078 8.463
B1 (slope) -0.041 -0.023  —0.005
o? 5.582 6.215 6.931
0] 0.0091 0.0301  0.2072

Table 9.1 Posterior quantiles for the shrub density/dew duration example.

The spatial locations are displayed in Figure 9.2 using rescaled planar coordinates af-
ter UTM projection. The rectangle in Figure 9.2 is roughly 300 km by 250 km. Hence
the vector X consists of 694 + 211 = 905 measurements, while the vector Y consists of
694 + 204 = 898 measurements. For these examples we take the exponential correlation
function, p(h; @) = e~ ®". We assign a vague inverse gamma specification for the param-
eter ¢, namely an IG(2, 1/0.024). This prior has infinite variance and suggests a range
(3/¢) of 125 km, which is roughly half the maximum pairwise distance in our region. We
found little inference sensitivity to the mean of this prior. The remaining prior specifica-
tions are all rather noninformative, i.e., a NV (0,Diag(105, 105)) prior for (p1,u2) and an
IW (2, Diag(0.001,0.001)) for T'. That is, E(T11) = E(T»2) = 0.001, E(T12) = 0, and the
variances of the T;;’s do not exist.

Table 9.1 provides the 95% credible intervals for the regression parameters and the decay
parameter ¢. The significant negative association between dew duration and shrub density
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Figure 9.3 Posterior distributions for inference at the location so, denoted by “X” in the previ-
ous figure. Line legend: dotted line denotes p (E[Y (so)|z(so0)] | x,y) (regression); solid line denotes
P (y(so) | z(s0),x,y) (prediction); and dashed line denotes p (y(so) | X,y) (interpolation).
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Figure 9.4 For the Gaussian analysis case, a three-dimensional surface plot of E (Y (s)|x,y) over
the isopod burrows regional domain.

is unexpected but is evident on a scatterplot of the 714 sites having both measurements.
The intercept 3y is significantly high, while the slope 37 is negative. The maximum distance
in the sample is approximately 248.1 km, so the spatial range, computed from the point
estimate of 3/¢ from Table 9.1, is approximately 99.7 km, or about 40% of the maximum
distance.

In Figure 9.3(a) we show the relative performances (using posterior density estimates)
of prediction, interpolation, and regression at a somewhat central location sy, indicated by
an “x” in Figure 9.2. The associated X (sg) has the value 73.10 minutes. Regression (dotted
line), since it models the means rather than predicting a variable, has substantially smaller
variability than prediction (solid line) or interpolation (dashed line). In Figure 9.3(b), we
“zoom in” on the latter pair. As expected, interpolation has less variability due to the spec-
ification of z(sg). It turns out that in all cases, the observed value falls within the associated
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Quantiles
Parameter 2.5% 50% 97.5%
H1 75.415 76.095 76.772
12 0.514 1.486 2.433
AT 88.915 99.988 108.931
Tio 0.149 0.389 0.659
10 0.0086 0.0302 0.2171
Bo (intercept) 0.310 1.256 2.200
B1 (dew slope) 0.032 0.089 0.145
a (shrub) -0.0059  -0.0036  —0.0012
as (rock) -0.00104 -0.00054 —0.00003

Table 9.2 Posterior quantiles for the burrow survival example.

intervals. Finally, in Figure 9.4 we present a three-dimensional surface plot of E(Y (s)|x,y)
over the region. This plot reveals the spatial pattern in shrub density over the watershed.
Higher measurements are expected in the eastern and particularly the southeastern part of
the region, while relatively fewer shrubs are found in the northern and western parts.

Example 9.2 (Probit model). Our second example uses a smaller data set, from the same
region as Figure 9.2, which has 246 burrows of which 43 do not provide the dew measure-
ments. Here the response is binary, governed by the success (Y = 1) or failure (Y = 0)
of a burrow at a particular site. The explanatory variables (dew duration, shrub den-
sity, and rock density) relate, in some fashion, to water retention. Dew measurements
are taken as the X’s in our modeling with shrub and rock density being U; and Us, re-
spectively. The prior specifications leading to the probit modeling again have vague bi-
variate normal priors for (u1,u2) and also for B, which is two-dimensional in this ex-
ample. For ¢ we again assign a noninformative inverse gamma specification, the 1G(2,
0.024). We generate T71 and 132 through scaling a Wishart distribution for 7' with prior
IW (2, Diag(0.001,0.001)).

In Table 9.2, we present the 95% credible intervals for the parameters in the
model. The positive coefficient for dew is expected. It is interesting to note that
shrub and rock density seem to have a negative impact on the success of the bur-
rows. This leads us to believe that although high shrub and rock density may en-
courage the hydrology, it is perhaps not conducive to the growth of food materials
for the isopods, or encourages predation of the isopods. The spatial range parame-
ter again explains about 40% of the maximum distance. Figure 9.5 presents the den-
sity estimates for the posteriors p (P(Z(so) =1 |2(s0), U(so), &, Bo, 51) | #(s0),x%,2z) and
p(P(Z(s0) = 1|U(so), a, pu1, 2, Th1,Th2) | x,2), with sg being a central location and
x(sg) = 74.7 minutes (after 8 a.m.), to compare performance of interpolation and pre-
diction. As expected, interpolation provides a slightly tighter posterior distribution.

9.4.5 Conditional modeling

The spatial regression model in Section 9.4.1 uses a bivariate Gaussian process to model
the variables Y (s) and X (s) jointly. Alternatively, one could proceed using a conditional
approach, where we first model one variable and, conditional upon the first, model the
second. Again, consider two spatial variables Y (s) and X (s) observed over a finite set of
locations § = {s1,S2,...,8,}. Let Y and X represent n x 1 vectors of the observed Y (s;)’s
and X (s;)’s respectively. The conditional approach models specifies the distribution of X
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Figure 9.5 FEstimated posterior densities for the probit data analysis: solid line indicates
P (Z(s0) =1]|X(s0),U(s0),, Bo,B1), while dashed line indicates P(Z(so) = 1| U(so), @, pi1, pi2,
Th1,T12).

and, subsequently, the conditional distribution of Y given X. This is attractive in that valid
specification of these two distributions yields a legitimate joint distribution.

How do we model Y | X? It would be attractive to imagine a conditional process
Y (s) | X(s) but this, in general, is not well defined for an arbitrary collection of variables.
In fact, recall that, practically, we attempt such definition through finite dimensional dis-
tributions. Yet, it is meaningless to talk about the joint distribution of Y(s;) | X (s;) and
Y (s;) | X(s;) for two distinct locations s; and s;. This reveals the impossibility of specify-
ing conditioning that would yield a consistent (in the sense of Section 3.1) definition of a
process. In fact, this point reveals a flaw in the discussion of conditioning for multivariate
spatial process modeling in Cressie and Wikle (2011). They consider multivariate normal
distributions associated with, say, m locations for Y (s) and, say, n locations for X (s). It is
evident that their specification does not create a bivariate spatial process and, thus, it is
not possible to develop kriging in their context.

A special case of the conditional approach does produce a valid bivariate process model.
Suppose that X (s) is a univariate Gaussian spatial process with mean px (s) and covariance
function Cx(-;0x) indexed by process parameters @x. Therefore, X ~ N(ux Xx(0x)),
where py is n x 1 with ux(s;) as its i-th entry and ¥ x (6x) is an n x n spatial covariance
matrix with entries Cx(s;,s;;0x). Let e(s) be another Gaussian process, independent of
X (s), with zero mean and covariance function C.(-; 8.) indexed by process parameters 6..
Then, for any finite collection of n locations, suppose that

Y(Sl) = ﬁ() + ﬁlX(Sl) + e(si) y for i = 1, 2, e, (924)

The joint distribution between X and Y is

Y py )\ BiEx(0x) Ze(Be) + FiXx(0x) ’ '
where py = Bol + 1y and 3.(0.) is the n x n variance-covariance matrix for the e(s;)’s.
Note that the above joint distribution arises from a legitimate bivariate spatial process
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W(s) = (X(s),Y(s))T, with mean py(s) = < 5o f;l(z( (s) > and cross-covariance

Cx(s,s’) B£1Cx (s, s)

Cw(s,s') = ( B1Cx(s,s') BiCx(s,s') + Ce(s,s), > (9.26)

where we have suppressed the dependence of Cx (s,s’) and Ce(s,s’) on Ox and 6, respec-
tively. Equation (9.24) implies that E[Y (s) | X (s)] = Bo + £1 X (s) for any arbitrary location
s, thereby specifying a well-defined spatial regression model for an arbitrary s.

An adaptation of (9.24) produces asymmetric cross-covariance matrices. For clarity,
suppose that X(s) is a Gaussian process with mean px(s) and a stationary covariance
function Cx (s,s’) = Cx(h), where h = s — s’, and consider the following regression model

Y(s) = 5o+ 1 X(s+1)+e€(s), (9.27)

where r is some fized location. This model, often called a spatial delay, again defines a
legitimate bivariate process with a stationary but asymmetric cross-covariance function

B Cx(h) B1Cx (r +h)

While the introduction of the asymmetry may seem attractive, it is unclear when a spatial
delay arises in practice. Put differently, why would we want to regress Y (s) on X (s + r)?
Wackernagel (2003) draws an analogy with time-series, where it has been observed that in
some cases that the effect of one variable on another is not instantaneous. The time for
the second variable to react to the first causes a lag or “delay” in the correlations between
the time-series. Here is another explanation: the Cauchy-Schwarz inequality ensures that
Cov(X(s),Y(s + h)) = Cxy (h) attains an extremum which is proportional to that of
Cx (h). It may happen that the extremum (maximum in the case of a positively correlated
variable pair and minimum otherwise) is shifted away in a direction r. In that case, Cxy (h)
attains an extremum which is proportional to that of Cxx (r + h). Wackernagel (2003)
suggests plotting the empirical cross-covariance function over appropriately constructed bins
to diagnose spatial lag and, hence, ascertain r. This, however, is awkward in practice. In any
case, the modeling is rather restrictive and is perhaps feasible only in the bivariate setting.
Later in the chapter we discuss richer and more flexible nonstationary spatially-varying
cross-covariance modeling for jointly modeling several spatial outcomes, which accommodate
assymetric cross-covariances without requiring one to estimate spatial lags or delays.

The conditional approach is not bereft of problems. As already mentioned, it will not
generally produce multivariate process models, which precludes predictions at arbitrary lo-
cations for all the outcomes. The example above is one of the few instances where a legitimate
bivariate process is obtained (see Royle and Berliner, 1999, for other examples). Another
issue with the conditional approach is the order of the hierarchy. Specifying p(X)p(Y | X)
p(Y) yields a joint distribution different from specifying p(Y)p(X | Y). How do we decide
upon the ordering? In certain applications, there may be a natural ordering based upon a
causal relationship. When that is not the case, this ambiguity with regard to the ordering is
undesirable and practically inefficient as we move to more than two outcomes. For example,
with three outcomes, we will have six models emerging from the order of the outcomes in
the hierarchy and with four outcomes we have 24 models. Clearly, when the information
regarding the order of the hierarchy is lacking, we have an explosion in the number of
models.

Finally, we note that the specification associated with X(s) and Y (s) in (9.24) can
obviously be extended so that both X(s) and Y (s) are vectors. We can create a joint process
model through such conditioning. However, in this case, we would need multivariate process
models for both X(s) and Y (s); we are back to our original joint modeling problem.
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9.4.6  Spatial regression with kernel averaged predictors

In formulating a spatial regression model, we have argued that is can be useful to assume
that X (s) is random and in the previous sections, we have shown how to implement spatial
regression under a bivariate process model for Z(s) = (Y (s), X(s)). However, in spatial
applications, neighboring X (s’) can be expected to inform about Y(s) particularly when
the distance between s and s’ is small. For instance, precipitation can affect the water table
(the depth at which soil and pour spaces become completely saturated with water) not only
where the precipitation fell but also at surrounding locations due to run off and changes
in slope from uneven ground surfaces. Similarly, the concentration of ozone is affected by
pollutants, ultraviolet rays, and temperature within a neighborhood of location s. Thus, a
mean specification which only includes X (s) and not neighboring X (s’) may not adequately
capture the process. Here, drawing upon Heaton and Gelfand (2011), we develop a kernel
averaged predictor regression model to address this issue.

A mean specification Which incorporates neighboring predictors might take the
form E(Y(s)) = fo(s) + [, B(s,u;0)X(u)du where B(s,s’;0) is a coefficient model
capturing the effect of X(s') on Y(s) with parameters 6. With, say n observa-
tions Z = (Z(s))T,...,Z(s,)")T, we might consider the conditional distribution,
Y(s;) | X(s1),...,X(sp). In the Gaussian setting, [Y(s;) | X(s1),...,X(s,)] contains
n coefficients B(s;,s1),...,08(si,;8p) which describe the loading of X(s;) on Y(s;) for
j =1,...,n. Such a choice is unattractive because the explained relationship between the
response and predictor depends on the number of sampling locations and the arrangement
of those locations in D. It also fails to explicitly capture the idea of local X (s’) informing
about Y (s).

Rather, we seek a kernel averaged predictor, X (s) based upon {X (s') : s € D} under an
appropriate choice for 3(s,s’); 8). What we are doing differs from what is usually referred
to as employing functional covariates (see Baillo and Grane, 2009). Functional covariates
envision a function at location s, say, X(s,t) for ¢ € (0,7] and seek to reduce this to a
single covariate at s to explain Y'(s). Usually, this is achieved through some integration of
the function wherein the integration is over ¢ rather than over s as we seek. Also, we do not
seek to build process models for 3(s,s’; 8). We provide process modeling for (Y (s), X(s))
but specify 3 as a parametric function. Specifying the latter using processes will provide
poorly-identified, over-fitted models.

Let Y (s) and X (s) denote a univariate response variable and a single covariate at location
s € D. Furthermore, assume X (s) follows a Gaussian process of the form,

X(s) = px(s) + oxwx(s), (9.28)

where px(s) is the mean surface at location s and wx (s) is a mean 0, variance 1 GP with
correlation function px(s,s’; @y ). Here, we imitate the specification above. Notice that
(9.28) defines a purely spatial covariate process. In some applications, however, covariates
are measured with error. In these cases, X (s) can be thought of as the “true” underlying
covariate process and the observed covariate is H(s) = X(s) + ex(s) where ex(s) is an i.i.d.
white noise process. Distributional results for H(s) will differ from the those of X(s) by an
additive nugget variance term only, so, for simplicity, below, we assume X (s) is observed.
Moreover, we still want to use X (s) to explain Y'(s), i.e., we want the regression of Y'(s) to
be on the true X(s).
We define the unobserved kernel-averaged local covariate at s as

X _; S, u; u)au
X(s) = K(s;é)/DK(’ ;€)X (u)du, (9.29)

where K (s,s’;£) is a kernel deﬁning a weight on the distance between s and s’ with param-
eters € and 0 < K (s;¢) = [, K p K(s,u;§)du < co. The parameter £, most commonly, consists
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of scale parameters such as the entries of a covariance matrix but can also include location
parameters as in Higdon (1998) and Xu et al. (2005). Choices for K are discussed below.
Because a valid GP was defined for X (s), X(s) also is a valid GP with mean px(s) =

U, K(s,u;€)pux (u)du and
Cov(X(s), X(s)) = 0% px(s,s’) where (9.30)
px(s,s’) = m/D/DK(s,u;é)K(s’,v;&)px(u,v)dvdu.

Not only are X (s) and X (s) marginally Gaussian processes, but a valid bivariate GP is
induced for the pai (X (s), X(s))T. Specifically, (X (s), X(s))” follows a bivariate GP with
T

mean (px (s), ix(s))

and
on{(36) (R0 ) - ) o
where
Px x(s,8) = m/DK(S',U;E)px(S,U)du and
pi x(a.8) = ﬁ /D K (5,15 €)pix (u, 8 )du

for any other location s’ € D.
Next, consider the linear model defined by,

Y(s) | X(s),X(s) = Bo + B1X(s) + oywy(s) + ey (s), (9.32)

where wy (s) is defined analogously to wx (s) in (9.28) but with correlation function py and
ey (s) is a Gaussian white noise process with variance 7. Intuitively, the kernel K (s, u;§)
describes how the effect of the covariate X (s),s € D propagates to the response.

Notice that the bivariate GP for (X (s), X (s))” along with (9.32) provide a joint speci-
fication of a trivariate GP for Z(s) = (X(s), X (s), Y (s))T. Specifically, Z(s) follows a valid
trivariate GP with mean

1(s) = (ux(s), fix(s), Bo + Prjix (s))”

and cross-covariance,

px(S,SI) pX,X(Sas/) BIPXJE'(SaS/)
a | e pxes)  Bips(ss) (933)
Prog x(s:8") Bipg(s,s’) Trpv(s,s) +Bipx(s,s)

The joint distribution of Z(s) is useful for evaluating the properties of (9.32) such as induced
correlations between Y'(s) and (X(s), X(s)). Note also that the induced bivariate process
model for (X (s),Y(s)) is not a usual bivariate process specification; the kernel appears in
the covariance structure.

We focus on the local spatial regression in terms of the conditional distribution of Y'(s)
given X (s) in the form of the conditional mean

E[Y(s) | X(s)] = fo + L1 X(s) -

Thus, given X (s), concepts such as R?, mean square error, variable selection, shrinkage,
etc. are applicable. Of course, all are random and would be averaged over the distribution



SPATIAL PREDICTION, INTERPOLATION, AND REGRESSION 277

Kernel K(s,s';¢) Parameters (§)
Uniform Lijs—si<e3 §
Epanechnikov € —ls- Sl||2)I{Hs—s’IISE} £
Component Wise Gaussian [, & Texp {—(si — s))?/(2¢})} &,i=1,....,d
Oriented Gaussian |Z]72 exp {—%} E={&;}

Table 9.3 Ezamples of kernel functions K(s,s’;€) and their parameters. 14 is an indicator for the
set A.

of X (s) in order to interpret them. Evidently, the potentially complex relationship between
{X(s) : s € D} and Y (s) is captured through a single parameter (5;). However, from (9.32),
we see that, effectively, we are introducing a coefficient weighting of the entire surface X (s)
to explain Y (s). That is, the coefficient of X (s') is 81 K (s,s’; £)/K (s; €). The normalization
by K (s;€&) identifies (.

The choice of K with the data informing about & enables a fairly rich regression speci-
fication while attractively reducing to a simple linear regression model in X (s). Examples
of kernels are given in Table 9.3. We note that computation of K(s;&) for general regions
D varies with s and can be computationally expensive when done repeatedly over MCMC
iterations. Below, the kernel is taken to be K(s,s’;&) = I({||s — §'|| < &g(¢px)}) where
I(A) is an indicator for the set A, || - || denotes Euclidean distance, £ € (0,1) and g(¢x)
is the effective spatial range associated with px; for example, from Chapter 2, the expo-
nential correlation function has g(¢y) =~ 3/¢x where ¢x is the spatial decay parameter.
Intuitively, the kernel K(s,s’;€) is a disk centered at location s with radius r = £g(¢y).
The scale parameter r can be loosely interpreted as a hard threshold “decay” parameter in
that the effect of X (s') on Y (s) is negligible if ||s —s’|| > . For very small r, X(s) ~ X (s).
For large r, X (s) =~ X (8') for all s, s’ yielding a highly collinear regression.

With the choice of K (s,s’;€) above, r and ¢ are strongly associated parameters; this
is evident from the forms in (9.33). Plausible values for scale parameters of kernels depend
on ¢x as well as D. For the K above, parameterizing the scale parameter as r = £g(¢y)
where £ € (0,1) removes this dependency such that, a priori, £ and ¢x can be taken as
independent and also restricts K to be within the effective spatial range of px.

Next, consider what (9.32) implies about using X (s) instead of X (s) in the conditional
mean for Y (s) | X(s), X(s) assuming E(Y (s) | X(s), X(s)) = 8o + S1X(s). Using the fact
that Z(s) = (X(s), X(s),Y (s))” follows a trivariate Gaussian process with known mean
and covariance given by (9.33), multivariate normal theory gives that Y'(s) | X(s) is also
normally distributed with mean,

E[Y(s) | X(s)] = Bo + Br(fix (s) + px 5 (8,8)(X(s) — px(s))), (9.34)

variance,

Var(Y(s) | X(s)) = ¢ + 0% + BioX (px(s.8) — p 5(s.9)), (9.35)

and covariance,
Cov(Y (), Y(s) | X(s), X(s))) = 03 py (5.8') + Biokpz(s,s') (9.36)

So, when the model given by (9.32) holds, then the change in Y'(s) as a result of a
unit change in X (s) is Bi1py 5(s,s) as opposed to i when using X (s). Hence, under the
trivariate Gaussian process model, i.e., when the assumptions of (9.32) hold, using X (s)
implies that the effect of the covariate on Y'(s) is shrunk towards zero; [B1py (s, s)| < |51
because 0 < py 5(s,s) < 1. This result is not surprising in that if other X(s’) in D
besides X (s) affect Y'(s) then the effect due to X(s) is expected to diminish. The amount
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of shrinkage is determined by the kernel parameters, &, as well as ¢y . For example, if
Y (s) is ozone and X(s) is temperature, the implication would be that using X(s) in the
model could, potentially, underestimate the change in Y'(s) as a result from a unit change
in temperature, leading to underestimation of the production of ozone.

A second consequence of using X (s) instead of X(s) when (9.32) holds is that the
percent of variation in Y'(s) explained by X (s) is less than the percent of variation in Y(s)
explained by X (s) for many common covariance functions as detailed by the following result
from Heaton and Gelfand (2011):

Let p%,|X and p%,‘j( be the population coefficient of determination for the linear model

defined by (9.34) and (9.82), respectively. If px is an isotropic, log-concave correlation
function then p} x < pf, X

The class of log-concave covariance functions includes the powered exponential, p(s,s’) =
exp{—d¢[|s — '||* 0 < a < 2, by direct calculation. Also included are closed form Matérn
models, i.e., those with smoothness parameter v of the form v = k+1/2 for k € {0,1,2,...}
again by direct calculation with an indication that this is the case for arbitrary v (see
Majumdar and Gelfand, 2007). Also, it is easy to argue that convolution of covariance
functions produces valid covariance functions. In fact, convolution of log-concave functions
produces log-concave functions. Thus, for such covariance functions, using X (s) instead of
X (s) results in less variation in Y (s) explained. Additionally, notice that marginalizing over
X (s) adds extra spatial variation to Y (s). To see this, notice that the covariance given by
(9.36) has the added variance term $70%px(s).

Model fitting, efficient computation, kernel selection, and illustrative examples are pre-
sented in Heaton and Gelfand (2011) and we encourage the interested reader to look at this
paper for further discussion and details.

9.5 Coregionalization models *
9.5.1 Coregionalization models and their properties

We now consider a constructive modeling strategy to add flexibility to (9.10) while retaining
interpretability and computational tractability. Our approach is through the linear model of
coregionalization (LMC), as, for example, in Grzebyk and Wackernagel (1994) and Wacker-
nagel (1998). The term “coregionalization” is intended to denote a model for measurements
that covary jointly over a region.

The most basic coregionalization model, the so-called intrinsic specification, dates at
least to Matheron (1982). It arises as Y(s) = Aw(s) where the components of w(s) are
iid. spatial processes. If the w;(s) have mean 0 and are stationary with variance 1 and
correlation function p(h), then E(Y(s)) is 0 and the cross-covariance matrix, Yy (s) vy (s) =
C(s —s') = p(s — s/)AAT. Letting AAT = T this immediately reveals the equivalence
between this simple intrinsic specification and the separable covariance specification as
in Section 9.3 above. As in Subsection 2.1.2, the term “intrinsic” is taken to mean that
the specification only requires the first and second moments of differences in measurement
vectors and that the first moment difference is 0 and the second moments depend on the
locations only through the separation vector s — s’. In fact here E(Y(s) — Y(s’)) = 0 and
33y (s)-v(s) = G(s — ') where G(h) = C(0) — C(h) = T — p(s — §')T = y(s — &')T
where v is a valid variogram. Of course, as in the p = 1 case, we need not begin with a
covariance function but rather just specify the process through v and 7. A more insightful
interpretation of “intrinsic” is that given in equation (9.12).

We assume A is full rank and, for future reference, we note that A can be assumed
to be the lower triangular. This, lower-triangular specification for A does impose certain
conditional independence constraints. To see how, consider the bivariate case, two locations
s1 and s and suppose that the elements of A are fixed. Then, fori = 1,2, Y1(s;) = a11w1 (s;)
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and Y3(s;) = a21wi(s;) + asews(s;). Since the process wi (s) completely determines Yi(s),
we can write

Cov{Yi(s1), Ya(s2) | Ya(s2)}
= Cov{a11w1 (Sl), a21W1 (Sg) + a22W2 (Sg) | w1 (Sg)}
= auaggCOV{wl (Sl),U}Q (Sg) | w1 (Sg)} =0 y (937)

where the last equality follows because the process wi(-) is independent of ws(+). This
reveals that Y3 (s1) and Ya(s2) will be independent conditional upon Y7 (sz2). In terms of the
dispersion matrix, this conditional independence implies that the E;l will have redundant
zeroes. In theory, we can easily obviate restrictions such as in (9.37) by specifying A to
be a non-triangular square root of T obtained by spectral decomposition. One example
is a spectrally decomposed matrix, which is thereafter modeled using a set of eigenvalues
and Given angles. One could set A = PA'/2, or the symmetric square-root A = PAY/2P’
where T' = PAP’ is the spectral decomposition for T". This requires further parametrization
for the orthogonal matrix P, such as in terms of the p(p — 1)/2 Given’s angles 6;;(s) for
i = 1 ,p—1and j =i+ 1,...,p (e.g., Daniels and Kass, 1999). Specifically, P =
- J i1 Gij(0i5) where i and j are distinct and G;(0;;) is almost the p x p identity
matrlx except that its i-th and j-th diagonal elements are replaced by cos(6;;) and % sin(6;;)
respectively. Given P for any s, the 0;;’s are unique within range (—n/2,7/2). These may
be further modeled by means of Gaussian processes on a suitably transformed function, say,
éij = 1og(:gfzz ). For further reference, see Daniels and Kass, 1999; Kang and Cressie,
2011.

While the conditional independence in (9.37) from the triangular specification for A may
seem theoretically unnecessary, it is only an a priori assumption that does not carry over to
posterior inference. Our ultimate interest resides with the cross-covariance function, which is
robustly estimated using any bijective mapping with some square-root matrix. Furthermore,
the number of parameters to be estimated in the Given’s angle specification is the same as
that for the triangular Cholesky. In practical settings, these specifications matter little but
Cholesky decompositions are numerically more stable than the spectral decomposition. The
former is also less expensive, requiring O(m?/3) flops as compared to more than O(4m3/3)
flops required by the latter. Hence, we opt for the Cholesky decomposition in our subsequent
data analysis. No additional richness accrues, at least from a practical standpoint, to a more
general A.

A more general LMC arises if again Y(s) = Aw(s) but now the w;(s) are independent
but no longer identically distributed. In fact, let the w;(s) process have mean p;, variance
1, and correlation function p;(h). Then E(Y(s)) = A where p” = (u1,- -+, u,) and the
cross-covariance matrix associated with Y (s) is now

p
EY(S),Y(S,) = S — S Z S - S (938)

where T; = ajaf with a; the jth column of A. Note that Zj T; = T. More importantly,
we note that such linear combination produces stationary spatial processes. We return to
this point in Section 9.6.3.

The one-to-one relationship between T and lower triangular A is standard. For future
use, when p = 2 we have
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When p = 3 we add
- T13 - T11To3 — Th2T13 .
VT’ VTi1Tee — TEHVT1

ass = 1| Tas — Ty (b — T12T13)2.
Tin  Ti(TiiTes — TE)

d

Lastly, if we introduce monotonic isotropic correlation functions, we will be interested
in the range associated with Yj(s). An advantage to (9.38) is that each Yj(s) has its own
range. In particular, for p = 2 the range for Y3 (s) solves p;(d) = 0.05, while the range for
Ya(s) solves the weighted average correlation,

a3,p1(d) + a3yp2(d)
a3y + a3,

=0.05. (9.39)

Since p; and py are monotonic the left side of (9.39) is decreasing in d. Hence, solving (9.39)
is routine. If we have p = 3, we need in addition the range for Y3(s). We require the solution
of

a3,p1(d) + a3yp2(d) + a3zps(d)

=0.05. (9.40)
a‘gl + a§2 + ‘I%B

The left side of (9.40) is again decreasing in d. The form for general p is clear.

In practice, the p; are parametric classes of functions. Hence the range d is a parametric
function that is not available explicitly. However, within a Bayesian context, when models
are fitted using simulation-based methods, we obtain posterior samples of the parameters
in the p;’s, as well as A. Each sample, when inserted into the left side of (9.39) or (9.40),
enables solution for a corresponding d. In this way, we obtain posterior samples of each of
the ranges, one-for-one with the posterior parameter samples.

Extending in a different fashion, we can define a process having a general nested covari-
ance model (see, e.g., Wackernagel, 1998) as

Y(s) =) Y¥(s) = Z AW w®(s) | (9.41)

where the Y(® are independent intrinsic LMC specifications with the components of w(®)
having correlation function p,,. The cross-covariance matrix associated with (9.41) takes the
form

C(s—s) =) puls —s)T™, (9.42)
u=1

with T = AW (AT The T are full rank and are referred to as coregionalization
matrices. Expression (9.42) can be compared to (9.38). Note that r need not be equal to p,
but By ) =, T™. Also, recent work of Vargas-Guzmén et al. (2002) allows the w(*)(s),
hence the Y () (s) in (9.41), to be dependent.

Returning to the more general LMC, in applications we introduce (9.38) as a spatial
random effects component of a general multivariate spatial model for the data. That is, we
assume

Y(s) = p(s) +v(s) + €(s), (9.43)
where €(s) is a white noise vector, i.e., €(s) ~ N(0, D) where D is a p X p diagonal matrix
with (D);; = 77. In (9.43), v(s) = Aw(s) following (9.38) as above, but further assuming
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that the w;(s) are mean-zero Gaussian processes. Lastly p(s) arises from y;(s) = X7 (s)8
Each component can have its own set of covariates with its own coefficient vector.

As in Section 6.1, (9.43) can be viewed as a hierarchical model. At the first stage,
given {8;,j = 1,---,p} and {v(s;)}, the Y(s;), i = 1,---,n are conditionally independent
with Y(s;) ~ N(u(s;) + v(s;), D). At the second stage, the joint distribution of v =
(V(Sl), R 7v(sn))T is N(O,Z?Zl Hj X Tj)7 where Hj is n X n with (Hj)ii’ = pj(Si — Si/).
Concatenating the Y(s;) into an np x 1 vector Y (and similarly p(s;) into w), we can
marginalize over v to obtain

G

p(Y|{16j}7Dv{pj}aT):N K, Z(Hj®Tj)+In><n®D . (944)

J=1

Prior distributions on {83, }, {TJZ}, T, and the parameters of the p; complete the Bayesian
hierarchical model specification.

9.5.2  Unconditional and conditional Bayesian specifications
9.5.2.1 Equivalence of likelihoods

In Section 9.4.5 we briefly discussed bivariate spatial modeling using a conditional specifi-
cation. Having discussed the LMC in the previous section in a fairly general context, it is
worth exploring the connections between the conditional approach and the LMC in more
general settings. The LMC of the previous section can be developed through a conditional
approach rather than a joint modeling approach. This idea has been elaborated in, e.g.,
Royle and Berliner (1999) and Berliner (2000), who refer to it as a hierarchical modeling
approach to multivariate spatial modeling and prediction.

In the context of say v(s) = Aw(s) where the w;(s) are mean-zero Gaussian processes,
by taking A to be lower triangular the equivalence and associated reparametrization are
easy to see. Upon permutation of the components of v(s) we can, without loss of generality,
write

p(v(s)) = p(vi(s)) x plva(s) [ vi(s)) x -+ X p(up(s) | va(s), -+ -, vp-1(8)) -

In the case of p = 2, p(vi(s)) is clearly N(0,T11), i.e. vi(s) = VI11wi(s) = annwi(s),
a11 > 0. But

va(s) | v1(s)) ~ N <T12”1(S),T22 - T—122> , ie. N (%Ul (s),a§2> .

T T aiy

In fact, from the previous section we have 3, = 25:1 H; ® T;. If we permute the rows of v
to v = (V(l),v(2))T, where v©) = (vy(s1), ..., vi(sn))” forl =1,2, then &, = ?:1 T;®H;.
Again with p = 2 we can calculate E(v(?)|v(1)) = Z—ﬂv(l) and Xy |y = a3, Ho. But this is
exactly the mean and covariance structure associated with variables {va(s;)} given {v1(s;)},
i.e., with va(s;) = Z—’ﬁvl (si) + azowa(s;). Note that as in Subsection 9.4, there is no notion
of a conditional process here. Again there is only a joint distribution for v(¥, v(?) given any
n and any si,-- -, sy, hence a conditional distribution for v(?) given v(1).

Suppose we write vi(s) = oyw; (s) where o3 > 0 and w;(s) is a mean 0 spatial process
with variance 1 and correlation function p; and we write va(s)|v1(s) = avi(s) + gawa(s)
where oo > 0 and ws(s) is a mean 0 spatial process with variance 1 and correlation function
p2. The parametrization («, 01, 02) is obviously equivalent to (a1, a12,a22), i.e., a11 = o1,
a1 = 01, a2 = 02 and hence to T, i.e.7 to (Tll,Tlg,T22)7 that iS, T11 = 0'%, T12 = 040'%,
Too = 0420'% + US.
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Extension to general p is straightforward but notationally messy. We record the transfor-

mations for p = 3 for future use. First, vy (s) = oywi(s), v2(s)|vi(s) = aPMuvi(s) + oows(s)

and vs(s)|vi(s), v2(s) = aBy, (s) + 04(3‘2)1)2(5) + o3ws(s). Then a11 = 01, as = aCMgy

a2 = 09, A31 — a(3|1)01, aza = a(3|2)02 and azs — O03. But also a1 = \/Tlla
2
T2 1% T3 Ti1Tos — Th2T13
ag) = —==, a2 = (/T — ==, a31 = —(——, azz = 70 and asz =
V111 T VT T11(T11Te2 — T1)

7 (TuTos — ThoTi3)?
Ty Ti(TiuTi—T3)

Advantages to working with the conditional form of the model are certainly computa-
tional and possibly mechanistic or interpretive. For the former, with the “o, o” parametriza-
tion, the likelihood factors and thus, with a matching prior factorization, models can be
fitted componentwise. Rather than the pn x pn covariance matrix involved in working with
v we obtain p covariance matrices each of dimension n x n, one for v(l)7 one for v(? |V(1),
etc. Since likelihood evaluation with spatial processes is more than an order n? calculation,
there can be substantial computational savings in using the conditional model. If there is
some natural chronology or perhaps causality in events, then this would determine a natural
order for conditioning and hence suggest natural conditional specifications. For example,
in the illustrative commercial real estate setting of Example 9.3, we have the income (I)
generated by an apartment block and the selling price (P) for the block. A natural modeling
order here is I, then P given I.

9.5.2.2 Equivalence of prior specifications

Working in a Bayesian context, it is appropriate to ask about choice of parametrization
with regard to prior specification. Suppose we let ¢; be the parameters associated with
the correlation function p;. Let ol = (@1, -+, @,). Then the distribution of v depends
upon T and ¢. Suppose we assume a priori that p(T,¢) = p(T)p(¢p) = p(T) Hj (o).
Then reparametrization, using obvious notation, to the (o, ) space results on a prior
p(o,a,¢) =p(o,a) Hj p(¢)j)'

Standard prior specification for 7' would of course be an inverse Wishart, while standard
modeling for (o2, &) would be a product inverse gamma by normal form. In the present
situation, when will they agree? We present the details for the p = 2 case. The Jacobian

from T — (01,09,a) is |[J| = o2, hence in the reverse direction it is 1/Ty;. Also |T| =
T11Toe — TE, = 0302 and
71— 1 Tps —Tip ) _ _1 a’o? —|—2U§ —0420% '
TiTo —TH \ —Tiz Tn o202 —ao] o?

After some manipulation we have the following result:

Result 1: T ~ IWs(v, (V' D)~1); that is,
v ].
p(T) x |T|~"2 exp {—gtT‘(V/DTl)} :

where D = Diag(d1, dz) and v/ = v — 3 if and only if

v—1 d; v+1 do o2
a§~10(7,7>,a§~m< 5 ,?), and a|a§~N(0,d—i .

Note also that the prior in (o, a) space factors into p(c7)p(c3, @) to match the likelihood
factorization.

This result is obviously order dependent. If we condition in the reverse order, 0%, 05, and
a no longer have the same meanings. In fact, writing this parametrization as (62,53, &), we
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obtain equivalence to the above inverse Wishart prior for T if and only if 57 ~ IG (4EL, &),

53 ~IG (452, %), and a|67 ~ N (O, rn
The result can be extended to p > 2 but the expressions become messy. However, if
p = 3 we have:

Result 2: T ~ IW3(v, (v’ D)™!, that is,

p(T) o [T zexp{—gterT—l)},

where now where D = Diag(dy,ds,d3) and v/ = v — 3+ 1 if and only if o7 ~ IG (%52, %),

2 72
7}~ 16 (5.%4). oF ~ IG (42 %), aCWlo} ~ N (0.5). a®Vjod ~ N (0.52). and

g2 ~ N (0, Z—g) Though there is a one-to-one transformation from T-space to (o, a)-
space, a Wishart prior with nondiagonal D implies a nonstandard prior on (o, a)-space.
Moreover, it implies that the prior in (o, a)-space will not factor to match the likelihood
factorization.

Returning to the model in (9.43), the presence of white noise in (9.43) causes difficulties
with the attractive factorization of the likelihood under conditioning. Consider again the
p =2 case. If

Yi(s) = X¥(s)By +vi(s) +e1(s)

4
and Ya(s) = X5(s)B, + va(s) + o(s) (9.45)
then the conditional form of the model writes
Yi(s) = X[ (s)B, + orwi(s) + mrua(s) (9.46)

and Ya(s)|Y1(s) = XIT(s)By + aYi(s) + oawa(s) + maua(s) .

In (9.46), wi(s) and wa(s) are as above with uq(s), ua(s) ~ N(0,1), independent of each
other and the w;(s). But then, unconditionally, Y>(s) equals

Xg(s)ﬂzj a (XT(s)B) + o1wi(s) + miui(s)) + oawa(s) + raus(s) (9.47)

= X3 (s)B, + X{ (s)apB; + aUlwl( ) + oawa(s) + aTlul( ) + Taua(s) . '
In attempting to align (9.47) with (9.45) we require Xy(s) = X (s), whence 8, = B3, +a/3,.
We also see that va(s) = aoiwi(s) + oows(s). But, perhaps most importantly, ex(s) =
atiul(s) + Taus(s). Hence €1(s) and ex(s) are not independent, violating the white noise
modeling assumption associated with (10.3). If we have a white noise component in the
model for Yi(s) and also in the conditional model for Ya(s)|Y1(s) we do not have a white
noise component in the unconditional model specification. Obviously, the converse is true
as well.

If ui(s) = 0, i.e., the Yi(s) process is purely spatial, then, again with Xs(s) = Xy (s),
the conditional and marginal specifications agree up to reparametrization. More precisely,
the parameters for the unconditional model are 3, By, 72 with T11, Th2, The, ¢;, and ¢,.
For the conditional model we have 3;, B,, 72 with o1, 02, a, ¢;, and ¢,. We can appeal
to the equivalence of (Th1,712,722) and (01,02, @) as above. Also note that if we extend
(9.45) to p > 2, in order to enable conditional and marginal specifications to agree, we will
require a common covariate vector and that uq(s) = ua(s) = --- = up_1(s) = 0, i.e., that
all but one of the processes is purely spatial.

9.6 Spatially varying coefficient models

In Section 11.1 we introduce a spatially varying coefficient process in the evolution equation
of the spatiotemporal dynamic model. Similarly, in Section 14.4 we consider multiple spatial
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frailty models with regression coefficients that were allowed to vary spatially. Here, we
develop this topic more fully to amplify the scope of possibilities for such modeling. In
particular, in the spatial-only case, we denote the value of the coefficient at location s by
B(s). This coefficient can be resolved at either areal unit or point level. With the former,
the B(s) surface consists of “tiles” at various heights, one tile per areal unit. The former
are, perhaps, more natural with areal data (see Section 10.1). For the latter, we achieve a
more flexible spatial surface.

Using tiles, concern arises regarding the arbitrariness of the scale of resolution, the lack
of smoothness of the surface, and the inability to interpolate the value of the surface to
individual locations. When working with point-referenced data it will be more attractive to
allow the coefficients to vary by location, to envision for a particular coefficient, a spatial
surface. For instance, in our example below we also model the (log) selling price of single-
family houses. Customary explanatory variables include the age of the house, the square feet
of living area, the square feet of other area, and the number of bathrooms. If the region of
interest is a city or greater metropolitan area, it is evident that the capitalization rate (e.g.,
for age) will vary across the region. In some parts of the region older houses will be more
valued than in other parts. By allowing the coefficient of age to vary with location, we can
remedy the foregoing concerns. With practical interest in mind (say, real estate appraisal),
we can predict the coefficient for arbitrary properties, not just for those that sold during
the period of investigation. Similar issues arise in modeling environmental exposure to a
particular pollutant where covariates might include temperature and precipitation.

One possible approach would be to model the spatial surface for the coefficient para-
metrically. In the simplest case this would require the rather arbitrary specification of a
polynomial surface function; surfaces too limited or inflexible might result. More flexibility
could be introduced using a spline surface over two-dimensional space; see, e.g., Luo and
Wahba (1998) and references therein. However, this requires selection of a spline function
and determination of the number of and locations of the knots in the space. Also, with
multiple coefficients, a multivariate specification of a spline surface is required.

The approach we adopt here is arguably more natural and at least as flexible. We model
the spatially varying coefficient surface as a realization from a spatial process. For multiple
coeflicients we employ a multivariate spatial process model.

To clarify interpretation and implementations, we first develop our general approach in
the case of a single covariate, hence two spatially varying coefficient processes, one for the
“intercept” and one for the “slope.” We then turn to the case of multiple covariates. Recall
that, even when fitting a simple linear regression, the slope and intercept are almost always
strongly (and, usually, inversely) correlated. (This is intuitive if one envisions overlaying
random lines that are likely relative to a fixed scatterplot of the data points.) So, if we
extend to a process model for each, it seems clear that we would want the processes to
be dependent (and the same reasoning would extend to the case of multiple covariates).
Hence, we employ a multivariate process model. Indeed we present a further generalization
to build a spatial analogue of a multilevel regression model (see, e.g., Goldstein, 1995). We
also consider flexible spatiotemporal possibilities (anticipating Chapter 10). The previously
mentioned real estate setting provides site level covariates whose coefficients are of consid-
erable practical interest and a data set of single-family home sales from Baton Rouge, LA,
enables illustration. Except for regions exhibiting special topography, we anticipate that a
spatially varying coefficient model will prove more useful than, for instance, a trend surface
model. That is, incorporating a polynomial in latitude and longitude into the mean struc-
ture would not be expected to serve as a surrogate for allowing a coefficient for, say, age or
living area of a house to vary across the region.
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9.6.1 Approach for a single covariate

Recall the usual Gaussian stationary spatial process model as in (6.1),

Y (s) = u(s) + w(s) +es) , (9.48)

where u(s) = x(s)T S and €(s) is a white noise process, i.e., E(¢(s)) = 0, Var(e(s)) = 72,

cov(e(s),e(s’)) =0, and w(s) is a second-order stationary mean-zero process independent of
the white noise process, i.e., E(w(s)) = 0, Var(w(s)) = o2, cov(w(s),w(s")) = o2p(s,s’; ¢),
where p is a valid two-dimensional correlation function. R

Letting p(s) = Bo+ f1z(s), write w(s) = Bo(s) and define Fy(s) = o+ Bo(s). Then Bo(s)
can be interpreted as a random spatial adjustment at location s to the overall intercept So.
Equivalently, Bg(s) can be viewed as a random intercept process. For an observed set of
locations s1,82,...,8, given B, B1,{Bo(si)} and 72, the Y (s;) = Bo + frz(s;) + Bo(si) +
€(s;),i = 1,...,n, are conditionally independent. Then L(fy, 51, {Bo(s:)},7%;y), the first-
stage likelihood, is

(72 % exp { =z TV (60) — (o + Gras) + Fnfsi)? - (9.49)
In obvious notation, the distribution of Bg = (8(s1), ..., Bo(sn))? is
f(Bo | 90, ¢0) = N(0,00* Ho(¢0)) , (9.50)

where (Ho(¢0))ij = po(si — Sj; ¢o). For all of the discussion and examples below, we adopt
the Matérn correlation function, (2.8). With a prior on g, 1,72, 03, and ¢y, specification
of the Bayesian hierarchical model is completed. Under (9.49) and (9.50), we can integrate
over By, obtaining L(So, 81, 72,002, $0;y), the marginal likelihood, as

lo2 Ho(do) + 721| 77 x exp{—%Q} , (9.51)

-1
whereTQ = (y = Bol = p1x)" (03 Ho (do) + 72I)" (y — ol — fix) and x = (x(s1), ...,
Following Gelfand, Kim, Sirmans and Banerjee (2003), the foregoing development im-
mediately suggests how to formulate a spatially varying coefficient model. Suppose we write

Y(s) = Bo + fra(s) + Pu(s)z(s) + €(s) - (9-52)

In (9.52), Bi(s) is a second-order stationary mean-zero Gaussian process with variance o}
and correlation function p1(-; ¢1). Also, let 81(s) = 81+ B1(s). Now 1 (s) can be interpreted
as a random spatial adjustment at location s to the overall slope 1. Equivalently, 51(s)
can be viewed as a random slope process. In effect, we are employing an uncountable
dimensional function to explain the relationship between z(s) and Y (s). This model might be
characterized as locally linear; however, it is difficult to imagine a more flexible specification
for the relationship between x(s) and Y'(s).

Expression (9.52) yields obvious modification of (9.49) and (9.50). In particular, the
resulting marginalized likelihood becomes

1
L(BOvﬁla 7—2) 0127 ¢17Y) = |0'12DEH1(¢1)DI + 7-21|_% X eXp {_§Q} ) (953)
where Q = (y—Bo1—51x)T (62D, Hy(¢1)Dy+721) " (y—Bol—B1x) and D, is diagonal with

(Dy)ii = 2(s;). With By = (B1(s1), ..., 51(sn))T we can sample f(B1|y) and f(51(Snew)|y)
via composition.
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Note that (9.52) provides a heterogeneous, nonstationary process for the data re-
gardless of the choice of covariance function for the (1 (s) process, since Var(Y(s) |
ﬂo,ﬁl,T2,012,¢1) = $2(S)012 + 72 and COV(Y(S),Y(S/) | ﬂo,ﬁl,T2,012,¢1) =
o12z(s)x(s")p1(s — s';41). As a result, we observe that in practice, (9.52) is sensible only
if we have z(s) > 0. In fact, centering and scaling, which is usually advocated for better
behaved model fitting, is inappropriate here. With centered z(s)’s we would find the likely
untenable behavior that Var(Y(s)) decreases and then increases in x(s). Worse, for an es-
sentially central z(s) we would find Y (s) essentially independent of Y (s’) for any s’. Also,
scaling the z(s)’s accomplishes nothing. 51 (s) would be inversely rescaled since the model
only identifies 1 (s)z(s).

This leads to concerns regarding possible approximate collinearity of x, the vector of
x(s;)’s, with the vector 1. Expression (9.53) shows that a badly behaved likelihood will
arise if x &~ c1. But, we can reparametrize (9.52) to Y'(s) = So’ + 51'%(s) + B1(s)z(s) + €(s)
where #(s) is centered and scaled with obvious definitions for By’ and 3,’. Now f3i(s) =
B1/sz + P1(s) where s, is the sample standard deviation of the z(s)’s.

As below (9.51), we can draw an analogy with standard longitudinal linear growth curve
modeling, where Y;; = o + B1xi; + S1iTij + €, i.e., a random slope for each individual.
For growth curve models, we consider both a population level growth curve (marginalizing
over the random effects) as well as these individual level growth curves. In this regard, here,
Y (s) = fo + B1x(s) + €(s) provides the global growth curve while (9.54) below provides the
local growth curves.

Specifically, the general specification incorporating both 5y(s) and £1(s) would be

Y (s) = Bo + Brx(s) + Bo(s) + Bi(s)x(s) + €(s). (9.54)

Expression (9.54) parallels the usual linear growth curve modeling by introducing both
an intercept process and a slope process. The model in (9.54) requires a bivariate process
specification in order to determine the joint distribution of By and B;. It also partitions the
total error into intercept process error, slope error, and pure error. A noteworthy remark is
that we can fit the bivariate spatial process model in (9.54) without ever observing it. That
is, we only observe the Y (s) process. This demonstrates the power of hierarchical modeling
with structured dependence.

9.6.2 Multivariate spatially varying coefficient models

For the case of a px 1 multivariate covariate vector X(s) at location s where, for convenience,
X(s) includes a 1 as its first entry to accommodate an intercept, we generalize (9.54) to

Y (s) = X7 (s)B(s) + €(s) , (9.55)

where ﬁ(s) is assumed to follow a p-variate spatial process model. With observed locations
$1,S2,...,8y, let X be n x np block diagonal having as block for the ith row X7 (s;). Then
we can write Y = X7B + € where B is np x 1, the concatenated vector of the 3(s), and
€~ N(0,7%1).

As above, in practice, to assume that the component processes of ,Z')' (s) are independent
is likely inappropriate. The dramatic improvement in model performance when dependence
is incorporated is shown in Example 9.4. To formulate a multivariate Gaussian process
for B(s) we require the mean and the cross-covariance function. For the former, following
Subsection 9.6.1, we take this to be pg = (B1,..., ;). For the latter we require a valid
p-variate choice. In the following paragraphs we work with a separable form (Section 9.3),
yielding ~

B~ N1yx1®@pg, Hip)@T) . (9.56)
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If if B = B 4 1,,x1 ® g, then we can write (9.55) as

Y(s) = X" (s)us + X" (s)B(s) + €(s) . (9.57)

In (9.57) the total error in the regression model is partitioned into p+ 1 pieces, each with an
obvious interpretation. Following Subsection 9.6.1, using (9.55) and (9.56) we can integrate
over 3 to obtain

L(ps. 72, T.diy) = |X(H(¢) @ T)XT +72I|7% x exp{—3Q} , (9.58)

where Q = (y — X(1 @ pug)) (X (H(¢) @ T)XT +72I)~Y(y — X(1 ® pg)). This apparently
daunting form still involves only n x n matrices.

The Bayesian model is completed with a prior p (3,72, T, ¢), which we assume to take
the product form p(pg)p(72)p(T)p(¢). Below, these components will be normal, inverse
gamma, inverse Wishart, and gamma, respectively.

With regard to prediction, p(B|y) can be sampled one for one with the posterior sam-

ples from f (uﬂ,72,T,¢|y) using f (B|uﬂ,72,T,¢,y), which is N (Aa, A) where A =
(XTX/2+ H ' (¢) @ T71)"' and a = XTy/m? + (H ' (¢) @ T~') (1® py). Here A
is mp x np but, for sampling 8, only a Cholesky decomposition of A is needed, and only
for the retained posterior samples. Prediction at a new location, say, Sje.,, requires samples
from f (ﬁ (Snew) |]§,uﬂ,72,T, ¢). Defining hyeq, () to be the n x 1 vector with ith row

entry p (8; — Snew; @), this distribution is normal with mean

s+ (bl (0) ©T) (H1 () @ T7Y) (B = Lo @ sy )
=ty + (00, () H (@)@ 1) (B = Lum @ 11y ) |

and covariance matrix

T — (h;l;ew ((b) ® T) (H71 ((b) ® Tﬁl) (hnew ((b) ® T) = (I - h;l;ew (¢) Hil (¢) hnew ((b)) T.

Finally, the predictive distribution for Y (Spew), namely f (Y (Snew) | y), is sampled by
composition, as usual.

We conclude this subsection by noting an extension of (9.55) when we have repeated
measurements at location s. That is, suppose we have

Y (s,1) = X% (s,1)B(s) + e(s,1) , (9.59)

where | = 1,..., Lg with Lg the number of measurements at s and the € (s, ) still white
noise. As an illustration, in the real estate context, s might denote the location for an
apartment block and [ might index apartments in this block that have sold, with the Ith
apartment having characteristics X (s, ). Suppose further that Z (s) denotes an r x 1 vector
of site-level characteristics. For an apartment block, these characteristics might include
amenities provided or distance to the central business district. Then (9.59) can be extended
to a multilevel model in the sense of Goldstein (1995) or Raudenbush and Bryk (2002). In
particular we can write

Z" (s)m
B(s)= +w(s) . (9.60)
Z" (s)v,
In (9.60),v;,7 =1,...,p, is an r x 1 vector associated with Bj (s), and w (s) is a mean-zero

multivariate Gaussian spatial process, for example, as above. In (9.60), if the w (s) were
independent we would have a usual multilevel model specification. In the case where Z (s)
is a scalar capturing just an intercept, we return to the initial model of this subsection.
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9.6.3 Spatially varying coregionalization models

A possible extension of the LMC would replace A by A(s) and thus define
Y (s) = A(s)w(s) . (9.61)

We refer to the model in (9.61) as a spatially varying LMC. Following the notation in
Section 9.5.1, let T(s) = A(s)A(s)T. Again A(s) can be taken to be lower triangular for
convenience. Now C(s,s’) is such that

C(s,s') =Y pi(s —s)aj(s)a;(s) | (9.62)

with a;(s) the jth column of A(s). Letting T}(s) = a; (s)af(s), again, »_ Tj(s) = T'(s). We
see from (9.62) that Y (s) is no longer stationary. Extending the intrinsic specification for
Y(s), C(s,s’) = p(s—s’)T(s), which is a multivariate version of the case of a spatial process
with a spatially varying variance.

This motivates a natural definition of A(s) through its one-to-one correspondence with
T'(s) (again from Section 9.5.1) since T'(s) is the covariance matrix for Y (s). In the univariate
case choices for o%(s) include o2(s,#), i.e., a parametric function of location; o?(x(s)) =
g(z(s))o? where z(s) is some covariate used to explain Y(s) and g(-) > 0 (then g(x(s))
is typically x(s) or 22%(s)); or o%(s) is itself a spatial process (e.g., logo?(s) might be a
Gaussian process). In practice, T'(s) = g(x(s))T will likely be easiest to work with.

Note that all of the discussion in Section 9.5.2 regarding the relationship between condi-
tional and unconditional specifications is applicable here. Particularly, if p = 2 and T'(s) =
g(z(s))T then (T11,T12,Ta2) is equivalent to (01,09, @), and we have a11(s) = \/g(z(s)o1,
agz(s) = v/g(z(s)oa, and az; = \/g(x(s)aoy. See Gelfand et al. (2004) for further discus-
sion.

9.6.4 Model-fitting issues

This subsection starts by discussing the computational issues in fitting the joint multivariate
model presented in Subsection 9.5.1. It will be shown that it is a challenging task to fit this
joint model. On the other hand, making use of the equivalence of the joint and conditional
models, as discussed in Section 9.5.2, we demonstrate that it is much simpler to fit the
latter.

9.6.4.1 Fitting the joint model

Different from previous approaches that have employed the coregionalization model, our
intent is to follow the Bayesian paradigm. For this purpose, the model specification is
complete only after assigning prior distributions to all unknown quantities in the model. The
posterior distribution of the set of parameters is obtained after combining the information
about them in the likelihood (see Equation (9.44)) with their prior distributions.
Observing Equation (9.44), we see that the parameter vector defined as 6 consists of
{B;},D,{p;}, T, j=1,---,p. Adopting a prior that assumes independence across j we take

p(8) =11, p(8;) p(p;) p(77) p(T). Hence p(@|y) is given by
p(Oly) < p(y [{B;}, D, {p;},T) p(0) .

For the elements of 3;, a normal mean-zero prior distribution with large variance can
be assigned, resulting in a full conditional distribution that will also be normal. Inverse
gamma distributions can be assigned to the elements of D, the variances of the p white
noise processes. If there is no information about such variances, the means of these inverse
gammas could be based on the least squares estimates of the independent models with
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large variances. Assigning inverse gamma distributions to 7'j2 will result in inverse gamma
full conditionals. The parameters of concern are the elements of p; and 7. Regardless
of what prior distributions we assign, the full conditional distributions will not have a
standard form. For example, if we assume that p; is the exponential correlation function,
p;j(h) = exp(—¢;h), a gamma prior distribution can be assigned to the ¢;’s. In order to
obtain samples of the ¢;’s we can use the Metropolis-Hastings algorithm with, for instance,
log-normal proposals centered at the current log ¢;.

We now consider how to sample 7', the covariance matrix among the responses at each
location s. Due to the one-to-one relationship between T and the lower triangular A, one
can either assign a prior to the elements of A, or set a prior on the matrix 7. The latter
seems to be more natural, since T is interpreted as the covariance matrix of the elements
of Y(s). As T must be positive definite, we use an inverse Wishart prior distribution with
v degrees of freedom and mean D*, i.e., the scale matrix is (v — p — 1)(D*)~L. If there is
no information about the prior mean structure of 7', rough estimates of the elements of
the diagonal of D* can be obtained using ordinary least squares estimates based on the
independent spatial models for each Yj(s), j = 1,---,p. A small value of v(> p+ 1) would
be assigned to provide high uncertainty in the resulting prior distribution.

To sample from the full conditional for T, Metropolis-Hastings updates are a place to
start. In our experience, random walk Wishart proposals do not work well, and importance
sampled Wishart proposals have also proven problematic. Instead, we recommend updating
the elements of T individually. In fact, it is easier to work in the unconstrained space of
the components of A, so we would reparametrize the full conditional from T to A. Random
walk normal proposals for the a’s with suitably tuned variances will mix well, at least for
p =2 or 3. For larger p, repeated decomposition of T' to A may prove too costly.

9.6.4.2 Fitting the conditional model

Section 9.5.2 showed the equivalence of conditional and unconditional specifications in terms
of v(s). Here we write the multivariate model for Y(s) in its conditional parametrization
and see that the inference procedure is simpler than for the multivariate parametrization.
Following the discussion in Section 9.5.2, for a general p, the conditional parametrization is

Yi(s) = X{(s)B; +o1wi(s)
Ya(s) | Yi(s) = XJ(s)Bs+ o®I'Yi(s) + oawal(s)
: (9.63)
Yo(s) | Yi(s), -+, Yp(s) = X[ (s)8,+ al'Yi(s)
o oYY, (s) + opwy(s)
In (9.63), the set of parameters to be estimated is 8. = {B,a,0?, ¢}, where a’ =
(0[2|17043|17043‘27'"aamp_l)v 6T = (1617"'7/6p)7 0-2 = (0%7"'7012))7 and ¢ is as defined

in Subsection 9.5.2. The likelihood is given by
fe (Y|00) = f(Y1|001) f(Y2|Y1,062) T f(Yp|Y1a T aYP—laO ) .

Cp

If m(6.) is taken to be ?:1 7(0.,;) then this equation implies that the conditioning yields
a factorization into p models each of which can be fitted separately. Prior specification of
the parameters was discussed in Subsection 9.5.2.2. With those forms, standard univariate

spatial models that can be fit using the GeoBUGS package arise.

Example 9.3 (Commercial real estate example). The selling price of commercial real es-
tate, for example an apartment property, is theoretically the expected income capitalized at
some (risk-adjusted) discount rate. (See Kinnard, 1971, and Lusht, 1997, for general discus-
sions of the basics of commercial property valuation theory and practice.) Here we consider
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Figure 9.6 Locations of the 78 sites (x) used to fit the (price, income) model, and the 20 sites used
for prediction (p).

a data set consisting of 78 apartment buildings, with 20 additional transactions held out
for prediction of the selling price based on four different models. The locations of these
buildings are shown in Figure 9.6. The aim here is to fit a joint model for selling price and
net income and obtain a spatial surface associated with the risk, which, for any transaction,
is given by net income/price. For this purpose we fit a model using the following covariates:
average square feet of a unit within the building (sqft), the age of the building (age), the
number of units within the building (unit), the selling price of the transaction (P), and the
net income (I). Figure 9.7 shows the histograms of these variables on the log scale. Using
the conditional parametrization, the model is

I(s) = sqft(s)Br1 + age(s)Bra + unit(s)Brs + orwi(s)
P(s)|I(s) = sqft(s)Bp1 + age(s)Bpa + unit(s)Bps (9.64)
+1(5)a )+ opws(s) + €(s) .

Notice that I(s) is considered to be purely spatial since, adjusted for building characteristics,
we do not anticipate a microscale variability component. The need for white noise in the price
component results from the fact that two identical properties at essentially the same location
need not sell for the same price due to the motivation of the seller, the buyer, the brokerage
process, etc. (If a white noise component for I(s) were desired, we would fit the joint model
as described near the beginning of Subsection 9.6.4.) The model in (9.64) is in accordance
with the conditional parametrization in Subsection 9.5.2.2. The prior distributions were
assigned as follows. For all the coefficients of the covariates, including a?l"), we assigned
a normal 0 mean distribution with large variance. For o7 and 03 we used inverse gammas
with infinite variance. We use exponential correlation functions and the decay parameters
®j, j = 1,2 have a gamma prior distribution arising from a mean range of one half the
maximum interlocation distance, with infinite variance. Finally, 73, the variance of €(-), has
an inverse gamma prior centered at the ordinary least squares variance estimate obtained
from an independent model for log selling price given log net income.
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Figure 9.7 Histograms of the logarithm of the variables.

Table 9.4 presents the posterior summaries of the parameters of the model. For the
income model the age coefficient is significantly negative, the coefficient for number of units
is significantly positive. Notice further that the correlation between net income and price is
very close to 1. Nevertheless, for the conditional price model age is still significant. Also we
see that price shows a bigger range than net income. Figure 9.8 shows the spatial surfaces
associated with the three processes: net income, price, and risk. It is straightforward to show
that the logarithm of the spatial surface for risk is obtained through (1 — a?I")oyw; (s) —
oows(s). Therefore, based on the posterior samples of a!V, wy(s), o1, o, and ws(s) we
are able to obtain samples for the spatial surface for risk. From Figure 9.8(c), we note
that the spatial risk surface tends to have smaller values than the other surfaces. Since
log R(s) = log I(s)—log P(s) with R(s) denoting the risk at location s, the strong association
between I(s) and P(s) appears to result in some cancellation of spatial effect for log risk.
Actually, we can obtain the posterior distribution of the variance of the spatial process for
log R(s). Tt is (1 — a?M)26? + 3. The posterior mean of this variance is 0.036 and the
95% credible interval is given by (0.0087,0.1076) with median equal 0.028. The posterior
variance of the noise term is given by 72, which is in Table 9.4. If we compare the medians
of the posteriors of the variance of the spatial process of the risk and the variance of the
white noise, we see that the spatial process presents a smaller variance; the variability of
the risk process is being more explained by the residual component.

In order to examine the comparative performance of the model proposed above we
decided to run four different models for the selling price using each one to predict at the
locations marked with p in Figure 9.6. For all these models we used the same covariates as
described before. Model 1 comprises an independent model for price, i.e., without a spatial
component or net income. Model 2 has a spatial component and is not conditioned on net
income. In Model 3 the selling price is conditioned on the net income but without a spatial
component, and Model 4 has net income as a covariate and also a spatial component.
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Parameter | Mean | 2.50% | Median | 97.50%
B 0.156 | -0.071 | 0.156 0.385
Br2 -0.088 | -0.169 | -0.088 | -0.008
Br3 0.806 | 0.589 | 0.804 1.014
Bpr1 0.225 | 0.010 | 0.229 0.439
Bp2 -0.092 | -0.154 | -0.091 | -0.026
Bp3 -0.150 | -0.389 | -0.150 | 0.093

alh 0.858 | 0.648 | 0.856 1.064
o? 0.508 | 0.190 | 0.431 1.363
o3 0.017 | 0.006 | 0.014 | 0.045
T3 0.051 | 0.036 | 0.051 0.071
b1 3.762 | 1.269 | 3.510 7.497
op 1.207 | 0.161 | 1.072 3.201

range; 0.969 | 0.429 | 0.834 2.291

rangep, | 1.2383 | 0.554 | 1.064 2.937

corr(I,P) | 0.971 | 0.912 | 0.979 0.995
Trr 0.508 | 0.190 | 0.431 1.363
Trp 0.435 | 0.158 | 0.369 1.136
Tpp 0.396 | 0.137 | 0.340 1.000

Table 9.4 Posterior summaries, joint model of price and income.
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Figure 9.8 Image plots of the spatial processes of (a) net income, (b) price, and (c) risk.

Table 9.5 shows both Z?il €3, where e; = P(s;) — E(P(s;)|ly, model) and P(s;) is the
observed log selling price for the jth transaction, and Z?il Var (P(s;)|y, model). Recall
from Equation (5.14) that the former is a measurement of predictive goodness of fit, while
the latter is a measure of predictive variability. It is clear from the table that the model
conditioned on net income and with a spatial component is best, both in terms of fit and

predictive variability.
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Model Yoo e? St Var(P(s))ly)
Independent, nonspatial 2.279 3.277
Independent, spatial 1.808 2.963
Conditional, nonspatial 0.932 1.772
Conditional, spatial 0.772 1.731

Table 9.5 Squared error and sum of the variances of the predictions for the 20 sites left out in the
fitting of the model.

9.7 Other constructive approaches x

Here we consider two additional constructive strategies for building valid cross-covariance
functions. The first is referred to as a moving average approach in Ver Hoef and Barry (1998).
It is a multivariate version of the kernel convolution development of Subsection 3.2.2 that
convolves process variables to produce a new process. The second approach convolves valid
covariance functions to produce a valid cross-covariance function.

For the first approach, expressions (3.9) and (3.10) suggest several ways to achieve
multivariate extension. Again with Y(s) = (Yi(s),...,Y,(s)), define

Yi(s) = - ke(w)Z(s+u)du, £=1,...,p. (9.65)

In this expression, Z(-) is a mean 0 stationary process with correlation function p(-), and
ke is a kernel associated with the ¢th component of Y(s). In practice, k¢(u) would be
parametric, i.e., k¢(u; 8¢). The resulting cross-covariance matrix for Y(s) has entries

Cru(s,s) = 02/ / ke(s — s +u)ke (0)p(u — u’)dudu’ . (9.66)
®2 JR2

This cross-covariance matrix is necessarily valid. It is stationary and, as may be easily ver-
ified, is symmetric, i.e., cov(Yy(s), Yy (s')) = Cur(s —8') = Coo(s — s') = cov (Y (), Yo (s')).
Since the integration in (9.66) will not be possible to do explicitly except in certain special
cases, finite sum approximation of (9.65), analogous to (3.15), is an alternative.

An alternative extension to (3.10) introduces lags hy, defining

Yo(s) = E(wZ(s+hy+u)du, =1,...,p
R2

Coe(s,s') = 02/ / k(s —s' +u)k(u)p(hy — hy +u — u')dudu’.
w2 w2

Again the resulting cross-covariance matrix is valid; again the process is stationary. However
now it is easy to verify that the cross-covariance matrix is not symmetric. Whether a lagged
relationship between the variables is appropriate in a purely spatial specification would
depend upon the application. However, in practice the h, would be unknown and would be
considered as model parameters. A fully Bayesian treatment of such a model has not yet
been discussed in the literature.

For the second approach, suppose Cy(s), ¢ = 1,...p are each squared integrable
stationary covariance functions valid in two-dimensional space. We now show Cly(s) =
J g2 Ce(s— )Cg( )du, the convolution of Cp with itself, is again a Valid covariance function.

Writing Og = [e W hOg( )dh, by inversion, Cy(s) = [ ew'sC © ‘;'2) dw. But also, from

(3.2), ng fe*“" SCy(s)ds = feﬂs S [Cu(s— u)Cg(u)duds = ffe“"T(s WCy(s —
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w)e™ U0y (u)duds = (Cyp(w))2. Self-convolution of Cy produces the square of the Fourier

transform. However, since Cy(-) is valid, Bochner’s Theorem (Subsection 3.1.2) tells us that

Cy(w)/(2m)2C(0) is a spectral density symmetric about 0. But then due to the squared

integrability assumption, up to proportionality, so is (Cy(w))2, and thus Cy(-) is valid.
The same argument ensures that

Co(s) = Ce(s —u)Cp(u)du (9.67)
R2

is also a valid stationary covariance function; cross-convolution provides a valid covariance
function. (Now Cyp(w) = Cy(w)Co (w).) Moreover, it can be shown that C(s — s’) defined
by (C(s—8))eer = Cper(s —8') is a valid p X p cross-covariance function (see Majumdar and
Gelfand, 2003). It is also the case that if each Cy is isotropic, then so is C'(s—s’). To see this,
suppose ||hi|| = ||/hz||. We need only show that Cyp(hy) = Cye (h2). But hy = Phy where
P is orthogonal. Hence, Cyr(h1) = [ Cy(hy — u)Cp (u)du = [ Cy(P(hy — u))Cp (Pu)du =
J Ce(hy —0)Cp (@)du = Cyp (hy).

We note that the range associated with Cyy is not the same as that for Cy but that
if the Cy’s have distinct ranges then so will the components, Yz(s). Computational issues
associated with using C'(s—s’) in model-fitting are also discussed in Majumdar and Gelfand
(2003). We note that (9.67) can in most cases be conveniently computed by transformation
to polar coordinates and then using Monte Carlo integration. We leave this calculation to
an exercise.

As a concluding remark here, we note the recent work of Apanasovich and Genton (2010)
(see also Apanasovich, Genton and Sun, 2012), which builds extremely flexible classes of
cross-covariance functions, drawing upon the constructions of Gneiting (2002), as mentioned
briefly in Section 11.3. The basic idea is to build valid forms using covariance functions in-
volving latent dimensions. General expressions are complex, involving many parameters,
suggesting potential identifiability problems in model fitting. The interested reader is en-
couraged to consult this work for more detail. Here, we offer a simple illustration. Recall
that, under coregionalization, in the two-dimensional case, with exponential covariance func-
tions, we create C11(h) = a?,exp(—aq||h|]), C2a(h) = a3,exp(—a1||h||) + a3, exp(—az||h||),
and C12(h) = a11a21 exp(—a1||h|]). Apanasovich and Genton (2010) show that, if we retain

C11(h) and Caz(h) as they are but generalize C12(h) to Ci2(h) = 1924 exp(—(égilglﬂl/z),
we still obtain a valid cross-covariance function with added flexibility of the parameters

51220&11(1620.

Example 9.4 (Baton Rouge housing prices). We analyze a sample from a database of real
estate transactions in Baton Rouge, LA, during the eight-year period 1985-1992. Here, we
focus upon the static case. In particular, we focus on modeling the log selling price of single-
family homes. In real estate modeling it is customary to work with log selling price in order
to achieve better approximate normality. A range of house characteristics are available. We
use four of the most common choices: age of house, square feet of living area, square feet
of other areas (e.g., garages, carports, storage), and number of bathrooms. For the static
spatial case, a sample of 237 transactions was drawn from 1992. Figure 9.9 shows the parish
of Baton Rouge and the locations contained in an encompassing rectangle within the parish.

We fit a variety of models, where in all cases the correlation function is from the Matérn
class. We used priors that are fairly noninformative and comparable across models as sensi-
ble. First, we started with a spatially varying intercept and one spatially varying slope co-
efficient (the remaining coefficients do not vary), requiring a bivariate process model. There
are four such models, and using Dy, the Gelfand and Ghosh (1998) criterion (5.14), the
model with a spatially varying living area coefficient emerges as best. Next, we introduced
two spatially varying slope coefficient processes along with a spatially varying intercept, re-
quiring a trivariate process model. There are six models here; the one with spatially varying
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Figure 9.9 Locations sampled within the parish of Baton Rouge for the static spatial models.

Model Fit Variance penalty Dg

Five-dimensional 42.21 36.01 78.22
Three-dimensional (best) || 61.38 47.83 109.21
Two-dimensional (best) 69.87 46.24 116.11
Independent process 94.36 59.34 153.70

Table 9.6 Values of posterior predictive model choice criterion (over all models).

age and living area is best. Finally, we allowed five spatially varying processes: an intercept
and all four coefficients, using a five-dimensional process model. We also fit a model with
five independent processes. From Table 9.6 the five-dimensional dependent process model
is far superior and the independent process model is a dismal last, supporting our earlier
intuition.

The prior specification used for the five-dimensional dependent process model is
as follows. We take vague N (0, 1051 ) for pg, a five-dimensional inverse Wishart,
IW (5, Diag (0.001)), for T, and an inverse gamma IG (2,1) for 72 (mean 1, infinite vari-
ance). For the Matérn correlation function parameters ¢ and v we assume gamma priors
G (2,0.1) (mean 20 and variance 200). For all the models three parallel chains were run
to assess convergence. Satisfactory mixing was obtained within 3000 iterations for all the
models; 2000 further samples were generated and retained for posterior inference.

The resulting posterior inference summary is provided in Table 9.7. We note a significant
negative overall age coeflicient with significant positive overall coefficients for the other three
covariates, as expected. The contribution to spatial variability from the components of 3
is captured through the diagonal elements of the 7" matrix scaled by the corresponding
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Parameter 2.5% 50%  97.5%
Bo (intercept) 9.908 9.917  9.928
B (age) ~0.008 -0.005 -0.002
By (living area)  0.283  0.341  0.401
B3 (other area)  0.133  0.313  0.497
B4 (bathrooms) 0.183  0.292  0.401

Ti 0.167 0.322  0.514
73T a9 0.029  0.046  0.063
T3T33 0.013  0.028  0.047
73Ty 0.034 0.045  0.066
72155 0.151  0.183  0.232

Tia/vVT11T22 -0.219 -0.203 -0.184
Ti3/vVT11T33 -0.205 -0.186 -0.167
Tv4/VT11Tua 0.213  0.234  0.257
Ti5/vVT11T55 -0.647 -0.583 —0.534
To3/v/Ta2T33 -0.008 0.011  0.030
Toa//To2Tus 0.061  0.077  0.098
To5/v/T22T55 -0.013 0.018  0.054
T34/+/T33Tua -0.885 -0.839 -0.789
T35/ T33T55 -0.614 -0.560 —0.507
Tus/v/TaaThs 0173 0232  0.301
¢ (decay) 051 114  2.32

v (smoothness)  0.91 1.47 2.87

range (in km) 2.05 4.17 9.32

72 0.033 0.049 0.077

Table 9.7 Inference summary for the five-dimensional multivariate spatially varying coefficients
model.

covariates following the discussion at the end of Subsection 9.6.1. We see that the spatial
intercept process contributes most to the error variability with, perhaps surprisingly, the
“bathrooms” process second. Clearly spatial variability overwhelms the pure error variability
72, showing the importance of the spatial model.

The dependence between the processes is evident in the posterior correlation between
the components. We find the anticipated negative association between the intercept process
and the slope processes (apart from that with the “other area” process). Under the Matérn
correlation function, by inverting p (-; ¢) = 0.05 for a given value of the decay parameter
and the smoothing parameter v, we obtain the range, i.e., the distance beyond which spatial
association becomes negligible. Posterior samples of (v, ) produce posterior samples for the
range. The resulting posterior median is roughly 4 km over a somewhat sprawling parish that
is roughly 22 km x 33 km. The smoothness parameter suggests processes with mean square
differentiable realizations (v > 1). Contour plots of the posterior mean spatial surfaces for
each of the processes (not shown) are quite different.

9.7.1 Generalized linear model setting

We briefly consider a generalized linear model version of (9.55), replacing the Gaussian first
stage with

Fy(si) [0(si) = h(y(si)exp (0 (si) y (si) —b(0(si))) (9.68)

where, using a canonical link, 8 (s;) = X7 (s;) B (s;). In (9.68) we could include a dispersion
parameter with little additional complication.
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The resulting first-stage likelihood becomes

L(Biy) =ep {3 ys)XT () Bls) -0 (X7 (s)B(s)) . (9:60)

Taking the prior on 3 in (9.56), the Bayesian model is completely specified with a prior on
on ¢, T and pg.

This model can be fit using a conceptually straightforward Gibbs sampling algorithm,
which updates the components of pg and ﬁ using adaptive rejection sampling. With an
inverse Wishart prior on 7', the resulting full conditional of T is again inverse Wishart.
Updating ¢ is usually very awkward because it enters in the Kronecker form in (9.56). Slice
sampling is not available here since we cannot marginalize over the spatial effects; Metropolis
updates are difficult to design but offer perhaps the best possibility. Also problematic is
the repeated componentwise updating of ,Z‘)' This hierarchically centered parametrization
(Gelfand, Sahu, and Carlin, 1995, 1996) is preferable to working with 13 and 3, but in our
experience the algorithm still exhibits serious autocorrelation problems.

9.8 Illustrating multivariate spatial modeling with spBayes

We motivate this session with soil nutrient data which was collected at the La Selva Biologi-
cal Station, Costa Rica, analyzed in greater detail by Guhaniyogi et al. (2013). Here, n = 80
soil cores were sampled over a sparse grid centered on a more intensively sampled transect.
Soil nutrient concentrations of calcium (Ca), potassium (K) and magnesium (Mg) were
measured for each sample. These nutrient concentrations show a high positive correlation
as seen in (9.70):
1
0.7 1 (9.70)
0.7 08 1

suggesting that we might build a richer model by explicitly accounting for spatial associa-
tion among the ¢ = 3 outcome variables. Our objective is to predict these nutrients at a fine
resolution over the study plot. Ultimately, posterior predictive samples will serve as input to
a vegetation competition model. We begin by log transforming the response variables and
taking a look at sample location across the study plot and then interpolating the outcome
variables using the mba.surf function in the MBA package.

dat <- read.table("CostaRica/T4.csv", header=T, sep=",")
coords <- as.matrix(dat[,c("X","Y")])
nut.names <- c("Ca","K","Mg")
log.nut <- log(dat[,nut.names])
par (mfrow=c(2,2))
for(i in 1:length(nut.names)){

surf <- mba.surf(cbind(coords,data=log.nutl[,i]),
no.X=100, no.Y=100)$xyz.est

image.plot(surf, main=paste("Log ",nut.names[i],sep=""))
points(coords)

3

Figure 9.10 depicts the nutrient concentration surfaces using the mba.surf function in
the MBA package. These patterns can be more formally examined using empirical semivari-
ograms. In the code block below, we fit an exponential variogram model to each of the soil
nutrients. The resulting variogram estimates are offered in Figure 9.11. Here the upper and
lower horizontal lines are the sill and nugget, respectively, and the vertical line is the effec-
tive range (i.e., that distance at which the correlation drops to 0.05). Despite the patterns

+ + + + + V V.V V VYV
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Figure 9.10 Soil nutrient concentrations and sample array.

of spatial dependence seen in Figure 9.10, the variograms do not show much of a spatial
process. Changing the number of bins (bins) and maximum distance considered (max) will
produce effective spatial ranges of less than 20m for each of the nutrients; however, the
signal is weak, likely due to the paucity of samples.

>
>
>
>
+
+
+
+
+
+
+
+
+
+
+
+
+

max <- 0.25*max(as.matrix(dist(dat[,c("X","Y")]1)))
bins <- ¢(9,8,9)
par (mfrow=c(3,1))
for(i in 1:length(nut.names)){
vario <- variog(coords=coords,data=log.nut[,i],
uvec=(seq(0,max, length=bins[i])))
fit <-variofit(vario, ini.cov.pars=c(0.3, 20/-10g(0.05)),
cov.model="exponential",
minimisation.function="nls",
weights="equal")
plot(vario, pch=19,
main=paste("Log ",nut.names[i],sep=""))
lines(fit)
abline (h=fit$nugget, col="blue")
abline(h=fit$cov.pars[1]+fit$nugget, col="green")
abline(v=-1log(0.05)*fit$cov.pars[2], col="red3")
}

We continue with fitting a multivariate regression that allows for spatial (AAT = K)

and non-spatial (¥) cross-covariance matrices. In the following code block we define the
model parameters’ starting, tuning, and prior distribution, then call the spMvLm function in
spBayes to estimate a simple Bayesian LMC (not spatially-varying). The sampler took ~30
minutes to collect 50,000 samples. Recall, the sampler must compute Cholesky factorizations
for 240 x 240 dispersion matrices for each iteration.

>

q <-3
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